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A Tour of Your Textbook

Unit Opener

Each unit begins with a two-page |y Trigonometry
spread. The first page of the Unit
Opener introduces what you will
learn in the unit. The Unit Project is
introduced on the second page. Each
Unit Project helps you connect the
math in the unit to real life using
experiences that may interest you.

B\ Applications of Trigonometry

Looking Ahead
P T —
imoling.." e

162 MHR Unit 2 Trigonamery

Project Corner boxes throughout the chapters help you gather information for
your project. Some Project Corner boxes include questions to help you to begin
thinking about and discussing your project.

The Unit Projects in Units 1, 3, and 4 provide an opportunity for you to choose
a single Project Wrap-Up at the end of the unit.

The Unit Project in Unit 2 is designed for you to complete in pieces, chapter by
chapter, throughout the unit. At the end of the unit, a Project Wrap-Up allows
you to consolidate your work in a meaningful presentation.

Chapter Opener

Each chapter begins with a two-page
spread that introduces you to what
you will learn in the chapter.

CHAPTER
10 Function

Operations

The opener includes information
about a career that uses the skills
covered in the chapter. A Web Link
allows you to learn more about
this career and how it involves the
mathematics you are learning.

Visuals on the chapter opener
spread show other ways the skills
and concepts from the chapter are
used in daily life.

Key Terms
mpose fncton

472 R Chapter 10

Vi MHR ¢ A Tour of Your Textbook




Three-Part Lesson

Each numbered section is organized pamvactersticsof
in a three-part lesson: Investigate,

Link the Ideas, and Check Your
Understanding.

Investigate

¢ The Investigate consists of short
steps often accompanied by
illustrations. It is designed to help
you build your own understanding
of the new concept.

108 HR - Chaper 3

e The Reflect and Respond questions help you to analyse and
communicate what you are learning and draw conclusions.

Link the Ideas

e The explanations in this section help you connect the concepts
explored in the Investigate to the Examples.

e The Examples and worked Solutions

show how to use the concepts. The [ et

Examples include several tools to

help you understand the work.

e Words in green font help you
think through the steps.

e Different methods of solving the
same problem are sometimes
shown. One method may make
more sense to you than the
others. Or, you may develop
another method that means more
to you.

Tigonometic Valus for Angles it Kentity with Sin and Gosie

304 HHR - Chapter 5

625um Diernce

e and Doube Angle enttes M 305

e Each Example is followed by a
Your Turn. The Your Turn allows you to explore your understanding
of the skills covered in the Example.

e After all the Examples are presented, the Key Ideas summarize the
main new concepts.

A Tour of Your Textbook ¢ MHR vii



Check Your Understanding

e Practise: These questions allow you to check your understanding
of the concepts. You can often do the first few questions by
checking the Link the Ideas notes or by following one of the
worked Examples.

e Apply: These questions ask you to apply what you have learned
to solve problems. You can choose your own methods of solving
a variety of problem types.

e Extend: These questions may be more challenging. Many
connect to other concepts or lessons. They also allow you to
choose your own methods of solving a variety of problem types.

¢ Create Connections: These questions focus your thinking on
the Key Ideas and also encourage communication. Many of these
questions also connect to other subject areas or other topics
within mathematics.

e Mini-Labs: These questions provide hands-on activities that
encourage you to further explore the concept you are learning.

Other Features

Key Terms are listed on the Chapter Opener pages.
You may already know the meaning of some of
them. If not, watch for these terms the first time
they are used in the chapter. The meaning is given
in the margin. Many definitions include visuals that
help clarify the term.

Some Did You Know? boxes provide additional
information about the meaning of words that are
not Key Terms. Other boxes contain interesting

Did You Know?

facts related to the math you are learning. The Sl unit used to measure radioactivity is the
becquerel (Bq), which is one particle emitted per
Opportunities are provided to use a variety of second from a radioactive source. Commonly used

multiples are kilobecquerel (kBq), for 103 Bq, and

Technology tools. You can use technology to megabecquerel (MBq), for 10° Bg.

explore patterns and relationships, test predictions,
and solve problems. A technology approach
is usually provided as only one of a variety of

approaches and tools to be used to help you m ]

develop your understanding. . ,
Py 8 To learn more about a career in radiology, go to

www.mcgrawhill.ca/school/learningcentres and
follow the links.

Web Links provide Internet information related to
some topics. Log on to www.mcgrawhill.ca/school/
learningcentres and you will be able to link to
recommended Web sites.

Viil MHR ¢ A Tour of Your Textbook



A Chapter Review and a

Chapter 2 Practice Test

Practice Test appear at the end
of each chapter. The review is
organized by section number
so you can look back if you
need help with a question.
The test includes multiple
choice, short answer, and
extended response questions.

A Cumulative Review and a
Unit Test appear at the end
of each unit. The review is
organized by chapter. The
test includes multiple choice,
numerical response, and
written response questions.

9 )= -39

158 MR~ vt Review, Chapters 1-3

Answers are provided for the Practise, Apply, Extend, Create
Connections, Chapter Review, Practice Test, Cumulative Review, and
Unit Test questions. Sample answers are provided for questions that
have a variety of possible answers or that involve communication. If
you need help with a question like this, read the sample and then try
to give an alternative response.

Refer to the illustrated Glossary at the back of the student resource if
you need to check the exact meaning of mathematical terms.

If you want to find a particular math topic in Pre-Calculus 12, look
it up in the Index, which is at the back of the student resource. The
index provides page references that may help you review that topic.

Chapter & Riew - iR 323

Chapter 3
13 i

Comuitive Review, hapters 1-3.+ g 159
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Transformations
and Functions

Functions help you make sense of the world
around you. Many ordinary measuring devices
are based on mathematical functions:

e Car odometer: The odometer reading is a
function of the number of rotations of the
car’s transmission drive shaft.

¢ Display on a barcode reader: When the
screen displays the data about the object,
the reader performs an inverse function by
decoding the barcode image.

Many natural occurrences can be modelled by
mathematical functions:

¢ Ripples created by a water droplet in a pond:
You can model the area spanned by the
ripples by a polynomial function.

e Explosion of a supernova: You can model the
time the explosion takes to affect a volume
of space by a radical function.

In this unit, you will expand your knowledge
of transformations while exploring radical
and polynomial functions. These functions
and associated transformations are useful in a
variety of applications within mathematics.

Looking Ahead

In this unit, you will solve problems involving...
e transformations of functions

* inverses of functions

e radical functions and equations

e polynomial functions and equations

2 MHR ¢ Unit 1 Transformations and Functions
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Simone McLeod, a Cree-Ojibway originally from Winnipeg,
Manitoba, now lives in Saskatchewan and is a member of the
James Smith Cree Nation. Simone began painting later in life.

“I really believed that I had to wait until I could find
something that had a lot of meaning to me. Each painting
contains a piece of my soul. I have a strong faith in
humankind and my paintings are silent prayers of hope for
the future....”

“My Indian name is Earth Blanket (all that covers the earth
such as grass, flowers, and trees). The sun, the blankets, and
the flowers/rocks are all the same colours to show how all
things are equal.”

Simone’s work is collected all over the world, including Europe, India,
Asia, South Africa, and New Zealand.

In this project, you will search for mathematical functions in art,
nature, and manufactured objects. You will determine equations for the
functions or partial functions you find. You will justify your equations
and display them superimposed on the image you have selected.

Unit 1 Transformations and Functions e MHR 3



CHAPTER

Function -y
Transformations

Mathematical shapes are found in architecture,
bridges, containers, jewellery, games, decorations,
art, and nature. Designs that are repeated, reflected,
stretched, or transformed in some way are pleasing
to the eye and capture our imagination.

In this chapter, you will explore the mathematical
relationship between a function and its
transformed graph. Throughout the chapter, you
will explore how functions are transformed and
develop strategies for relating complex functions
to simpler functions.

Did You Know?

Albert Einstein (1879-1955) is often regarded as the father of
modern physics. He won the Nobel Prize for Physics in 1921 for
“his services to Theoretical Physics, and especially for his discovery
of the law of the photoelectric effect.” The Lorentz transformations
are an important part of Einstein's theory of relativity.

Key Terms

transformation invariant point
mapping stretch

translation inverse of a function
image point horizontal line test
reflection

4 MHR e Chapter 1




Career Link

A physicist is a scientist who studies the
natural world, from sub-atomic particles to
matters of the universe. Some physicists focus
on theoretical areas, while others apply their
knowledge of physics to practical areas, such
as the development of advanced materials
and electronic and optical devices. Some
physicists observe, measure, interpret, and
develop theories to explain celestial and
physical phenomena using mathematics.

Physicists use mathematical functions to make ] i L
numerical and algebraic computations easier.

To find out more about the career of a physicist, go to
www.mcgrawhill.ca/school/learningcentres and follow
the links.




Horizontal and
Vertical Translations

Focus on...

e determining the effectsof hand kiny — k= f(x — h)
on the graph of y = f(x)

sketching the graph of y — k = f(x — h) for given values
of hand k, given the graph of v = f(x)

writing the equation of a function whose graph is a
vertical and/or horizontal translation of the graph of

y=1fx)

A linear frieze pattern is a decorative pattern
in which a section of the pattern repeats
along a straight line. These patterns often
occur in border decorations and textiles.
Frieze patterns are also used by artists,
craftspeople, musicians, choreographers,
and mathematicians. Can you think of
places where you have seen a frieze pattern?

Lantern Festival in China

Investigate Vertical and Horizontal Translations

Materials A: Compare the Graphs of y = f(x) and y — k = f(x)

* grid paper 1. Consider the function f(x) = |x]|.

a) Use a table of values to compare the output values for y = f(x),
y = f(x) + 3, and y = f(x) — 3 given input values of —3, -2, —1, 0,
1, 2, and 3.

b) Graph the functions on the same set of coordinate axes.
2. a) Describe how the graphs of y = f(x) + 3 and y = f(x) — 3 compare
to the graph of y = f(x).
b) Relative to the graph of y = f(x), what information about the graph
of y = f(x) + k does k provide?

3. Would the relationship between the graphs of y = f(x) and
y = f(x) + k change if f(x) = x or f(x) = x*7 Explain.

6 MHR e Chapter 1



B: Compare the Graphs of y = f(x) and y = f(x — h)
4. Consider the function f(x) = |x|.

a) Use a table of values to compare the output values for y = f(x),
y = f(x + 3), and y = f(x — 3) given input values of —9, —6, —3, 0,
3, 6, and 9.

b) Graph the functions on the same set of coordinate axes.
5. a) Describe how the graphs of y = f(x + 3) and y = f(x — 3) compare
to the graph of y = f(x).
b) Relative to the graph of y = f(x), what information about the graph
of y = f(x — h) does h provide?

6. Would the relationship between the graphs of y = f(x) and
y = f(x — h) change if f(x) = x or f(x) = x*? Explain.

Reflect and Respond

7. How is the graph of a function y = f(x) related to the graph of
y = f(x) + k when k > 07 when k < 07

8. How is the graph of a function y = f(x) related to the graph of
y = f(x — h) when h > 0? when h < 07

9. Describe how the parameters h and k affect the properties of the
graph of a function. Consider such things as shape, orientation,
x-intercepts and y-intercept, domain, and range.

Link the Ideas

A transformation of a function alters the equation and any transformation
combination of the location, shape, and orientation of the graph. « achange made to a

. L. . figure or a relation such
Points on the original graph correspond to points on the transformed, that the figure or the
or image, graph. The relationship between these sets of points can be graph of the relation is
called a mapping. shifted or changed in

pping shape

Mapping notation can be used to show a relationship between )
the coordinates of a set of points, (x, y), and the coordinates mdapping
of a corresponding set of points, (x, y + 3), for example, as * therelating of one set

of points to another set
of points so that each
point in the original set

(x, ) — (x, y + 3).

Did You Know? corresponds to exactly
] N - i i one point in the image
Mapping notation is an alternate notation for function notation. For example, set

f(x) = 3x + 4 can be written as f: x — 3x + 4. This is read as “fis a function
that maps x to 3x + 4.

1.1 Horizontal and Vertical Translations ¢ MHR 7



translation

a slide transformation
that results in a shift
of a graph without
changing its shape or
orientation

vertical and horizontal
translations are types
of transformations with
equations of the forms
v — k= f(x)and

v = f(x — h), respectively
a translated graph

is congruent to the
original graph

8 MHR ¢ Chapter 1

One type of transformation is a translation. A translation can move the
graph of a function up, down, left, or right. A translation occurs when
the location of a graph changes but not its shape or orientation.

Example 1
Graph Translations of the Form y — k= f(x) and y = f(x — h)

a) Graph the functions y = x* y — 2 = x*, and y = (x — 5)* on the same
set of coordinate axes.

b) Describe how the graphs of y — 2 = x* and y = (x — 5)? compare to the
graph of y = x%

Solution

a) The notation y — k = f(x) is often used instead of y = f(x) + k to
emphasize that this is a transformation on y. In this case, the base
function is f(x) = x* and the value of k is 2.

The notation y = f(x — h) shows that this is a transformation on x. In
this case, the base function is f(x) = x* and the value of h is 5.

Rearrange equations as needed and use tables of values to help you
graph the functions.

X y=Xx° X y=x*+2 X ¥ =(x—-5)?
-3 9 -3 11 2 9
-2 4 -2 6 3 4
-1 1 -1 3 4 1
0 0 0 2 5 0
1 1 1 3 6 1
2 4 2 6 7
3 3 11 8
YA 5 .
i3 For y = x* + 2, the input values are the
104 V=X same but the output values change.
Each point (x, y) on the graph of y = x°
81 is transformed to (x, y + 2).
61 For y = (x — 5)? to maintain
4 the same output values as the
| v+ (X +5) base function table, the input
values are different. Every point
vEX (x, ) on the graph of y = x?is
P | N transformed to (x + 5, ). How do
Sl 220 2 4 6 8 10X the input changes relate to the
Y translation direction?

b) The transformed graphs are congruent to the graph of y = x*

Each point (x, y) on the graph of y = x* is transformed to become the
point (x, y + 2) on the graph of y — 2 = x2. Using mapping notation,
(x, y) = (x, y + 2).



Therefore, the graph of y — 2 = x* is the graph of y = x* translated

vertically 2 units up.

Each point (x, y) on the graph of y = x* is transformed to become the
point (x + 5, y) on the graph of y = (x — 5) In mapping notation,

(x,v) — (x+ 5, ).

Therefore, the graph of y = (x — 5)? is the graph of y = x* translated

horizontally 5 units to the right.

Your Turn

How do the graphs of y + 1 = x* and y = (x + 3)? compare to the graph

of y = x*? Justify your reasoning.

Example 2
Horizontal and Vertical Translations

Sketch the graph of y = |x — 4| + 3.

Solution

Fory=|x—4|+ 3, h=4and k= -3.
e Start with a sketch of the graph of the
base function y = |x|, using key points.
e Apply the horizontal translation of
4 units to the right to obtain the graph of
yv=|x—4|
To ensure an accurate sketch of a

transformed function, translate key
points on the base function first.

e Apply the vertical translation of 3 units
up to y = |x — 4| to obtain the graph
of y = |x — 4| + 3.

Would the graph be in the correct
location if the order of the
translations were reversed?

VA

yEIX-4l

y=1x

Did You Know?

XY

ve=Ix+4]+3

y=1x—{4]

Key points are
points on a graph
that give important
information, such
as the x-intercepts,
the y-intercept, the
maximum, and the
minimum.

y

XY

The point (0, 0) on the function y = |x| is transformed to become
the point (4, 3). In general, the transformation can be described as

(x,y) = (x+ 4,y + 3).

Your Turn
Sketch the graph of y = (x + 5)? — 2.
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Example 3
Determine the Equation of a Translated Function

Describe the translation that has been applied to the graph of f(x)
to obtain the graph of g(x). Determine the equation of the translated
function in the form y — k = f(x — h).

a) [y YA 4
\ \[ L [ fx) = x¢
\ \ /
4
\ Nl 1/
\
< \ / >
6 24 Rlo]l [ 246 X
2
\ /
4
g 6
\ 4
b) YA
6
A
fx) A B C 5 € It is a common
2 convention to use a
prime (') next to each
< —> letter representing an
6141210 ¢ 1416 X image point.
2
4
B’ C
q(x)
N Dr E/
"y
Solution
a) The base function is f(x) = x*. Choose key points on the graph of
image point f(x) = x* and locate the corresponding image points on the graph
« the point that is of g(x).
the result of a
transformation of a Jx) g(x)
2?;?)’:10” the original (0,0) — (~4, -5) For a horizontal translation and
(-1,1) — (-5, —4) a vertical translation where
(1,1) — (-3, —4) every point (x, ) on the graph
_ — (—6. — of y = f(x) is transformed to
(=2, 4) — (-6, -1)
o _ (x + h, y + k), the equation of the
(2,4) = (=2, 1) transformed graph is of the form
(x,y) > (x — 4,y —5) y—k=f(x— h).

10 MHR e Chapter 1



b)

To obtain the graph of g(x), the graph of f(x) = x* has been translated
4 units to the left and 5 units down. So, h = —4 and k = —5.

To write the equation in the form y — k = f(x — h), substitute —4
for h and —5 for k.

v+ 5 =flx+4)

Begin with key points on the graph of f(x). Locate the corresponding
image points.

Jx) gx)

To obtain the graph of g(x), the graph of f(x) has been translated
4 units to the right and 9 units down. Substitute h = 4 and k = —9
into the equation of the form y — k = f(x — h):

v+ 9=flx—4)

Your Turn

Describe the translation that has been applied to the graph of f(x)
to obtain the graph of g(x). Determine the equation of the translated
function in the form y — k = f(x — h).

a)

VA
)
a(x)
8.
6.
4
N ) = 14
< >
J4 210 2 | 4| 6 X
Y
/ VA
A C/ 6-
g(x) A
D’ A
B 5] f®) C
. D A
Sl 64 —2of [ 2 Ba6 X
Y

l Did You Know?

In Pre-Calculus 11,
you graphed quadratic
functions of the form
y=(x-pP+gq

by considering
transformations from
the graph of y = x°.
Iny=(x-pyF+aq
the parameter p
determines the
horizontal translation
and the parameter

g determines the
vertical translation
of the graph. In this
unit, the parameters
for horizontal and
vertical translations
are represented by h
and k, respectively.
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Key Ideas

Function

e Translations are transformations that shift all points on the graph of a function
up, down, left, and right without changing the shape or orientation of the graph.

e The table summarizes translations of the function y = f(x).

Transformation

from y = f(x) | Mapping

Example

y=100+k

y=flx-h)

¥ — k= f(x)or A vertical translation

If k> 0, the
translation is up.

If k <0, the
translation is down.

A horizontal translation  (x, y) — (x + h, )

If h> 0, the
translation is to the
right.

If h< O, the
translation is to the
left.

e A sketch of the graph of y — k = f(x — h), or y = f(x — h) + k, can be created by
translating key points on the graph of the base function y = f(x).

xy)—=xy+k

Check Your Understanding

Practise

1. For each function, state the values of
h and k, the parameters that represent
the horizontal and vertical translations

applied to y = f(x).

a) y—-5=/fx
b) y=fx) -4
0 y=flx+1)

d) y+3=flx—-7)
e) v=flx+2)+4

12 MHR e Chapter 1

2. Given the graph of y = f(x) and each of the

following transformations,

« state the coordinates of the image points
A, B, C, D" and E’

e sketch the graph of the transformed
function

a) glx) =f(x) + 3

o) s(x) = flx + 4)

b) h(x) = f(x — 2)
d) t(x) = f(x) — 2

VA
y=1fx |
Bl cl°
P A -
NE7AEAR S
ol e
A c
Y




3. Describe, using mapping notation, how the

graphs of the following functions can be
obtained from the graph of y = f(x).

a) y= flx + 10)

b) y+6 = f(x)

QQv=flx—-7)+4

d) y—3=fx—-1)

. Given the graph of y = f(x), sketch the
graph of the transformed function. Describe
the transformation that can be applied to
the graph of f(x) to obtain the graph of

the transformed function. Then, write the
transformation using mapping notation.

a) rix) = flx+4) -3
b) s(x) =flx—2) —4
0 tix)=flx—2)+5
d) vix) =flx+3)+ 2

A y
D €
2
y=1x)
< B C »
-6 |-4/-20 2 %
42

Apply

5. For each transformation, identify the

values of h and k. Then, write the
equation of the transformed function
in the form y — k = f(x — h).

a) flx) = %, translated 5 units to the left
and 4 units up

b) f(x) = x% translated 8 units to the right
and 6 units up

¢) f(x) = |x|, translated 10 units to the
right and 8 units down

d) v = f(x), translated 7 units to the left
and 12 units down

. What vertical translation is applied to
y = x* if the transformed graph passes
through the point (4, 19)7

. What horizontal translation is applied to
y = x? if the translation image graph passes
through the point (5, 16)7

9.

10.

Copy and complete the table.

Transformed Transformation of
Translation Function Points
vertical v=1f(x)+5 Xxy—Mxy+5)
y=f(x+7) Xy—-Kx-7
y=7flx-3)
y=f(x)-6
horizontal
and vertical Y9 =1(x+4)
horizontal
and vertical (X y) = (x+ 4y —6)
X y)—(x-2y+3)
horizontal
and vertical ¥ =T(X— M +k

The graph of the function y = x* is
translated 4 units to the left and 5 units up
to form the transformed function y = g(x).

a) Determine the equation of the function
y = gx.

b) What are the domain and range of the
image function?

¢) How could you use the description of
the translation of the function y = x* to
determine the domain and range of the
image function?

The graph of f(x) = |x| is transformed to

the graph of g(x) = f(x — 9) + 5.

a) Determine the equation of the
function g(x).

b) Compare the graph of g(x) to the graph
of the base function f(x).

¢) Determine three points on the graph of
f(x). Write the coordinates of the image
points if you perform the horizontal
translation first and then the vertical
translation.

d) Using the same original points from
part c), write the coordinates of the
image points if you perform the vertical
translation first and then the horizontal
translation.

e) What do you notice about the
coordinates of the image points from
parts c) and d)? Is the order of the
translations important?
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11. The graph of the function drawn in red
is a translation of the original function
drawn in blue. Write the equation of
the translated function in the form

y — k= f(x — h).
a) VA

4
4

| W

b) VA

N

A
XY

-2 .0 2 | 4

2
[

A
4

Y

12. Janine is an avid cyclist. After cycling
to a lake and back home, she graphs her
distance versus time (graph A).
a) If she left her house at 12 noon,
briefly describe a possible scenario for
Janine’s trip.

b) Describe the differences it would make

to Janine’s cycling trip if the graph of

the function were translated, as shown

in graph B.

¢) The equation for graph A could be
written as y = f(x). Write the equation
for graph B.

VA

Distance From
Home (km
a

A
<Y

Time (h

14 MHR e Chapter 1

13.

14.

Architects and designers often use
translations in their designs. The image
shown is from an Italian roadway.

a) Use the coordinate plane overlay with
the base semicircle shown to describe
the approximate transformations of
the semicircles.

b) If the semicircle at the bottom left of
the image is defined by the function
y = f(x), state the approximate
equations of three other semicircles.

This Pow Wow belt shows a frieze
pattern where a particular image has
been translated throughout the length
of the belt.

a) With or without technology, create a
design using a pattern that is a function.
Use a minimum of four horizontal
translations of your function to create
your own frieze pattern.

b) Describe the translation of your design
in words and in an equation of the form

y=flx—h).

Did You Know?

In First Nations communities today, Pow Wows have
evolved into multi-tribal festivals. Traditional dances
are performed by men, women, and children. The
dancers wear traditional regalia specific to their
dance style and nation of origin.




15.

16.

Michele Lake and Coral Lake, located
near the Columbia Ice Fields, are the only
two lakes in Alberta in which rare golden
trout live.

Suppose the graph represents the number
of golden trout in Michelle Lake in the
years since 1970.

g
201

161

121

(hundreds)

8 °

Number of Trout

4

A

0 24 68 101
Time Since 1970 (years)
4

Let the function f(t) represent the number
of fish in Michelle Lake since 1970.

Describe an event or a situation for the
fish population that would result in the
following transformations of the graph.
Then, use function notation to represent
the transformation.

a) a vertical translation of 2 units up

b) a horizontal translation of 3 units to
the right

Paul is an interior house painter. He
determines that the function n = f(A) gives
the number of gallons, n, of paint needed
to cover an area, A, in square metres.
Interpret n = f(A) + 10 and n = f(A + 10)
in this context.

Extend

17. The graph of the function y = x* is
translated to an image parabola with
zeros 7 and 1.

a) Determine the equation of the image
function.

b) Describe the translations on the graph
of y = x%
¢) Determine the y-intercept of the
translated function.
18. Use translations to describe how the
graph of y = % compares to the graph
of each function.

1 1
a y-4=« b) y=17">

1 1
dy-3=3—5 NV=ixi3z ¢

19. a) Predict the relationship between the
graph of y = x® — x? and the graph of
y+3=(x-2)0—(x—2)

b) Graph each function to verify your
prediction.

Create Connections

C1 The graph of the function y = f(x)
is transformed to the graph of
y=flx—h) + k

a) Show that the order in which you apply

translations does not matter. Explain
why this is true.

b) How are the domain and range affected
by the parameters h and k?

€2 Complete the square and explain how to
transform the graph of y = x* to the graph
of each function.

a) fx) =x*+2x+1
b) g(x) =x*—4x+ 3

€3 The roots of the quadratic equation
x* —x — 12 = 0 are —3 and 4.

Determine the roots of the equation
(x—-5)P—-(x—-5)—12=0.

C4 The function f(x) = x + 4 could be a
vertical translation of 4 units up or a
horizontal translation of 4 units to the left.
Explain why.
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Reflections and Stretches

Focus on...

¢ developing an understanding of the effects of reflections on the
graphs of functions and their related equations

¢ developing an understanding of the effects of vertical and horizontal
stretches on the graphs of functions and their related equations

Reflections, symmetry, as well as horizontal and
vertical stretches, appear in architecture, textiles,
science, and works of art. When something is
symmetrical or stretched in the geometric sense,
its parts have a one-to-one correspondence. How
does this relate to the study of functions?

Ndebele artist, South Africa

Investigate Reflections and Stretches of Functions

Materials A: Graph Reflections in the x-Axis and the y-Axis
* grid paper 1. a) Draw a set of coordinate axes on grid paper. In quadrant I, plot a
* graphing technology point A. Label point A with its coordinates.

b) Use the x-axis as a mirror line, or line of reflection, and plot point
A, the mirror image of point A in the x-axis.

¢) How are the coordinates of points A and A’ related?

d) If point A is initially located in any of the other quadrants, does
the relationship in part c) still hold true?

2. Consider the graph of the function y = f(x).

vA
V= 1)
i ) A
S 20 2 46 |X
A\ 4

a) Explain how you could graph the mirror image of the function in
the x-axis.

b) Make a conjecture about how the equation of f(x) changes to graph
the mirror image.
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3. Use graphing technology to graph the function y = x* + 2x,
—5 < x < 5, and its mirror image in the x-axis. What equation
did you enter to graph the mirror image?

4. Repeat steps 1 to 3 for a mirror image in the y-axis.
Reflect and Respond

5. Copy and complete the table to record your observations. Write
concluding statements summarizing the effects of reflections in

the axes.
Equation of
Reflection Verbal Transformed
in Description Mapping Function
Function x-axis xn—C.)
y=1(x) y-axis xN—(.)

B: Graph Vertical and Horizontal Stretches
6. a) Plot a point A on a coordinate grid and label it with its

coordinates.

b) Plot and label a point A’ with the same x-coordinate as point A,
but with the y-coordinate equal to 2 times the y-coordinate of
point A.

c) Plot and label a point A” with the same x-coordinate as point A,
but with the y-coordinate equal to % the y-coordinate of point A.
d) Compare the location of points A’ and A” to the  Has the distance

location of the original point A. Describe how to the x-axis Of?'fhe
multiplying the y-coordinate by a factor of 2 or y-axis changeds

a factor of % affects the position of the image point.

7. Consider the graph of the function y = f(x) in step 2. Sketch the
graph of the function when the y-values have been
a) multiplied by 2
b) multiplied by %

8. What are the equations of the transformed functions in step 7 in the
form y = af(x)?

9. For step 7a), the graph has been vertically stretched about the x-axis
by a factor of 2. Explain the statement. How would you describe the
graph in step 7b)?

10. Consider the graph of the function y = f(x) in step 2.
a) If the x-values were multiplied by 2 or multiplied by %, describe

what would happen to the graph of the function y = f(x).

b) Determine the equations of the transformed functions in part a) in
the form y = f(bx).

1.2 Reflections and Stretches e MHR 17



Reflect and Respond

11. Copy and complete the table to record your observations. Write
concluding statements summarizing the effects of stretches about

the axes.
Equation of
Stretch Verbal Transformed
About | Description = Mapping Function |
Function x-axis xxN—C.)
y=1(x) y-axis xN—(.)

Link the Ideas

reflection

¢ atransformation where
each point of the
original graph has an
image point resulting
from a reflection in
aline

may result in a change
of orientation of a
graph while preserving
its shape

18 MHR e Chapter 1

“Exmnme1

A reflection of a graph creates a mirror image in a line called the line
of reflection. Reflections, like translations, do not change the shape of
the graph. However, unlike translations, reflections may change the
orientation of the graph.

e When the output of a function y = f(x) is multiplied by —1, the result,
y = —f(x), is a reflection of the graph in the x-axis.

e When the input of a function y = f(x) is multiplied by —1, the result,
y = f(—x), is a reflection of the graph in the y-axis.

&/

Compare the Graphs of y = f(x), y = —f(x), and y = f(—x)

a) Given the graph of y = f(x), graph the functions y = —f(x) and
y = f(=x).

b) How are the graphs of y = —f(x) and y = f(—x) related to the
graph of y = f(x)?

VA
4 D
, \
\
i A
Sl-4 2ol 2 A X
4 \
A \
Yy=1XB,
€




Solution

a) Use key points on the graph of y = f(x) to create tables of values.
e The image points on the graph of y = —f(x) have The negative sign

the same x-coordinates but different can bii”terp.remd
y-coordinates. Multiply the y-coordinates of ;Sgi Zfaonngeeolp
points on the graph of y = f(x) by —1. the coordinates.
x y=f(x) x y=—fx)
A —4 -3 A -4  -1(-3)=3
B -2 -3 B’ -2 -1(-3)=3
C 1 C 1 -10)=0
D 3 4 D’ 3 -14)=-4
€ 5 -4 (4 5 -1(-4)=4
VA
p D =4 . _
v=—f(x] | Each image point is the same
AR \ / distance from the line of
2 \!/ reflection as the corresponding
P L R key point. A line drawn
Sl -4 -2 oA\ 2 X perpendicular to the line of
JA reflection contains both the key
A c [\ point and its image point.
¥ X) B A
v D| [€
\ 4

e The image points on the graph of y = f(—x) have the same
y-coordinates but different x-coordinates. Multiply the x-coordinates
of points on the graph of y = f(x) by —1.

X y=fo X y=f(—x)
A -4 -3 A" —1(-4)=4 -3
B -2 -3 B —1(-2)=2 -3
C 1 0 C =1(1)=-1
D 3 4 D’ -1(3)=-3
€ 5 -4 € -1(5)=-5 -4
y=1f+x ¥

D” 4 D
I \
/ \

< CN A

Sl a2 Ce | 4 |[%
/ , \
/A \
- f()g)B__4 B A"

E// E

A 4
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invariant point

e a3 point on a graph that
remains unchanged
after a transformation
is applied to it

e any point on a curve
that lies on the line
of reflection is an
invariant point

stretch

¢ atransformation in
which the distance
of each x-coordinate
or y-coordinate from
the line of reflection
is multiplied by some
scale factor

scale factors between
0 and 1 resultin the
point moving closer to
the line of reflection;
scale factors greater
than 1 result in the
point moving farther
away from the line of
reflection
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b) The transformed graphs are congruent to the graph of y = f(x).
The points on the graph of y = f(x) relate to the points on the

graph of y = —f(x) by the mapping (x, y) — (x, —y). The graph
of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.

What is another
invariant point?

Notice that the point C(1, 0) maps to itself, C'(1, 0).
This point is an invariant point.

The points on the graph of y = f(x) relate to the points on the

graph of y = f(—x) by the mapping (x, y) — (—x, y). The graph
of y = f(—x) is a reflection of the graph of y = f(x) in the y-axis.

The point (0, —1) is an invariant point.

Your Turn

a) Given the graph of y = f(x), graph the functions y = —f(x) and
v = f(=x).

b) Show the mapping of key points on the graph of y = f(x) to image
points on the graphs of y = —f(x) and y = f(—x).

¢) Describe how the graphs of y = —f(x) and y = f(—x) are related to
the graph of y = f(x). State any invariant points.

A

y=1x)

< »
-2/ 0 2 4 X

L2

L4

Y

Vertical and Horizontal Stretches

A stretch, unlike a translation or a reflection, changes the shape of the
graph. However, like translations, stretches do not change the orientation
of the graph.

e When the output of a function y = f(x) is multiplied by a non-zero

constant a, the result, y = af(x) or % = f(x), is a vertical stretch of the

graph about the x-axis by a factor of |a|. If a < 0, then the graph is also
reflected in the x-axis.

e When the input of a function y = f(x) is multiplied by a non-zero
constant b, the result, y = f(bx), is a horizontal stretch of the graph

about the y-axis by a factor of ﬁ If b < 0, then the graph is also

reflected in the y-axis.



Example 2
Graph y = af(x)

Given the graph of y = f(x), VA

e transform the graph of f(x) to
sketch the graph of g(x)

e describe the transformation 4

e state any invariant points

e state the domain and range

of the functions < T 5o ST € 1
a) g(x) = 2f(x) v
b) g(x) = 3f(x)
Solution
a) Use key points on the graph of y = f(x) to create a table of values.
The image points on the graph of g(x) = 2f(x) have the same
x-coordinates but different y-coordinates. Multiply the y-coordinates
of points on the graph of y = f(x) by 2.
X y=f0 y=9(x)=2f(x)
-6 4 8
-2 0 0
0 2 4
2 0 0
6 4 8
The vertical distances of the transformed >
X

graph have been changed by a factor of g,
where |a| > 1. The points on the graph of

v = af(x) are farther away from the x-axis
than the corresponding points of the graph
of y = f(x).

Since a = 2, the points on the graph of y = g(x) relate to the points
on the graph of y = f(x) by the mapping (x, y) — (x, 2y). Therefore,
each point on the graph of g(x) is twice as far from the x-axis as the
corresponding point on the graph of f(x). The graph of g(x) = 2f(x) is
a vertical stretch of the graph of y = f(x) about the x-axis by a factor
of 2.

What is unique about

The invariant points are (—2, 0) and (2, 0). the invariant points?

l Did You Know?

For f(x), the domain is How can you determine the There are several
x| -6 < x<6,x € R}, or [-6, 6], range of the new function, ways to express the
and the range is g(x), using the range of f(x) domain and range of a

function. For example,
?
y|]0<y<4,yeR} orl0,4] and the parameter a you can use words,

L a number line, set
For g(x), the domain is {x | -6 < x < 6, x € R}, or [—6, 6], notation, or interval

and the range is {y | 0 < y < 8, y € R}, or [0, 8]. notation.
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b) The image points on the graph of g(x) = %f(x) have the same
x-coordinates but different y-coordinates. Multiply the y-coordinates

of points on the graph of y = f(x) by %

X y=f  y=g0)=5fx

-6 4 2
-2 0 0
0 2 1
0 0
6 4 2
lDid You Know? y
y={ 4 The vertical di f the transformed
Translations and vertical distances of the transforme
reflections are called graph have been changed by a factor
rigid transformations a, where 0 < |g| < 1. The points on the
because the shape of y=ax) graph of v = af(x) are closer to the x-axis
the graph does not < 54 20 2 2 3 § than the corresponding points of the
change. Stretches l graph of y = f(x).
are called non-rigid
because the shape of . . .
the graph can change. Since a = % the points on the graph of y = g(x) relate to the points

on the graph of y = f(x) by the mapping (x, y) — (X, %y) Therefore,

each point on the graph of g(x) is one half as far from the x-axis as the
corresponding point on the graph of f(x). The graph of g(x) = %f(x)
is a vertical stretch of the graph of y = f(x) about the x-axis by a factor

1
sz'

The invariant points are (—2, 0) and (2, 0).  What conclusion can you
o make about the invariant
For f(X), the domain is points after a vertical stretch?

{x| -6 < x <6, x € R}, or [-6, 6],
and the range is
{(y|]0<y<4,yeR} orlo,4]

For g(x), the domain is {x | -6 < x < 6, x € R}, or [—86, 6],
and the range is {y | 0 < y < 2, y € R}, or [0, 2].

Your Turn

Given the function f(x) = x%,

e transform the graph of f(x) to sketch the graph of g(x)
e describe the transformation

e state any invariant points

e state the domain and range of the functions

a) g(x) = 4f(x)

b) g(x) = %f(X)
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Example 3
Graph y = f(bx)

Given the graph of y = f(x),

e transform the graph of f(x) to sketch
the graph of g(x)

e describe the transformation

e state any invariant points

e state the domain and range of the
functions

a) g(x) = f(2x)
b) g(x) = f(%X)

Solution

y=f(x)

i
Y

—4 |- ol 2 | 4 %

a) Use key points on the graph of y = f(x) to create a table of values.

The image points on the graph of g(x) = f(2x) have the same
y-coordinates but different x-coordinates. Multiply the x-coordinates

of points on the graph of y = f(x) by %

X | y=f(x x  y=4(x)=f(2x)
-4 4 -2 4
-2 0 —1 0
0 2 0 2
0 1 0
4 4 2 4

a factor of 1

The horizontal distances of the
transformed graph have been changed by
, where |b| > 1. The points

on the graph of y = f(bx) are closer to the
v-axis than the corresponding points of
the graph of y = f(x).

Since b = 2, the points on the graph of y = g(x) relate to the points

on the graph of y = f(x) by the mapping (x, y) — (%X, y). Therefore,

each point on the graph of g(x) is one half as far from the y-axis as the
corresponding point on the graph of f(x). The graph of g(x) = f(2x) is a

horizontal stretch about the y-axis by a factor of % of the graph of f(x).
The invariant point is (0, 2).

For f(x), the domain is {x | -4 < x < 4, x € R}, How can you determine

or [—4, 4], and the range is {y | 0 < y < 4, y € R}, the domain of the new
function, g(x), using the

or [0, 4]. domain of f(x) and the
For g(x), the domain is {x | -2 < x < 2, x € R}, parameter b?

or [—2, 2], and the range is {y | 0 < y < 4, y € R},

or [0, 4].
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b) The image points on the graph of g(x) = f(%x) have the same

y-coordinates but different x-coordinates. Multiply the x-coordinates
of points on the graph of y = f(x) by 2.

X | y=1x S V=9(X’=f(%")
—4 4 -8 4
-2 0 -4 0
0 2 2
0 0
4 4 4

The horizontal distances of the
transformed graph have been
changed by a factor % where
0 < |b] < 1. The points on the
P R graph of y = f(bx) are farther
Sl _8l_6 -4 2 ol > | 4 | 6 | 8 | x awayfrom the y-axis than the

corresponding points of the
graph of y = f(x).
Since b = % the points on the graph of y = g(x) relate to the points
on the graph of y = f(x) by the mapping (x, y) — (2x, y). Therefore,
each point on the graph of g(x) is twice as far from the y-axis as the
corresponding point on the graph of f(x). The graph of g(x) = f(%x)
is a horizontal stretch about the y-axis by a factor of 2 of the graph
of f(x).
The invariant point is (0, 2). How do you know which points will be
invariant points after a horizontal stretch?
For f(x), the domain is {x | —4 < x < 4, x € R}, or [—4, 4],
and the range is {y | 0 < y < 4, y € R}, or [0, 4].

For g(x), the domain is {x | -8 < x < 8, x € R}, or [-8, 8],
and the range is {y | 0 < y < 4, y € R}, or [0, 4].

Your Turn

Given the function f(x) = x%,

e transform the graph of f(x) to sketch the graph of g(x)
e describe the transformation

e state any invariant points

e state the domain and range of the functions

a) glx) = f(3x)

b) g(x) =f(% )



Example 4 2
Write the Equation of a Transformed Function

The graph of the function y = f(x) has been transformed by either a
stretch or a reflection. Write the equation of the transformed graph, g(x).

a) X VA 4 b) VA
\ 0 / 4
6 5 ) = X1
\ /a(x “
e MRS 2 4 X
\'s| |/ ,
g(x)
1) =x]| 14
\|/ -
] » Y
Sl-8/-4 0 4 8 X
\4
Solution

a) Notice that the V-shape has changed, so the graph has been
transformed by a stretch.

Since the original function is f(x) = |x], a stretch can be Why is this
described in two ways. the case?

Choose key points on the graph of y = f(x) and determine their
image points on the graph of the transformed function, g(x).

Case 1
Check for a pattern in the y-coordinates.
X  y=f0 y=gx A & /
6 6 18 \ 0 A
- [ g(x)
-4 4 12 I
e X)) =]
> 5 . \ /1 1=
2
0 0 0
\lgl [/
2 2 6 o
4 4 12 A A
N/
6 6 18 P R
= _g | _ X
A vertical stretch results when the vertical 2 -8 4 OV # S‘B 1¢

distances of the transformed graph are a
constant multiple of those of the original
graph with respect to the x-axis.

The transformation can be described by the mapping (x, y) — (x, 3y).
This is of the form y = af(x), indicating that there is a vertical stretch
about the x-axis by a factor of 3. The equation of the transformed
function is g(x) = 3f(x) or g(x) = 3|x].
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Case 2
Check for a pattern in the x-coordinates.

X y=f(x) x v=g(x)
—-12 12 —4 12
-6 6 -2 6
0 0 0 0
6 6 2 6
12 12 4 12
vA

201

A horizontal stretch results when
the horizontal distances of the
transformed graph are a constant
multiple of those of the original
graph with respect to the y-axis.

The transformation can be described by the mapping (x, y) — (%X, y).
This is of the form y = f(bx), indicating that there is a horizontal
stretch about the y-axis by a factor of % The equation of the
transformed function is g(x) = f(3x) or g(x) = |3x].

b) Notice that the shape of the graph has not changed, so the graph has
been transformed by a reflection.

Choose key points on the graph of f(x) = |x| and determine their
image points on the graph of the transformed function, g(x).

X y=f y=4gx)

-4 4 -4
-2 2 -2
0 0 0
2 -2

4 4 -4

The transformation can be described by the mapping (x, y) — (x, —y).
This is of the form y = —f(x), indicating a reflection in the x-axis. The
equation of the transformed function is g(x) = —|x].



Your Turn

: A yA f
The graph of the function y = f(x) has _
been transformed. Write the equation - g
of the transformed graph, g(x). \\ \\ > II // fix) = x3
\al 1/
N\
Slal-20l 2 46 X
) 4
Key Ideas
e Any point on a line of reflection is an invariant point.
Transformation from
Function v = f(x) Mapping Example
v=—f(x) Areflection in the x-axis X ¥)— (x. -V 1Y
v=1x)

v=f(—x) Areflection in the y-axis

v=af(x) A vertical stretch about the
Xx-axis by a factor of |q];
if a < 0, then the graph is
also reflected in the x-axis

v =f(bx) A horizontal stretch about
the y-axis by a factor of |%|;

if b < 0, then the graph is
also reflected in the y-axis

= —f(x)
Xy —=(=xy
(% y) — (x, ay)
0= (5) y
v=1fbx),b>0
y=1x

o
Pac]
XY
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Check Your Understanding

Practise 3. Consider each graph of a function.
1. a) Copy and complete the table of values * Copy the graph of the function and
for the given functions. sketch its reflection in the x-axis on
X f)=2x+1 gx)=—f( h(x)=f-x) the same set of axes.
—4 e State the equation of the reflected
> function in simplified form.
0 ¢ State the domain and range of each
> function.
4 a) [Z)
b) Sketch the graphs of f(x), g(x), and h(x) | /4= 3x
on the same set of coordinate axes. < %
¢) Explain how the points on the iy
graphs of g(x) and h(x) relate to N5
the transformation of the function
f(x) = 2x + 1. List any invariant points. b) "
d) How is each function related to the \ 4 /
graph of f(x) = 2x + 17 >
2. a) Copy and complete the table of values PR CE RN
for the given functions. S22 0 2 X
A4
X f=x  gW=3f)  hx) =3 0 A
-6 4
-3 S|\ e = iv
0 T—
3 A ==.0| 2 4 %
: ik
b) Sketch the graphs of f(x), g(x), and h(x)
on the same set of coordinate axes. ’

¢) Explain how the points on the
graphs of g(x) and h(x) relate to the
transformation of the function f(x) = x*.
List any invariant points.

4. Consider each function in #3.

e Copy the graph of the function and
sketch its reflection in the y-axis on the

) i same set of axes.
d) How is each function related to the

graph of f(x) = x?? e State the equation of the reflected

function.

e State the domain and range for each
function.
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5. Use words and mapping notation to

describe how the graph of each function
can be found from the graph of the
function y = f(x).

a) y = 4f(x)
b) v = f(3x)
0 y=-fx)
d) y = f(—x)

. The graph of the function y = f(x) is
vertically stretched about the x-axis by
a factor of 2.

VA

4 y =13

2
[

A
)~
XY

2
<

4
a4

Y

a) Determine the domain and range of
the transformed function.

b) Explain the effect that a vertical
stretch has on the domain and
range of a function.

. Describe the transformation that
must be applied to the graph of f(x)
to obtain the graph of g(x). Then,
determine the equation of g(x) in the
form y = af(bx).

a) VA
8
4
i g(x
4
| g
i A
Sl 20 2 4 X
\4

b) yA
51/ )
< 0 ST a X
TN
Y
) VA
9, )
VNG
N AN/
MRS 2 46 |X
A4
d) yA
4
2
gix) ftx)
NESIEE T 5 %
¥l v |\

Apply
8. A weaver sets up a pattern on a computer
using the graph shown. A new line of
merchandise calls for the design to be
altered to y = f(0.5x). Sketch the graph of
the new design.

yA
6
N1,
\ LI
/ JIERN
i / 3 A
Sl 4\ o 2 46 |X
!/
X1/
4
Y
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9.

10.

11.

Describe what happens to the graph of
a function y = f(x) after the following
changes are made to its equation.

a) Replace x with 4x.
b) Replace x with %X.
¢) Replace y with 2y.
d) Replace y with %y.
e) Replace x with —3x.
f) Replace y with —%y.

Thomas and Sharyn discuss the order
of the transformations of the graph of

y = —3|x| compared to the graph of y = |x].

Thomas states that the reflection must

be applied first. Sharyn claims that the

vertical stretch should be applied first.

a) Sketch the graph of y = —3|x| by
applying the reflection first.

b) Sketch the graph of y = —3|x| by
applying the stretch first.

¢) Explain your conclusions. Who is
correct?

An object falling in a vacuum is affected
only by the gravitational force. An
equation that can model a free-falling
object on Earth is d = —4.9¢%, where d is
the distance travelled, in metres, and t is
the time, in seconds. An object free falling
on the moon can be modelled by the
equation d = —1.6¢2

a) Sketch the graph of each function.

b) Compare each function equation to the
base function d = t*.

l Did You Know?

The actual strength of Earth’s
gravity varies depending
on location.

On March 17, 2009,

the European Space
Agency launched a
gravity-mapping satellite
called Gravity and Ocean
Circulation Explorer (GOCE). The data transmitted
from GOCE are being used to build a model of Earth's
shape and a gravity map of the planet.
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12.

13.

Explain the differences that occur in
transforming the graph of the function

y = f(x) to the graph of the function

y = f(bx) as compared to transforming

y = f(x) to y = af(x).

The speed of a vehicle the moment the
brakes are applied can be determined by
its skid marks. The length, D, in feet, of
the skid mark is related to the speed, S,
in miles per hour, of the vehicle before

braking by the function D = L s where
30fn

fis the drag factor of the road surface and
n is the braking efficiency as a decimal.
Suppose the braking efficiency is 100%
or 1.

a) Sketch the graph of the length of the
skid mark as a function of speed for a
drag factor of 1, or D = %52.

b) The drag factor for asphalt is 0.9, for
gravel is 0.8, for snow is 0.55, and for
ice is 0.25. Compare the graphs of the
functions for these drag factors to the
graph in part a).

l Did You Know?

A technical accident investigator or reconstructionist
is a specially trained police officer who investigates
serious traffic accidents. These officers use
photography, measurements of skid patterns, and
other information to determine the cause of the
collision and if any charges should be laid.




Extend

14. Consider the function f(x) = (x + 4)(x — 3).

Without graphing, determine the zeros of
the function after each transformation.

a) v = 4f(x)
b) y = f(—x)
Qy= f(%X)
d) y = f(2x)

15. The graph of a function y = f(x) is
contained completely in the fourth
quadrant. Copy and complete each
statement.

a) If y = f(x) is transformed to y = —f(x),
it will be in quadrant l.

b) If y = f(x) is transformed to y = f(—x),
it will be in quadrant WL

¢) If y = f(x) is transformed to y = 4f(x),
it will be in quadrant l.

d) If y = f(x) is transformed to y = f(%x),
it will be in quadrant WL

16. Sketch the graph of f(x) = |x| reflected in
each line.

a) x=3
b) y=-2

Create Connections

C1 Explain why the graph of g(x) = f(bx) is
a horizontal stretch about the y-axis by a
factor of %, for b > 0, rather than a factor
of b.

C2 Describe a transformation that results in
each situation. Is there more than one
possibility?

a) The x-intercepts are invariant points.

b) The y-intercepts are invariant points.

€3 A point on the function f(x) is mapped

onto the image point on the function g(x).
Copy and complete the table by describing
a possible transformation of f(x) to obtain
g(x) for each mapping.

f(x) a(x)
(5,6) (5, —6)
(4, 8) (-4.8)
@ 3) @, 12)
@, -12) (2 -6)

Transformation

€4 Sound is a form of energy produced and

transmitted by vibrating matter that travels
in waves. Pitch is the measure of how high
or how low a sound is. The graph of f(x)
demonstrates a normal pitch. Copy the
graph, then sketch the graphs of y = f(3x),

indicating a higher pitch, and y = f(%x),

for a lower pitch.

1%
Normal Pitch

A
!
N
<
ee}
<
XY

Did You Know?

The pitch of a sound wave is directly related to

its frequency. A high-pitched sound has a high
frequency (a mosquito). A low-pitched sound has a
low frequency (a fog-horn).

A healthy human ear can hear frequencies in the
range of 20 Hz to 20 000 Hz.

C5 a) Write the equation for the general term

of the sequence —10, —6, —2, 2, 6,....

b) Write the equation for the general term
of the sequence 10, 6, 2, —2, —6,....

¢) How are the graphs of the two
sequences related?
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Combining Transformations

Focus on...

¢ sketching the graph of a transformed function by applying
translations, reflections, and stretches

e writing the equation of a function that has been transformed from
the function y = f(x)

Architects, artists, and craftspeople use transformations
in their work. Towers that stretch the limits of
architectural technologies, paintings that create
futuristic landscapes from ordinary objects, and quilt
designs that transform a single shape to create a more
complex image are examples of these transformations.

In this section, you will apply a combination of
transformations to base functions to create more
complex functions.

National-Nederlanden Building in Prague, Czech Republic

Investigate the Order of Transformations

Materials | New graphs can be created by vertical or horizontal translations, vertical
o or horizontal stretches, or reflections in an axis. When vertical and
horizontal translations are applied to the graph of a function, the order in
which they occur does not affect the position of the final image.

e grid paper

Explore whether order matters when other Iz
combinations of transformations are applied. 5
Consider the graph of y = f(x). AN\ =
2
Sl-a 210 2 4 X
4

A: Stretches

1. a) Copy the graph of y = f(x).

b) Sketch the transformed graph after the following two stretches
are performed in order. Write the resulting function equation
after each transformation.

e Stretch vertically about the x-axis by a factor of 2.
e Stretch horizontally about the y-axis by a factor of 3.
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c) Sketch the transformed graph after the same two stretches are
performed in reverse order. Write the resulting function equation
after each transformation.

e Stretch horizontally about the y-axis by a factor of 3.
e Stretch vertically about the x-axis by a factor of 2.

2. Compare the final graphs and equations from step 1b) and c).
Did reversing the order of the stretches change the final result?

B: Combining Reflections and Translations
3. a) Copy the graph of y = f(x).

b) Sketch the transformed graph after the following two
transformations are performed in order. Write the resulting
function equation after each transformation.

e Reflect in the x-axis.
e Translate vertically 4 units up.

c) Sketch the transformed graph after the same two transformations
are performed in reverse order. Write the resulting function
equation after each transformation.

e Translate vertically 4 units up.
e Reflect in the x-axis.

4. Compare the final graphs and equations from step 3b) and c). Did
reversing the order of the transformations change the final result?
Explain.

5. a) Copy the graph of y = f(x).

b) Sketch the transformed graph after the following two
transformations are performed in order. Write the resulting
function equation after each transformation.

e Reflect in the y-axis.
e Translate horizontally 4 units to the right.

c) Sketch the transformed graph after the same two transformations
are performed in reverse order. Write the resulting function
equation after each transformation.

e Translate horizontally 4 units to the right.
e Reflect in the y-axis.

6. Compare the final graphs and equations from step 5b) and c). Did
reversing the order of the transformations change the final result?
Explain.

Reflect and Respond

7. a) What do you think would happen if the graph of a function were
transformed by a vertical stretch about the x-axis and a vertical
translation? Would the order of the transformations matter?

b) Use the graph of y = |x| to test your prediction.

8. In which order do you think transformations should be performed to
produce the correct graph? Explain.
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Link the Ideas
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Multiple transformations can be applied to a function using the general
transformation model y — k = af(b(x — h)) or y = af(b(x — h)) + k.

To accurately sketch the graph of a function of the form

v — k = af(b(x — h)), the stretches and reflections (values of a and b)
should occur before the translations (h-value and k-value). The diagram
shows one recommended sequence for the order of transformations.

Horizontal Vertical Horizontal
stretch about — > stretchabout — > translation
the y-axis by a the x-axis by a of hunits

factor of factor of |a| and/or vertical
|b| translation of

k units
Reflectlon in Reflectlon in y— k= af(b(x — h))
the y-axis the x-axis

ifb<0 ifa<0 How does this compare to the
usual order of operations?

Example 1 o}
Graph a Transformed Function
Describe the combination of transformations Jé“ (8,.3)
that must be applied to the function y = f(x) L/— 0
to obtain the transformed function. Sketch 2 _42) =
the graph, showing each step of the .

. ! (1,1)
transii)rmatlon. 0,0) -
a) y = 3f(2x) “Tov | 2 [ 4 68 %
b) y = f(3x + 6)

Solution
a) Compare the function to y = af(b(x — h)) + k. For y = 3f(2x), a = 3,
b=2,h=0,and k = 0.
The graph of y = f(x) is horizontally stretched about the y-axis by a
factor of % and then vertically stretched about the x-axis by a factor
of 3.
e Apply the horizontal stretch by a VK
= 2
factor of % to obtain the graph 3l Y X);(4.5 3 /(9, 3)
fv=f(2x). > @2 y=1x
of y = f(2x) B A
/i
<00 3
2oy 2 468X




* Apply the vertical stretch by a factor A
of 3 to y = f(2x) to obtain the graph

Vs]

of y = 3f(2x). (3:3;9)
- / v+ 3f(2X)
Would performing the 7 /
stretches in reverse order
change the final result? 6 2.6)
|/
/
1
T
I[(c 5,3) 7 (45,3)
I /2y =fex
v
17051
“lov |2 4 6 8 X
b) First, rewrite y = f(3x + 6) in the form y = af(b(x — h)) + k. This
makes it easier to identify specific transformations.
y=f(3x + 6)
y = f(3(x + 2))  Factor out the coefficient of x.
Fory=f(3(x+ 2)),a=1,b=3,h=-2,and k= 0.
The graph of v = f(x) is horizontally stretched about the y-axis by a
factor of % and then horizontally translated 2 units to the left.
e Apply the horizontal stretch A v f3x
by a factor of 1 {0 obtain the 3 33) 63
3 3 g
graph of y = f(3x). > y=fx)
LY I W (GO
371 . d
/am
<« 00 3
~2ov | 2| 46 8 10/%
e Apply the horizontal translation | J=[{3(xk 2))| [vA y= 13X
of 2 units to the left to y = f(3x) 33
. [ (3/3)
to obtain the graph of (572 7
y = fB(x + 2). IERWal WA
S VAR /N
[ BT
< (=2.0) ©.0 3
6l 4al2ov | 2 46 X%
Your Turn
Describe the combination of transformations YA 9,3)
that must be applied to the function y = f(x) > ]
to obtain the transformed function. Sketch 2 A2 y=1
the graph, showing each step of the . r
transformation. 1/
1 Qo.oy N
Ay=2/0-3  by=f3x-2) S TIIE e
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- Example 2 20

Combination of Transformations
Show the combination of transformations that should be applied to
the graph of the function f = x* in order to obtain the graph of the

transformed function g(x) = ——f(Z(X — 4)) + 1. Write the corresponding
equation for g(x).

Solution
For g(x) = —f(2(x —4) + 1,a= -3, b=2h=4,and k= 1.
Description i Mapping | Graph
Horizontal stretch (=2,4)—=(-1.4) RZIN
about the y-axis by a (0,0) — (0, 0) B
factor of% 24— (11 4) \ \" | Jy=x
= (2% (x 9 — (g ) VYRR
S 20| [ 2 | 4%
A 4
Vertical stretch about (-1.49—(-12) NYZ !
the x-axis by a factor (0,0)— (0, 0) ABIE 13'(2X ‘
of 1 1(1,4)4(11, 2)1 \\” IL (2 .
y——(2x)2 (2”)*(2"’ zy) 1/
{—2 0 2 4 );(
v
Reflection in the x-axis (-1,2) > (-1,-2) INZ MR
y= —%(ZX)2 (0.0~ (0.0) Val 1
(1.2) > (1, -2) \ [Y=15@xF
(lxl)ﬁ(lx_l) 2
2% 2V 7\ Y
P 2 | 4| 6%
I__4 \V=-30x*
| \
AR 28]
Translation of 4 units (-1, -2)—= (3, -1) yA
to the right and 1 unit (0,0)— (4, 1) JEFex a1
up (1,-2) = (5-1) i I
= lex-ap+1 (1 ) [ 1 < A %
y=-5 (gx,——y—»(—x+4——y+1 2 g\ 2 /a\ 6%
2 2
- [ 11\
LV
| \!/ \
AR Z2R1) A
The equation of the transformed function is g(x) = —%(Z(X —4)+1



Your Turn

Describe the combination of transformations that should be applied
to the function f(x) = x* in order to obtain the transformed function

—Zf( x + 8) ) — 3. Write the corresponding equation and sketch
the graph of g(x).

Example 3
Write the Equation of a Transformed Function Graph
The graph of the function y = g(x) 156‘_\
represents a transformation of the
graph of y = f(x). Determine the 81
equation of g(x) in the form v=alx) 6
y = af(b(x — h)) + k. Explain your
answer. 4
y= RN
NE IR EE 0 2 | 4 X

Solution Y
Locate key points on the graph of f(x) and their image points on the
graph of g(x).
(—4,4) — (- 8 10)

(0,0) — (-7, 2)

(4,4) — (- 6 10)

(

The point (0, 0) on the graph of f(x) is not affected by any stretch, either
horizontal or vertical, or any reflection so it can be used to determine the
vertical and horizontal translations. The graph of g(x) has been translated
7 units to the left and 2 units up.

h=—-7and k=2

i i 2 units i
There is no reflection. e ont W
Compare the distances between
key points. In the vertical gl
direction, 4 units becomes 8 units.
There i tical stretch b Bupts| sy
ere is a vertical stretch by a . 8units
factor of 2. In the horizontal . 4] i
direction, 8 units becomes 2 units.
There is also a horizontal stretch — V=100 N 2] 4t
by a factor of 1 . >
4 —10/ -8 /-6 /-4 -20 2 4 | X
a=2and b=4 Y

Substitute the values of a, b, h,

and k into y= af(b(X —h) + k. How could you use the mapping
(X, y)— (%X+ h, ay + k) to

The equation of the transformed X \ i
verify this equation?

function is g(x) = 2f(4(x + 7)) + 2.
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Your Turn NZ S

The graph of the function y = g(x) 4

represents a transformation of the graph \ .|l /v=1®

of y = f(x). State the equation of the -

transformed function. Explain your answer. < >

—2 |0 2 4 1 6 | X
T Y=19(x)

N
|/ \
4 \

Key Ideas

e Write the function in the form y = af(b(x — h)) + k to better identify the
transformations.

e Stretches and reflections may be performed in any order before translations.

e The parameters a, b, h, and k in the function y = af(b(x — h)) + k correspond
to the following transformations:

= a corresponds to a vertical stretch about the x-axis by a factor of |qa|.

If a < 0, then the function is reflected in the x-axis.
1
bl

= b corresponds to a horizontal stretch about the y-axis by a factor of
If b < 0, then the function is reflected in the y-axis.

= h corresponds to a horizontal translation.

= k corresponds to a vertical translation.

Check Your Understanding

Practise 2. The function y = f(x) is transformed to the
function g(x) = —3f(4x — 16) — 10. Copy
and complete the following statements by

1. The function y = x* has been transformed
to y = af(bx). Determine the equation of

each transformed function.

a) Its graph is stretched horizontally about
the y-axis by a factor of 2 and then
reflected in the x-axis.

b) Its graph is stretched horizontally about
the y-axis by a factor of %, reflected in
the y-axis, and then stretched vertically

about the x-axis by a factor of %
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filling in the blanks.

The function f(x) is transformed to the
function g(x) by a horizontal stretch
about the @ by a factor of B. It is
vertically stretched about the B by a
factor of M. It is reflected in the I, and
then translated B units to the right and
B units down.



3. Copy and complete the table by describing
the transformations of the given functions,
compared to the function y = f(x).

1)
=

[ v (=

2 5 ]

= c =

T & O m

“ S 5 @

c 9 B c

slsl2l B

w 2 2 g B

5% EFE

- f_U c f_U c

g 2 R & R

=|EI=E|EIES

a ()] () o () (=)

Function e|>|xT|>|xT
y—4=f(x-5)
v+5=2f(3x)
_1G _)
y—zf Z(X 4)

v+ 2=-3f(2(x+ 2))

4. Using the graph of y = f(x), write the
equation of each transformed graph in
the form y = af(b(x — h)) + k.

y
4
v = f(x)
, /
-6 | —4|-2 2 X
12
a) YA
5] Y = KXx)
A 2 | 4 X
A4
b) yT
Sl-a klol 24 %

5. For each graph of y = f(x), sketch the
graph of the combined transformations.
Show each transformation in the sequence.

a) VA
4
v=1(x)
64210 24 6
A 4

<& N
< v
X

e vertical stretch about the x-axis by
a factor of 2

e horizontal stretch about the y-axis

by a factor of %

e translation of 5 units to the left and
3 units up

e vertical stretch about the x-axis by
3
a factor of 3
e horizontal stretch about the y-axis
by a factor of 3

e translation of 3 units to the right
and 4 units down

6. The key point (—12, 18) is on the graph
of y = f(x). What is its image point under
each transformation of the graph of f(x)?

a) y+6=flx—4)
b) y = 4f(3x)
) y=-2f(x—6) +4

d) y= —Zf(—%x— 6) +4

€) y+3 = —3f(2(x + 6))
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Apply 10. The graph of the function y = g(x)

7. Describe’ using an appropriate order, represents a transformation of the graph of
how to obtain the graph of each function y = f(x). Determine the equation of g(x) in
from the graph of y = f(x). Then, give the the form y = af(b(x — h)) + k.
mapping for the transformation. a) VA

0
=2 -3 4
a) y =2/l =3) + q V= gk)
b) y=—f(3x) — 2 °
Q) y=—3f(=(x +2) ® \ |
&) y— 5= —f(a(x - 2) y=f /
e p o /
f) 3y — 6 = f(—2x + 12) < \E b/ >
-4 -2 10 2 | 4 8 12X

8. Given the function y = f(x), write the S S\ /;v
equation of the form y — k = af(b(x — h)) B 4
that would result from each combination b) yA
of transformations. 4
a) a vertical stretch about the x-axis by a Y=fix . /'

factor of 3, a reflection in the x-axis, N/
a horizontal translation of 4 units to < ] /1\ >
the left, and a vertical translation of 514 ¢ / 4\ 6 8 X
5 units down Te / \
b) a horizontal stretch about the y-axis by 4 / \
a factor of , a vertical stretch about 6 V=4
the x-axis by a factor of , a reflection . \
in both the x-axis and the y-axis, and Ty
a translation of 6 units to the right and <) VA
2 units up °
9. The graph of y = f(x) is given. Sketch the / 8
graph of each of the following functions. / -
[N
1 Y=g 4
y—-fﬁ —4 \ N vi=fix
N\ oA/

/ 1\ < / y
6 2 7o X -8 /-6 -4N20of [ 4468
Y 2 /

a) y+2=f(x-23) 4/
b) y=—f(—x) \
0 v=fBkx—-2)+1 7
d) y= 3f(— ) 11. Given the function f(x), sketch the graph
3 of the transformed function g(x).
e) v+ 2 = —3f(x + 4)
1 1 a) flx) =x% g ——2f (x+2)—2
N y=f(-3b+2) -1 b) f(x) = |x|, g(x) = —2f(—3x +6)+4
0 flx) =x glx) = ——f 3)—2
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12.

13.

Alison often sketches her quilt designs

on a coordinate grid. The coordinates for
a section of one her designs are A(—4, 6),
B(-2, —2), C(0, 0), D(1, —1), and E(3, 6).
She wants to transform the original design
by a horizontal stretch about the y-axis by
a factor of 2, a reflection in the x-axis, and
a translation of 4 units up and 3 units to
the left.

a) Determine the coordinates of the image
points, A’, B’, C’, D’, and E".

b) If the original design was defined by
the function y = f(x), determine the
equation of the design resulting from
the transformations.

Gil is asked to translate the graph of y = |x|
according to the equation y = |2x — 6| + 2.
He decides to do the horizontal translation
of 3 units to the right first, then the stretch

about the y-axis by a factor of % and

lastly the translation of 2 units up. This
gives him Graph 1. To check his work, he
decides to apply the horizontal stretch

about the y-axis by a factor of % first, and

then the horizontal translation of 6 units
to the right and the vertical translation of
2 units up. This results in Graph 2.

a) Explain why the two graphs are in
different locations.

b) How could Gil have rewritten the
equation so that the order in which he
did the transformations for Graph 2
resulted in the same position as

Graph 17
A
K Graph-}
8
6.
4 GrapH 2
y=Ix 5]
<« r r ; r —>
-4 20l |24 68 %
4

14.

Two parabolic arches are being built. The
first arch can be modelled by the function
y=—-x*+9, with arangeof 0 < y < 9.
The second arch must span twice the
distance and be translated 6 units to the
left and 3 units down.

a) Sketch the graph of both arches.

b) Determine the equation of the second
arch.

Extend

15.

16.

If the x-intercept of the graph of y = f(x)
is located at (a, 0) and the y-intercept is
located at (0, b), determine the x-intercept
and y-intercept after the following
transformations of the graph of y = f(x).

a) y=—f(-x)
s

O y+3=f(x—4)

d y+3= %f(%(x - 4))

A rectangle is inscribed between the x-axis
and the parabola y = 9 — x* with one side
along the x-axis, as shown.

yA

v =9-x 8

T\

4

2.

, ol \ |

-4 -2 0 2\ 4 %
Y

a) Write the equation for the area of the
rectangle as a function of x.

A

b) Suppose a horizontal stretch by a
factor of 4 is applied to the parabola.
What is the equation for the area of the
transformed rectangle?

¢) Suppose the point (2, 5) is the vertex of
the rectangle on the original parabola.
Use this point to verify your equations
from parts a) and b).
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17. The graph of the function y = 2x* + x + 1

18.

is stretched vertically about the x-axis by
a factor of 2, stretched horizontally about

the y-axis by a factor of %, and translated

2 units to the right and 4 units down.
Write the equation of the transformed
function.

This section deals with transformations
in a specific order. Give one or more
examples of transformations in which
the order does not matter. Show how you
know that order does not matter.

Create Connections

¢1 MINILAB Many designs, Materials
such as this Moroccan Ca'rpet, « grid paper
are based on transformations. graphing
calculator

Work with a partner. Use transformations

of functions to create designs on a graphing

calculator.

Step 1 The graph shows the function

f(x) = —x + 3 and transformations
1, 2, and 3.

» i

* Recreate the diagram on a graphing
calculator. Use the window settings
x: [-3,3,1] y: [-3, 3, 1].

42 MHR e Chapter 1

¢ Describe the transformations
necessary to create the image.

e Write the equations necessary to
transform the original function.

Step 2 The graph shows the function f(x) = x*

and transformations 1, 2, 3, and 4.

¥

f1 (x:l=x2

»»

¢ Recreate the diagram on a graphing
calculator. Use the window settings
x: [-3,3,1] y: [-3, 3, 1].

¢ Describe the transformations
necessary to create the image.

e Write the equations necessary to
transform the original function.

C2 Kokitusi‘aki (Diana Passmore) and
Siksmissi (Kathy Anderson) make and sell
beaded bracelets such as the one shown
representing the bear and the wolf.

c

If they make b bracelets per week at
a cost of f(b), what do the following
expressions represent? How do they
relate to transformations?

a) f(b + 12) b) £(b) + 12
) 3f(b) d) f(2b)

Did You Know?

Sisters Diana Passmore and Kathy Anderson are
descendants of the Little Dog Clan of the Piegan
(Pikuni'l') Nation of the Blackfoot Confederacy.

Express the function y = 2x* — 12x + 19
in the form y = a(x — h)* + k. Use that
form to describe how the graph of y = x*
can be transformed to the graph of

y =2x*—12x + 19.



C4 Musical notes can be repeated (translated b)

horizontally), transposed (translated
vertically), inverted (horizontal mirror), in
retrograde (vertical mirror), or in retrograde

inversion (180° rotation). If the musical
pattern being transformed is the pattern in

red, describe a possible transformation to
arrive at the patterns H, J, and K.

a)

)

e
;

i
£ 4

Project Corner Transformations Around You

ooooooooooooooooooooooooo

e What type(s) of function(s) do you see in the image?

e Describe how each base function has been transformed.

CHRT T

5
1
3
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Inverse of a
Relation

Focus on...

PIN: A A Ak K

¢ sketching the graph of the inverse of a
relation

e determining if a relation and its inverse
are functions

¢ determining the equation of an inverse !
——

An inverse is often thought of as “undoing” or “reversing” a position, order, or
effect. Whenever you undo something that you or someone else did, you are
using an inverse, whether it is unwrapping a gift that someone else wrapped or
closing a door that has just been opened, or deciphering a secret code.

For example, when sending a secret message, a key is used to encode the
information. Then, the receiver uses the key to decode the information.

Let each letter in the alphabet be mapped to the numbers 0 to 25.

Plain Text o N VvV E R S 3
Numeric Values, x 8 13 21 4 17 18 4
Cipher, x-2 6 11 19 2 15 16 2
Cipher Text G L T C P Q C

Decrypting is the inverse of encrypting. What decryption function would you
use on GLTCPQC? What other examples of inverses can you think of?

Investigate the Inverse of a Function

Materials | 1. Consider the function f(x) = %X — 5.
* grid paper a) Copy the table. In the first column, enter the ordered pairs of five

points on the graph of f(x). To complete the second column of
the table, interchange the x-coordinates and y-coordinates of the
points in the first column.

Key Points on the Graph of f(x) J Image Points on the Graph of g(x) J

44 MHR e Chapter 1



b) Plot the points for the function f(x) and draw a line through them.

c) Plot the points for the relation g(x) on the same set of axes and
draw a line through them.

. @) Draw the graph of y = x on the same set of axes as in step 1.

b) How do the distances from the line y = x for key points and
corresponding image points compare?

¢) What type of transformation occurs in order for f(x) to
become g(x)?

. @) What observation can you make about the relationship of the

coordinates of your ordered pairs between the graphs of f(x)
and g(x)?
b) Determine the equation of g(x). How is this equation related to
B N
flx) = i 57
¢) The relation g(x) is considered to be the inverse of f(x). Is the
inverse of f(x) a function? Explain.

Reflect and Respond

4.

Describe a way to draw the graph of the inverse of a function inverse of a
using reflections. function
. Do you think all inverses of functions are functions? What factors * if fis a function with

domain A and range B,

. o o
did you base your decision onf? the inverse function, if

. a) State a hypothesis for writing the equation of the inverse of a it exists, is denoted by
linear function f! and has domain B
' and range A
b) Test your hypothesis. Write the equation of the inverse of « f maps y to xif and
y = 3x + 2. Check by graphing. only if fmaps xto y

. Determine the equation of the inverse of y = mx + b, m # 0.

a) Make a conjecture about the relationship between the slope of
the inverse function and the slope of the original function.

b) Make a conjecture about the relationship between the
x-intercepts and the y-intercept of the original function and
those of the inverse function.

. Describe how you could determine if two relations are inverses

of each other.
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Link the Ideas

Did You Know?

The -1 in f'(x) does
not represent an
exponent; that is

e
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The inverse of a relation is found by interchanging the x-coordinates
and y-coordinates of the ordered pairs of the relation. In other words, for
every ordered pair (x, y) of a relation, there is an ordered pair (y, x) on
the inverse of the relation. This means that the graphs of a relation and
its inverse are reflections of each other in the line y = x.

x, ¥) — (v, x)

The inverse of a function y = f(x) may be written in the form x = f(y).
The inverse of a function is not necessarily a function. When the inverse
of fis itself a function, it is denoted as f~* and read as “f inverse.” When

the inverse of a function is not a function, it may be possible to restrict the
domain to obtain an inverse function for a portion of the original function.

The inverse of a function reverses the processes represented by that
function. Functions f(x) and g(x) are inverses of each other if the
operations of f(x) reverse all the operations of g(x) in the opposite
order and the operations of g(x) reverse all the operations of f(x) in the
opposite order.

For example, f(x) = 2x + 1 multiplies the input value by 2 and then

adds 1. The inverse function subtracts 1 from the input value and then

x—1
2

divides by 2. The inverse function is f~(x) =

[ Example 1 >

Graph an Inverse

Consider the graph of the yA

relation shown.

a) Sketch the graph of the inverse
relation.

b) State the domain and range of
the relation and its inverse.

¢) Determine whether the relation 5 4 | —2 0o > 4
and its inverse are functions. A4

a

IS

nJ

A
XY

Solution

a) To graph the inverse relation, interchange the x-coordinates and
y-coordinates of key points on the graph of the relation.

Points on the Relation Points on the Inverse Relation

(-6.4) (4. —6)
(—4, 6) (6, —4)
(0. 6) (6.0)
2. 2) @ 2)
(4. 2) (2. 4)
(6 0) (©.6)



b)

)

The graphs are reflections of each
other in the line y = x. The points
on the graph of the relation are
related to the points on the graph
of the inverse relation by the
mapping (x, ¥) — (¥, X).

What points are invariant after a
reflection in the line y = x?

» \ 4
The domain of the relation becomes the range of the inverse

relation and the range of the relation becomes the domain of the
inverse relation.

Domain Range

Relation {x| -6<x<6,x€R} {y|0<y<6,yeR}

Inverse Relation {x]0<x=<6,xeR} {v|-6<y=<6,yeR}

The relation is a function of x because there is only one value of y
in the range for each value of x in the domain. In other words, the
graph of the relation passes the vertical line test.

The inverse relation is not a function of x because it fails the
vertical line test. There is more than one value of y in the range
for at least one value of x in the domain. You can confirm this by
using the horizontal line test on the graph of the original relation.

l Did You Know?

A one-to-one function
is a function for which
every element in the
range corresponds to
exactly one element
in the domain. The
graph of a relation is
a function if it passes
the vertical line

test. If, in addition, it
passes the horizontal
line test, itis a
one-to-one function.

horizontal line test

yA

A

—6|—4]-2

Your Turn

Consider the graph of the relation

shown.

a) Determine whether the relation
and its inverse are functions.

b) Sketch the graph of the inverse
relation.

c) State the domain, range, and

VA

i

-6 -4 -20

XY

A

intercepts for the relation and the inverse relation.

d) State any invariant points.

a test used to
determine if the graph
of an inverse relation
will be a function

if it is possible for

a horizontal line to
intersect the graph of
a relation more than
once, then the inverse
of the relation is not a
function
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Example 2

Restrict the Domain

Consider the function f(x) = x* — 2.
a) Graph the function f(x). Is the inverse of f(x) a function?

b) Graph the inverse of f(x) on the same set of coordinate axes.

¢) Describe how the domain of f(x) could be restricted so that the inverse

of f(x) is a function.

Solution

a)

b)

)

The graph of f(x) = x* — 2isa
translation of the graph of y = x* by
2 units down.

Since the graph of the function fails the
horizontal line test, the inverse of f(x)
is not a function.

Use key points on the graph of
f(x) to help you sketch the graph
of the inverse of f(x).

Notice that the graph of the
inverse of f(x) does not pass the
vertical line test. The inverse of
f(x) is not a function.

The inverse of f(x) is a function
if the graph of f(x) passes the
horizontal line test.

One possibility is to restrict the
domain of f(x) so that the resulting
graph is only one half of the parabola.
Since the equation of the axis of
symmetry is x = 0, restrict the domain
to{x|x=>0,x € R}

Your Turn

Consider the function f(x) = (x + 2)2
a) Graph the function f(x). Is the inverse of f(x) a function?

b) Graph the inverse of f(x) on the same set of coordinate axes.

¢) Describe how the domain of f(x) could be restricted so that the inverse

of f(x) is a function.

b VA 1)
\ ]
\ /
- s >
< \ / >
-4 | —2\0 2 | 4 X
Y
* VA * |
\l 4 [ 767
\ [
5 -7
l_/’,
< v
Cla R\a| J2 | 4 X
’ T= \*
,’ .| Inverse of fi(x)
¥, VE \ 4
VA 4 <
P IR A
/1.
5 "
Inverse of f(x) L/ﬂl/
. 4 / A
Sl4a 2.0 2| 4 %
l’ )
. “Tx.x=0
I,' _'4
,VE Y

How else could the domain of f(x)
be restricted?



A\ ()4

Example 3
Determine the Equation of the Inverse

Algebraically determine the equation of the inverse of each function.
Verify graphically that the relations are inverses of each other.

a) flx) =3x+6

b) flx) =x*—4

Solution

a) Let y = f(x). To find the equation of the inverse, x = f(y), interchange
x and y, and then solve for y.

flx)=3x+6
y=3x+6 Replace f(x) with y.
x=3y+6 Interchange x and y to determine the inverse.
X —6=3y Solve for .
XxX—6 _
3 Y
f_l( ) = Xx—6 Replace y with f~'(x), since the inverse of a linear
X) = 3 function is also a function.
Graph y =3x + 6 and y = X ; 5 on the same set of coordinate axes.
yM A
6 v+ X,
A -
y=/3x+6 .
/7] L
« - >
-6 -4 fo 0] |2 _A4T6 X
/ '__') — X —+6
s~ V=
1L
> ari v
/,, —-6
4 2
Notice that the x-intercept and y-intercept of y = 3x + 6 become the
y-intercept and x-intercept, respectively, of y = = 6 Since the

functions are reflections of each other in the line y = x, the functions
are inverses of each other.
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b) The same method applies to quadratic functions.

fx)=x*—14
y=x*—4 Replace f(x) with .
X = yz — 4 Interchange x and y to determine the inverse.
x+ 4=y Solve for y.
X Td=y

_ —— Why is this y not replaced with f~'(x)? What could be
y=+tvx+4 done so that f-'(x) could be used?

Graph y = x* — 4 and y = +Vx + 4 on the same set of coordinate axes.

X y=x*—4 X y=*+Vx+4
-3 +3
-2 0 0 +2
-1 -3 -3 +1
0 -4 -4 0
1 -3
2 0
3
A YA 4 ~
Ve [
V=X - 4 /,
4 ’,
\ ) /,7,'_
— , /
p How could you use the tables of
v a . .
T T % o > 4 6 X valt{es to verify that the relations
4‘\ / are inverses of each other?
l' - T
'l \*
. 1T y=+/Xx+4
/, y = iy
4 0O
Vi Y

Notice that the x-intercepts and y-intercept of y = x> — 4 become
the y-intercepts and x-intercept, respectively, of y = +v/x + 4. The
relations are reflections of each other in the line y = x. While the
relations are inverses of each other, y = +v/x + 4 is not a function.

Your Turn
Write the equation for the inverse of the function f(x) = X —g 8.

Verify your answer graphically.
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Key Ideas

@ You can find the inverse of a relation by interchanging the x-coordinates and
y-coordinates of the graph.

e The graph of the inverse of a relation is the graph of the relation reflected in the
line y = x.

@ The domain and range of a relation become the range and domain, respectively,
of the inverse of the relation.

@ Use the horizontal line test to determine if an inverse will be a function.

e You can create an inverse that is a function over a specified interval by restricting
the domain of a function.

e When the inverse of a function f(x) is itself a function, it is denoted by f~!(x).

@ You can verify graphically whether two functions are inverses of each other.

Check Your Understanding

Practise 2. Copy the graph of each relation and sketch
1. Copy each graph. Use the reflection line the graph of its inverse relation.
y = x to sketch the graph of x = f(y) on the a) VA
same set of axes. 4
a) Y \
/ 21\
2
[y =i b -
< - < N >
“— 5% T 2To[ T2\4 X
P 2
l-
* Y 4
b) VA 6
v, 85
\ |z b) 7
NEEES ST 5% -
2 4
A4
Sl -4 /420 2| 4 %
) 4
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3. State whether or not the graph of the o[ VA Tk 4
relation is a function. Then, use the 6
horizontal line test to determine whether \ /
the inverse relation will be a function. 4
a) YA 2
P v=Xx-4)¢+2
/ > ) 2 4 6 | X
/ c Y
< » d) yA
—4.-2.0 > | X
v ] V=X +H4)3+2 >
b) ZN < \
h g -4 \2 o] %
/ - C
/
’ f \ L
P R | \
A Lo e X 14 1y
/ 2 5. Algebraically determine the equation of the
. inverse of each function.
v a) f(x) = 7x
<) [Z\ b) f(x) = -3x+ 4
4 x+4
9 f) =3
1 d fx)=% -5
N
Y

f) fx) = 2(x +6)

4. For each graph, identify a restricted 6. Match the function with its inverse.

domain for which the function has an

inverse that is also a function. Function
a) N7 i a) y=2x+5
L\ b) y= x4
|| ] Y/ — C =6 — 3x
\N YR by
P R d) y=x*-12,x=0
SR IS 1
N# e) y=§(x+1)2,X§—1
b) [\ yM Inverse
4 A y=+vVx+12
\ J B y=08—X
y=(X+2) y 3
< » C y= 2x + 8
S | a | = x
b 1 [ fol D y— —vIx -1
_X—25
€E yv= —
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Apply

7. For each table, plot the ordered pairs (x, y)
and the ordered pairs (y, x). State the
domain of the function and its inverse.

a)

X y
-2 -2
—1 1
0 4
1 7
2 10
X y
-6 2
-4 4
1 5
2 5
5 3

8. Copy each graph of y = f(x) and then
sketch the graph of its inverse. Determine

if the inverse is a function. Give a reason

for your answer.

a)

b)

VA P
5 /
NEANEEER) X
L/
/
4 J lv=1b9)
/ 11.
&V
Xy
VA
Q
6 y=A
/ \
4
/I
[ \
< [ \ 5
Sl-4]-210 2 X
| - \
4 ) 4 A\l

10.

c) VA
6
// _'\ y=1x
2
™~~~
a A
Sl-al-2 0 2 4 X
Y

. For each of the following functions,

 determine the equation for the
inverse, f~(x)

e graph f(x) and f~!(x)

e determine the domain and range

of f(x) and f(x)
a) f(x) =3x+ 2

b) f(x) =4 — 2x
) f(X)z%x—B
d) fx) =x*+2,x<0

e) flx)=2-x3,x=>0
For each function f(x),

i) determine the equation of the inverse of
f(x) by first rewriting the function in the
form y = a(x — h)*> + k

ii) graph f(x) and the inverse of f(x)

a) flx) = x*+ 8x + 12

b) f(x) =x*—4x+ 2

Jocelyn and Gerry determine that the

inverse of the function f(x) = x* — 5, x > 0,

is f~(x) =v/x + 5. Does the graph verify

that these functions are inverses of each
other? Explain why.

VA 4
; |
|
4
| _—
V=11 |17
L © l
< / >
-6 | -4 2 2 4 | 6 X
12 /
Ay =fx)
-
—-SV
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12.

13.

14.

15.

For each of the following functions,

* determine the equation of the inverse

e graph f(x) and the inverse of f(x)

e restrict the domain of f(x) so that the
inverse of f(x) is a function

e with the domain of f(x) restricted, sketch

the graphs of f(x) and f~'(x)
a) fx) =x*+3
b) f(x) = 1e

f) f[(x=kx—-1)P2-2

Determine graphically whether the
functions in each pair are inverses of
each other.

a) f(x) =x—4andglx) =x+ 4
b) f(x) = 3x + 5 and g(x) = Xg5
0 flx) = —7andg()—7—x
d) flx) = 2 and glx) =2x+2
e) f(x) _ and g(x) = X_SH

For each quCtIOIl, state two ways to
restrict the domain so that the inverse is a
function.

a) flx) =x*+14

b) f() =2 — x°

0 f(x) = (x—3)

d) fx) = (x+ 2)* —

Given the function f(x) = 4x — 2,
determine each of the following.
a) f'(4)

b) f(-2)

0 f(8)

d) f/~'(0)
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16.

17.

18.

The function for converting the
temperature from degrees Fahrenheit, x, to

5

a) Determine the equivalent temperature
in degrees Celsius for 90 °F.

degrees Celsius, y, is y =

b) Determine the inverse of this function.
What does it represent? What do the
variables represent?

¢) Determine the equivalent temperature
in degrees Fahrenheit for 32 °C.

d) Graph both functions. What does
the invariant point represent in
this situation?

A forensic specialist can estimate the
height of a person from the lengths of their
bones. One function relates the length, x,
of the femur to the height, y, of the person,
both in centimetres.

For a male: y = 2.32x + 65.53
For a female: y = 2.47x + 54.13

a) Determine the height of a male and of a
female with a femur length of 45.47 cm.

b) Use inverse functions to determine the
femur length of

i) a male whose height is 187.9 cm
ii) a female whose height is 175.26 cm

In Canada, ring sizes are specified using
a numerical scale. The numerical ring
size, y, is approximately related to finger
circumference, x, in millimetres, by
y= X —36.5
2.55
a) What whole-number ring size
corresponds to a finger circumference
of 49.3 mm?

b) Determine an equation for the inverse
of the function. What do the variables
represent?

¢) What finger circumferences correspond
to ring sizes of 6, 7, and 97



Extend

19. When a function is constantly increasing
or decreasing, its inverse is a function. For

each graph of f(x),

i) choose an interval over which the
function is increasing and sketch the
inverse of the function when it is
restricted to that domain

ii) choose an interval over which the
function is decreasing and sketch
the inverse of the function when it is
restricted to that domain

a) A

]

4 1)

2

b) YA

Y

20. Suppose a function f(x) has an inverse

21.

function, f~(x).

a) Determine f~'(5) if f(17) = 5.

b) Determine f(—2) if f~'(V3) = —2.

¢) Determine the value of a if f~'(a) = 1
and f(x) = 2x* + 5x + 3, x > —1.25.

If the point (10, 8) is on the graph of the
function y = f(x), what point must be on
the graph of each of the following?

a) y=/"(x+2)
b) y=2f"(x) +3
0 v=—f"-x)+1

Create Connections

C1 Describe the inverse sequence of
operations for each of the following.

a)
b)
2 a)

b)
)

flx) = 6x + 12

fx)=x+3)2-1

Sketch the graphs of the function
f(x) = —x + 3 and its inverse, f~!(x).
Explain why f(x) = f~'(x).

If a function and its inverse are the

same, how are they related to the line
y=x?

€3 Two students are arguing about whether
or not a given relation and its inverse are
functions. Explain how the students could
verify who is correct.

Two functions, f(x) =

g(x) = 3x — 5, are inverses of each other.

Step 1

Step 2

Step 3

Step 4

Evaluate output values for f(x) for
x=1,x=4,x=—8,and x = a. Use
the results as input values for g(x).
What do you notice about the output
values for g(x)? Explain why this
happens. State a hypothesis that could
be used to verify whether or not two
functions are inverses of each other.

Reverse the order in which you used
the functions. Start with using the
input values for g(x), and then use the
outputs in f(x). What conclusion can
you make about inverse functions?

Test your conclusions and hypothesis
by selecting two functions of your own.

Explain how your results relate to the
statement “if f(a) = b and f~'(b) = q,
then the two functions are inverses
of each other.” Note that this must
also be true when the function roles
are switched.
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Chapter 1 Review

1.1 Horizontal and Vertical Translations,
pages 6-15

1. Given the graph of the function y = f(x),
sketch the graph of each transformed

function.

y

e C D
NIEER) 2 | 4 X

a) y—3 = f(x)
b) h(x) = flx + 1)
0 v+1=flx—2)

2. Describe how to translate the graph
of y = |x] to obtain the graph of the
function shown. Write the equation of
the transformed function in the form
y—k=|x—h|.

[N

1/

6 a4l RTol 2 [X

A

3. The range of the function y = f(x) is
{y| =2 < y <5,y € Rl. What is the
range of the function y = f(x — 2) + 47

4. James wants to explain vertical and
horizontal translations by describing
the effect of the translation on the
coordinates of a point on the graph of a
function. He says, “If the point (a, b) is
on the graph of y = f(x), then the point
(a — 5, b + 4) is the image point on the
graph of y + 4 = f(x — 5).” Do you agree
with James? Explain your reasoning.

56 MHR e Chapter 1

1.2 Reflections and Stretches, pages 16-31

5. Name the line of reflection when the graph

of y = f(x) is transformed as indicated.
Then, state the coordinates of the image
point of (3, 5) on the graph of each

reflection.
a) y = —f(x)
b) y = f(—x)

. Copy each graph of y = f(x). Then,

e sketch the reflection indicated

e state the domain and range of the
transformed function

e list any invariant points

a) y=f(-x) b) y = —f(x)
lyA
y=f |,
2.
DN SR kS
Y

. a) Sketch the graphs of the functions

Fx) = %, g(x) = f(2x), and h(x) = f(%x)
on the same set of coordinate axes.
b) Describe how the value of the

coefficient of x for g(x) and h(x) affects
the graph of the function f(x) = x*.

. Consider the graphs of the functions f(x)

and g(x).
VA
f(x)4 (2,4)] [9(x)
2 22

N2.2)
-4 -210 2 | 4 %
Y

A

a) Is the graph of g(x) a horizontal or a
vertical stretch of the graph of f(x)?
Explain your reasoning.

b) Write the equation that models the
graph of g(x) as a transformation of the

graph of f(x).



1.3 Combining Transformations, pages 32-43 1.4 Inverse of a Relation, pages 44-55

9. Given the graph of y = f(x), sketch the 13. a) Copy the graph of y = f(x) and sketch

graph of each transformed function. the graph of x = f(y).

YA b) Name the line of reflection and list

21 / any invariant points.
P ' ' N c) State the domain and range of the
S22 4 | 6 X two functions.

°l V=10

_4/
) 4
_of1 _ 1

a) y= Zf(EX) b) y = 5/(3x)

10. Explain how the transformations described
by y = f(4(x + 1)) and y = f(4x + 1) are
similar and how they are different.

11. Write the equation for the graph of g(x) as
a transformation of the equation for the

graph of f(x) 14. Copy and complete the table.

KA y=5(x y=1"0
g} I X v X y
-3 7
® 4 2
%) 4 10 -12

2 15. Sketch the graph of the inverse relation for
P R each graph. State whether the relation and
S 20| 2 3\/6 8 | X its inverse are functions.

L2 b)
) 4

12. Consider the graph of y = f(x). Sketch the
graph of each transformation.

v = f(x)
16. Algebraically determine the equation of the
inverse of the function y = (x — 3)? + 1.
Determine a restriction on the domain of
the function in order for its inverse to be a
function. Show your thinking.

< ————————% 17. Graphically determine if the functions are

0 2 4 6 8
v inverses of each other.

a) y = 2+f(—(x + 2)) a) f(x) = —6x + 5 and g() = *F 5
b) y— 2 = —f(2(x — 3)) b) f(x) =*5 3 and g(x) = 8x + 3

0 y—1=3f2x + 4)
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M. Chapter 1 Practice Test <

Multiple Choice 5. The effect on the graph of y = f(x) if it is

_1 :
For #1 to #7, choose the best answer. transformed to y = 4f(3X) 18

1. What is the effect on the graph of the

function y = x* when the equation is
changed to y = (x + 1)*?

A The graph is stretched vertically.
B The graph is stretched horizontally.

C The graph is the same shape but
translated up.

D The graph is the same shape but
translated to the left.

. The graph shows a transformation of the
graph of y = |x|. Which equation models
the graph?

vA

4
4

XY

8 -4 0 4

A
4

o
(o)

) 4
A y+4=|x— 6
B y—6=|x—4|
C
D

y—4=|x+ 6|

V+6=|x+ 4

. If (a, b) is a point on the graph of y = f(x),
which of the following points is on the
graph of y = f(x + 2)?

A (a+2,b)

B (a—2,b)

C (a,b+2)

D (a,b-2)

. Which equation represents the image of
y = x* + 2 after a reflection in the y-axis?

A y=—-x*—-2
B y=x*+2
Cy=—x*+2
D y=x*-2
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A a vertical stretch by a factor of % and a

horizontal stretch by a factor of 3
B a vertical stretch by a factor of % and a
horizontal stretch by a factor of %

C a vertical stretch by a factor of 4 and a
horizontal stretch by a factor of 3
D a vertical stretch by a factor of 4 and a

horizontal stretch by a factor of %

. Which of the following transformations of

f(x) produces a graph that has the same
y-intercept as f(x)? Assume that (0, 0) is
not a point on f(x).

AR —9f(x)
B f(x) — 9
C f(-9x)
D f(x—9)

. Given the graphs of y = f(x) and y = g(x),

what is the equation for g(x) in terms

of f(x)?

vA

4 //

-’ fx)
MRS RN L

L4 gix)

\

v
WERTEN
B g(x) = f(—2x)
C glx) = —f(2x)
o a9 {1



Short Answer

10.

11.

12.

The domain of the function y = f(x)
is {x| =3 < x < 4, x € R}. What is
the domain of the function
y=flx+2)-17

. Given the graph of y = f(x), sketch the

graph of y — 4 = —%f(%[x + 3)).
[Z N
6
4
=) 5]

/<
A _7 _a\ 2 2
2.

L4

XY

Y

Consider the graph of the function y = f(x).

VA
2.
<« . /:
4 _>¥o‘ \/4 X
il y=1
—4
Y

a) Sketch the graph of the inverse.

b) Explain how the coordinates of key
points are transformed.

¢) State any invariant points.

Write the equation of the inverse function
of y = 5x + 2. Verify graphically that the
functions are inverses of each other.

A transformation of the graph of y = f(x)
results in a horizontal stretch about

the y-axis by a factor of 2, a horizontal
reflection in the y-axis, a vertical stretch
about the x-axis by a factor of 3, and

a horizontal translation of 2 units to

the right. Write the equation for the
transformed function.

Extended Response

13.

14.

15.

The graph of the function f(x) = |x|
is transformed to the graph of
gx) =flx+2)-7.
a) Describe the transformation.
b) Write the equation of the function g(x).
¢) Determine the minimum value of g(x).
d) The domain of the function f(x) is the
set of real numbers. The domain of
the function g(x) is also the set of real
numbers. Does this imply that all of
the points are invariant? Explain your
answer.
The function g(x) is a transformation of the
function f(x).
yA
n fx)
5] g

4
<

—_ —_—
420l [ 214 X%
Y

a) Write the equation of the function f(x).

b) Write the equation of the function g(x)
in the form g(x) = af(x), and describe
the transformation.

c) Write the equation of the function g(x)
in the form g(x) = f(bx), and describe
the transformation.

d) Algebraically prove that the two
equations from parts b) and c) are
equivalent.

Consider the function h(x) = —(x + 3)?> — 5.

a) Explain how you can determine
whether or not the inverse of h(x) is
a function.

b) Write the equation of the inverse
relation in simplified form.

¢) What restrictions could be placed on
the domain of the function so that the
inverse is also a function?
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CHAPTER

Radical
Functions

How far can you see from the top of a hill? What
range of vision does a submarine’s periscope have?
How much fertilizer is required for a particular
crop? How much of Earth’s surface can a satellite
“see”? You can model each of these situations
using a radical function. The functions can range
from simple square root functions to more complex
radical functions of higher orders.

In this chapter, you will explore a variety of square
root functions and work with radical functions
used by an aerospace engineer when relating the
distance to the horizon for a satellite above Earth.
Would you expect this to be a simple or a complex
radical function?

l Did You Know?

Some satellites are put into polar orbits, ~5

where they follow paths perpendicular Geostationary
to the equator. Other satellites are Satellite,
put into geostationary orbits that are approximate
parallel to the equator. altitude of
Polar orbiting satellites are 36 000-km

useful for taking high-resolution
photographs. Geostationary
satellites allow for weather
monitoring and communications
for a specific country or

continent. A
y 1)

Polar Orbiting Satellite,
approximate altitude of 800-km

Key Terms
radical function square root of a function
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Career Link

Scientists and engineers use remote sensing to
create satellite images. They use instruments
and satellites to produce information that

is used to manage resources, investigate
environmental issues, and produce
sophisticated maps.

Web@

To learn more about a career or educational
opportunities involving remote sensing, go to
www.mcgrawhill.ca/school/learningcentres and
follow the links.

Yellowknife Wetlands




Radical Functions and
Transformations

Focus on...

e investigating the function y = v/X using a table of values

and a graph

e graphing radical functions using transformations
e identifying the domain and range of radical functions

Does a feather fall more slowly than a rock?
Galileo Galilei, a mathematician and scientist,
pondered this question more than 400 years
ago. He theorized that the rate of falling objects
depends on air resistance, not on mass. It is
believed that he tested his idea by dropping
spheres of different masses but the same
diameter from the top of the Leaning Tower

of Pisa in what is now Italy. The result was
exactly as he predicted—they fell at the same

rate.

In 1971, during the Apollo 15 lunar landing,
Commander David Scott performed a similar
demonstration on live television. Because the
surface of the moon is essentially a vacuum, a
hammer and a feather fell at the same rate.

For more information
about Galileo or

the Apollo 15
mission, go to www.
mcgrawhill.ca/school/
learningcentres and
follow the links.

Investigate a Radical Function

Materials

e grid paper

e graphing technology
(optional)
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' For objects falling near the surface of Earth, the function d = 5t2

approximately models the time, ¢, in seconds, for an object to fall a
distance, d, in metres, if the resistance caused by air can be ignored.

1. a) Identify any restrictions on the domain of this function. Why are
these restrictions necessary? What is the range of the function?

b) Create a table of values and a graph showing the distance fallen as
a function of time.

2. Express time in terms of distance for the distance-time function from
step 1. Represent the new function graphically and using a table
of values.

3. For each representation, how is the equation of the new function
from step 2 related to the original function?




Reflect and Respond

4. a) The original function is a distance-time function. What would you
call the new function? Under what circumstances would you use
each function?

b) What is the shape of the graph of the original function? Describe
the shape of the graph of the new function.

Link the Ideas

The function that gives the predicted fall time for an object under the

influence of gravity is an example of a radical function. Radical functions radical function
have restricted domains if the index of the radical is an even number. Like « afunction that involves
many types of functions, you can represent radical functions in a variety aradical with a variable

in the radicand

¢ y=+v3xand
y=4 /5 + x are
radical functions.

of ways, including tables, graphs, and equations. You can create graphs of
radical functions using tables of values or technology, or by transforming
the base radical function, y = vX.

Example 1 >
Graph Radical Functions Using Tables of Values

Use a table of values to sketch the graph of each function.
Then, state the domain and range of each function.
a) v=+VX b) y=vx—-2 ) y=+vx-—3

Solution

a) For the function y = v, the radicand x must be greater
than or equal to zero, x = 0.

X ")
0 0
1 1 How can you choose values
> of x that allow you to
complete the table without
3 using a calculator?
16 4
25 5
VA [ T,
4 L e
5 — | |y=+x
c —
< »
0 2 14 6 /8 1012|1416 18 20 22 24 | 26 28X
Y

The graph has an endpoint at (0, 0) and continues up and
to the right. The domain is {x | x > 0, x € R}. The range is
v|y=0,yeR}
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b) For the function y = Vx — 2, the value of the radicand must be greater
than or equal to zero.

x—2=20
x=2
x vy
2 0 How is this table related to the table for
3 1 y =~Xinparta)?
6 2
11 3
18 4 How does the graph of y = Vx -2
compare to the graph of y = vx?
27 5
[Z
4 - o
/”’ . [y
S /// V= PaS -
c _—
< »
0 2 4 6 ? 10 12 |14 |16 18 | 20 | 22 | 24 | 26 | 28X
\ 4

The domain is {x | x = 2, x € R}. Therange is {y | y = 0, y € R}.

¢) The radicand of y = vx — 3 must be non-negative.

x>0
x vy
0 -3
1 -2
-1
0
16 1 How does the graph of y = vX — 3
compare to the graph of y = vx?
25 2
VA
2 y=hx—3 - >
-0 2 4 68 10 12141618 20 22|24 | 26 28%
> T
\ 4

The domain is {x | x = 0, x € R} and the range is {y | y = —3, y € R}.

Your Turn

Sketch the graph of the function y = v/x + 5 using a table of values. State
the domain and the range.
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Graphing Radical Functions Using Transformations

You can graph a radical function of the form y = a\Vb(x — h) + k by

transforming the graph of y = v/x based on the values of a, b, h, and k.

The effects of changing parameters in radical functions are the same as

the effects of changing parameters in other types of functions.

e Parameter a results in a vertical stretch of the graph of y = /X by a
factor of |a. If a < 0, the graph of y = VX is reflected in the x-axis.

e Parameter b results in a horizontal stretch of the graph of y = vx by a
factor of I%l If b < 0, the graph of y = v/X is reflected in the y-axis.

e Parameter h determines the horizontal translation. If h > 0, the graph
of y = v/x is translated to the right h units. If h < 0, the graph is
translated to the left |h| units.

e Parameter k determines the vertical translation. If k > 0, the graph of
y = VX is translated up k units. If k < 0, the graph is translated down
|k| units.

Example 2
Graph Radical Functions Using Transformations

Sketch the graph of each function using transformations. Compare the
domain and range to those of y = v/X and identify any changes.

a) y=3V/-(x-1) b) y—3=—-V2x

Solution

a) The function y = 3WV—(x — 1) is expressed in the Why is it acceptable
form y = a\/b(x — h) + k. Identify the value of E(i)g:a:r? dnggsztlij\;fe
each parameter and how it will transform the root sign?

graph of y = vx.
e a = 3 results in a vertical stretch by a factor of 3 (step 1).

e b = —1 results in a reflection in the y-axis (step 2).
e h = 1 results in a horizontal translation of 1 unit to the right

(step 3).
e k = 0, so the graph has no vertical translation.
Method 1: Transform the Graph Directly In what order do
Start with a sketch of y = X and apply the transformations need
transformations one at a time. to be performed?

step|1: yertical
stretch

step 2: horizontal

step 2: horizontal reflection

refledtion
V= 34r-(x 1)

(<3}
o0
XY

< T T T T T T < . r r r >
—10 -8 |6 -4 _zol 2 4 o8- |4 -2 le
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b)

Method 2: Map Individual Points

Choose key points on the graph of y = vx How can you use mapping
and map them for each transformation. notation to express each
transformation step?
Transformation of y =vXx Mapping
Vertical stretch by a factor of 3 (0,0) — (0,0)
(1,1)—=(1,3)
(4,2)— (4,6)
(9,3)—(9,9)
Horizontal reflection in the y-axis (0,0)—(0,0)
(1,3) = (=1,3)
(4,6) — (—4,6)
(9,9) = (-9,9)
Horizontal translation of 1 unit to the right (0,0) — (1,0)
(=1,3)—=(0,3)
(—4,6)— (-3,6)
(-9,9)— (-8,9)

2.
y=nx
“Lio |8 -6|-4 20 2 46| 8 10%
A 4

The function y = VX is reflected horizontally, stretched vertically
by a factor of 3, and then translated 1 unit right. So, the graph of
y = 3y —(x — 1) extends to the left from x = 1 and its domain is
x| x<1,xeR}.

Since the function is not reflected vertically or translated vertically,
the graph of y = 3y/—(x — 1) extends up from y = 0, similar to the
graph of y = vx. The range, {y | y = 0, y € R}, is unchanged by the
transformations.

Express the function y — 3 = —v2x in the form y = a\/b(x — h) + k to
identify the value of each parameter.

y—3=—-V2x
V=-V2x +3

e b = 2 results in horizontal stretch by a factor of % (step 1).

e g = —1 results in a reflection in the x-axis (step 2).
e h = 0, so the graph is not translated horizontally.
e k = 3 results in a vertical translation of 3 units up (step 3).

Apply these transformations either directly to the graph of y = v/X or
to key points, and then sketch the transformed graph.



Method 1: Transform the Graph Directly
Use a sketch of y = vx and apply the transformations to the curve one

at a time.
YA VA
L |step 1. horizontal stretch |1 p
5 — T 5N\ |step 3: vertical transjation
[ [ T
- y=x N v=—2x+3
< > < = >
ON' 2 | 4 | 6 | 8 | 10X o\ 2 | 4 [T6—_8 | 10%
N N ~—.
2 2
N N
A — 4 —
- -
step 2: Vertical reflection [T step 2: vertical reflection [T
\ 4 ) 4

Method 2: Use Mapping Notation
Apply each transformation to the point (x, y) to determine a general
mapping notation for the transformed function.

Transformation of y = vXx Mapping
Horizontal stretch by a factor of% (X y) — (%x y)
- . 1 1
Reflection in the x-axis XY= 3% -y

Vertical translation of 3 units up (%x —y) — (%X -v+ 3)

Choose key points on the graph of y = vx and use the general

mapping notation (x, y) — (lx, -v+ 3) to determine their image

2
points on the function y — 3 = —V2x.
(0,0) — (0, 3)

(1,1) — (0.5, 2)
(4,2)—(2,1)
(9,3) — (4.5, 0)
yK
4
V= \/7/ >
21\ —
N
i \ A
Slol 2 4 T6—8 10X
> yelx k3 | T
Y

Since there are no horizontal reflections or translations, the graph
still extends to the right from x = 0. The domain, {x | x = 0, x € R},
is unchanged by the transformations as compared with y = vXx.

The function is reflected vertically and then translated 3 units up, so
the graph extends down from y = 3. The range is {y | y < 3, y € R},
which has changed as compared to y = VX.
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Your Turn

a) Sketch the graph of the function y = —2+/x + 3 — 1 by transforming
the graph of y = vx.

b) Identify the domain and range of y = vx and describe how they are
affected by the transformations.

Example 3
Determine a Radical Function From a Graph

Mayleen is designing a symmetrical pattern. She sketches the curve
shown and wants to determine its equation and the equation of

its reflection in each quadrant. The graph is a transformation of
the graph of y = vx. What are the equations of the four functions
Mayleen needs to work with?

12
4

Solution

The base function y = v/X is not reflected or translated, but it is stretched.

A radical function that involves a stretch can be obtained from either a
vertical stretch or a horizontal stretch. Use an equation of the form

y = avX or y = Vbx to represent the image function for each type of stretch.

Method 1: Compare Vertical or Horizontal Distances
Superimpose the graph of y = VX and compare corresponding distances
to determine the factor by which the function has been stretched.

View as a Vertical Stretch (y = avX) View as a Horizontal Stretch (y = Vbx)
Each vertical distance is 2 times the Each horizontal distance is % the
corresponding distance for y = V/X.
ponding d Y X corresponding distance for y = V/X.
v VA
4
4 N
2> 1
2 21
< T T —» 4
0 2 4 16 X < : T —>
l Slo] 2146 [%
\ 4

This represents a vertical stretch by a factor

of 2, which means a = 2. The equation ]

v = 2VX represents the function. factor of e which means b = 4. The equation
y = V4x represents the function.

This represents a horizontal stretch by a

Express the equation of the function as either y = 2v/X or y = V4x.



Method 2: Substitute Coordinates of a Point
Use the coordinates of one point on the function, such as (1, 2), to

determine the stretch factor.

View as a Vertical Stretch
Substitute 1 for x and 2 for y in the
equation y = a~/x. Then, solve for a.

v=avXx
2=aVv1
2=a(1)
2=a

The equation of the function is y = 2vV/X.

View as a Horizontal Stretch
Substitute the coordinates (1, 2) in the
equation y = vV bx and solve for b.

y=Vbx
2 =+/b(1)
2=+b
22=(Vbf
4=b

The equation can also be expressed as y = V4x.

Represent the function in simplest form by y = 2vX or by y = V4x.

Determine the equations of the reflected curves using y = 2Vvx.
e A reflection in the y-axis results in the function y = 2v=%,

since b = —1.

¢ A reflection in the x-axis results in y = —2v/x, since a = —1.

Reflecting these graphs into the third quadrant
results in the function y = —2v—=X%.

Are the restrictions
on the domain in each
function consistent

Mayleen needs to use the equations y = 2v/X,
y = 2Vv=X,y = —2vVX, and y = —2v—X. Similarly,
she could use the equations y = V4x, y = V—4x,

with the quadrant in
which the curve lies?

y = —V4x,and y = —V—4x.

Your Turn

a) Determine two forms of the equation for the function shown.
The function is a transformation of the function y = vx.

b) Show algebraically that the two equations are equivalent.

¢) What is the equation of the curve reflected in each quadrant?

yA
21
H

“lof l1 1213 45 6|7/ 89 X
\ 4
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Example 4
Model the Speed of Sound

Justin’s physics textbook states that the speed, s, in metres per second, of
sound in dry air is related to the air temperature, 7, in degrees Celsius,

o [ T
by the function s = 331.34/1 + 57315 "

a) Determine the domain and range in this context.

b) On the Internet, Justin finds another formula for the speed of sound,
s = 20V T + 273. Use algebra to show that the two functions are
approximately equivalent.

¢) How is the graph of this function related to the graph of the base
square root function? Which transformation do you predict will
be the most noticeable on a graph?

d) Graph the function s = 331.34/1 + ﬁ using technology.

e) Determine the speed of sound, to the nearest metre per second,
at each of the following temperatures.
i) 20 °C (normal room temperature)
ii) 0 °C (freezing point of water)
iii) —63 °C (coldest temperature ever recorded in Canada)
iv) —89 °C (coldest temperature ever recorded on Earth)

Solution

a) Use the following inequality to determine the domain:
radicand > 0

T
_— >
1+ 273.15 — 0
T .,
273.15 —
T>=-273.15

The domain is {T | T = —273.15, T € R}. This means that the
temperature must be greater than or equal to —273.15 °C, which is
the lowest temperature possible and is referred to as absolute zero.

The range is {s | s = 0, s € R}, which means that the speed of sound is
a non-negative value.

b) Rewrite the function from the textbook in simplest form.

B T
s =331.34/1 + TERE

3 273.15 T
§= 331'3\/273.15 t 27315

3 273.15 + T
§ = 3313\ 57315
V27315 + T

V273.15

~ 207T + 273 How could.you verify t.hat these expressions
are approximately equivalent?

The function found on the Internet, s = 20T + 273, is the
approximate simplest form of the function in the textbook.

s =331.3



c) Analyse the transformations and determine the order in which
they must be performed.

The graph of s = VT is stretched vertically by a Are these

factor of about 20 and then translated about trans'formatltlmhs A

273 units to the left. Translating 273 units to the left (cjonsw_.tent with the
. . . omain and range?

will be most noticeable on the graph of the function.

d) gop PIpestetsaund (/3

30, 342)
0, 130

Are your answers
to part c) confirmed

by the graph?
273,00 Temperature (°C)
—285 150
e) Temperature (°C)  Approximate Speed of Sound (m/s)
i) 20 343
i) 0 331
i) —-63 291
iv) -89 272
Your Turn

A company estimates its cost of production using the function

C(n) = 20vn + 1000, where C represents the cost, in dollars, to

produce n items.

a) Describe the transformations represented by this function as
compared to C = v.

b) Graph the function using technology. What does the shape of
the graph imply about the situation?

¢) Interpret the domain and range in this context.

d) Use the graph to determine the expected cost to produce 12 000 items.

l Did You Know?

Eureka, on Ellesmere Island, Nunavut, holds the North
American record for the lowest-ever average monthly
temperature, —47.9 °C in February 1979. For 18 days,
the temperature stayed below —45 °C.
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Key Ideas

e The base radical function is y = vx. Its A
graph has the following characteristics: 4
= a left endpoint at (0, 0) R y:/J/Y/ ™
= no right endpoint - ]
= the shape of half of a parabola < 0 2 4 6 8 135

= a domain of {x | x > 0, x € R} and a range
of{y|]y=0,y€eR}

@ You can graph radical functions of the form y = a\/b(x — h) + k by How does each

transforming the base function y = vx. parameter affect the
graph of y = VX7
@ You can analyse transformations to identify the domain and range of

a radical function of the form y = av/b(x — h) + k.

Check Your Understanding

Practise 3. Match each function with its graph.
1. Graph each function using a table of a) y=vx —2
values. Then, identify the domain and b) v = v=X + 2
range.
5 0 v=—-Vx+2
a) y=vx—-1
b) v VTS d y=-V-(x-2)
) y=vVx+ = 7 B [ VA
¢ y=v3-—x ~o_ 7 ¢
— \/ > <& -
d) y = —2Xx—5 C < 0 = 4 X
2. Explain how to transform the graph < . i
of y = VX to obtain the graph of each -4 -2 0} X k5
function. State the domain and range in Y
each case. C yA D vA
Q) y=7vx—9 Tz o] A% RN B
b) y=v—Xx+38 = ST~
— T = ~a|
) y=—-0.2x v v

d) 4+y=%\/x+6
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4. Write the equation of the radical function

that results by applying each set of

transformations to the graph of y = vx.

a) vertical stretch by a factor of 4, then
horizontal translation of 6 units left

b) horizontal stretch by a factor of %, then
vertical translation of 5 units down

¢) horizontal reflection in the y-axis, then
horizontal translation of 4 units right
and vertical translation of 11 units up

d) vertical stretch by a factor of 0.25,
vertical reflection in the x-axis, and
horizontal stretch by a factor of 10

. Sketch the graph of each function using
transformations. State the domain and
range of each function.

a) flx) =v=x -3

b) r(x) =3vVx + 1

) px)=—-Vx—-2

d y—1=—/—-4(x—-2)

e) m(x) = V%X +4

f) y+1=% —(x+2)

Apply

6. Consider the function f(x) = %\/ 5X.

a) Identify the transformations represented
by f(x) as compared to y = VX.

b) Write two functions equivalent to f(x):
one of the form y = avX and the other
of the form y = Vbx

¢) Identify the transformation(s)
represented by each function you wrote
in part b).

d) Use transformations to graph all three
functions. How do the graphs compare?

7. a) Express the radius of a circle as a

function of its area.

b) Create a table of values and a graph
to illustrate the relationship that this
radical function represents.

8. For an observer at a height of h feet above

the surface of Earth, the approximate
distance, d, in miles, to the horizon can
be modelled using the radical function

d = V1.50h.

a) Use the language of transformations to
describe how to obtain the graph from
the base square root graph.

b) Determine an approximate equivalent
function of the form d = aVh for the
function. Which form of the function do
you prefer, and why?

¢) A lifeguard on a tower is looking out
over the water with binoculars. How
far can she see if her eyes are 20 ft
above the level of the water? Express
your answer to the nearest tenth of
a mile.

. The function 4 — y = V/3x is translated

9 units up and reflected in the x-axis.

a) Without graphing, determine the
domain and range of the image
function.

b) Compared to the base function,
y = VX, by how many units and
in which direction has the given
function been translated horizontally?
vertically?
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10. For each graph, write the equation 12. Agronomists use radical functions to

of a radical function of the form model and optimize corn production. One
y =avbx — h) + k. factor they analyse is how the amount
a) VA of nitrogen fertilizer applied affects
h the crop yield. Suppose the function
N Y(n) = 760vn + 2000 is used to predict
> ~ the yield, Y, in kilograms per hectare, of
P = corn as a function of the amount, n, in
Sl4l-2/o] 246 % kilograms per hectare, of nitrogen applied
A 4 to the crop.
b) yA a) Use the language of transformations to
< > compare the graph of this function to
-4 -2 1|0 2 4 | 6 8 10 _
E———— - the graph of y = vn.
— |~ b) Graph the function using
L4 transformations.
A4 ¢) Identify the domain and range.
) ~ VA d) What do the shape of the graph, the
~_, domain, and the range tell you about
this situation? Are the domain and
2 ™~ range realistic in this context? Explain.
S aT2Tof T2 alX
) 4
d) yA
4
2 /
Sl4 2ol [ /14 %
INNZ
// 6
/ =0
g Did You Know?
2

Over 6300 years ago, the Indigenous people in
11. Write the equation of a radical function the area of what is now Mexico domesticated and
with each domain and range cultivated several varieties of corn. The cultivation
) of corn is now global.

a) x|x>6,xeR}L,{y|y=1,yv€eR}
b) x| x>-7,xeRL{y|y<-9,yeR}
) Ix|x<4,xeRL{y|y=-3,y€eR]
d) x| x<-5x€eR},{y|ly<8,yeR)
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13.

14.

A manufacturer wants to predict the
consumer interest in a new smart

phone. The company uses the function
P(d) = —2V/—d + 20 to model the number,
P, in millions, of pre-orders for the phone
as a function of the number, d, of days
before the phone’s release date.

a) What are the domain and range and
what do they mean in this situation?

b) Identify the transformations represented
by the function as compared to y = Vd.

¢) Graph the function and explain what
the shape of the graph indicates about
the situation.

d) Determine the number of pre-orders
the manufacturer can expect to have
30 days before the release date.

During election campaigns, campaign
managers use surveys and polls to make
projections about the election results. One
campaign manager uses a radical function
to model the possible error in polling
predictions as a function of the number
of days until the election, as shown in

the graph.

How Far Off Might the Polls Be?

Polling Error (%)

-300 -250 -200 -150 -100 -50 "]

Days Before Election

a) Explain what the graph shows about the
accuracy of polls before elections.

b) Determine an equation to represent the
function. Show how you developed
your answer.

¢) Describe the transformations that the
function represents as compared to
y = VX.

15.

16.

While meeting with a client, a
manufacturer of custom greenhouses
sketches a greenhouse in the

shape of the graph of a radical
function. What equation could the
manufacturer use to represent the
shape of the greenhouse roof?

———
—————
48
|

54—

l Did You Know?

People living in the Arctic are starting to use
greenhouses to grow some of their food. There
are greenhouse societies in both Iqaluit, Nunavut
and Inuvik, Northwest Territories that grow
beans, lettuce, carrots, tomatoes, and herbs.

L Link ) )

To learn more about greenhouse communities
in the Arctic, go to www.mcgrawhill.ca/school/
learningcentres and follow the links.

Determine the equation of a radical

function with

a) endpoint at (2, 5) and passing through
the point (6, 1)

b) endpoint at (3, —2) and an x-intercept
with a value of —6
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17. The Penrose method is a system for giving
voting powers to members of assemblies
or legislatures based on the square root of
the number of people that each member
represents, divided by 1000. Consider a
parliament that represents the people of
the world and how voting power might be
given to different nations. The table shows
the estimated populations of Canada and
the three most populous and the three least
populous countries in the world.

Country Population
China 1361513000
India 1251 696 000
United States 325 540 000
Canada 35100 000
Tuvalu 11 000
Nauru 10 000
Vatican City 1000

a) Share your answers to the following two
questions with a classmate and explain
your thinking:

e Which countries might feel that a
“one nation, one vote” system is an
unfair way to allocate voting power?

e Which countries might feel that
a “one person, one vote” system
is unfair?

b) What percent of the voting power
would each nation listed above have
under a “one person, one vote” system,
assuming a world population of
approximately 7.302 billion?

¢) If x represents the population of a
country and V(x) represents its voting
power, what function could be written
to represent the Penrose method?

d) Under the Penrose method, the sum
of the world voting power using the
given data is approximately 765. What
percent of the voting power would this
system give each nation in the table?

e) Why might the Penrose method be
viewed as a compromise for allocating
voting power?
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18. MINI LAB The period Materials
of a pendulum is the « thread
time for one complete « washer or other
swing back and forth. suitable mass
As long as the initial * tape
swing angle is kept e ruler
relatively small, the * stopwatch or timer

period of a pendulum is
related to its length by
a radical function.

Step 1

Step 2

Step 3

Step 4

Step 5

L=30cm
P
/ : \
~ >

Tie a length of thread to a washer or
other mass. Tape the thread to the
edge of a table or desk top so that the
length between the pivot point and
the centre of the washer is 30 cm.

Pull the mass to one side and allow
it to swing freely. Measure the total
time for 10 complete swings back
and forth and then divide by 10 to
determine the period for this length.
Record the length and period in

a table.

Repeat steps 1 and 2 using lengths of
25 cm, 20 cm, 15 cm, 10 cm, 5 cm,
and 3 cm (and shorter distances if
possible).

Create a scatter plot showing period
as a function of length. Draw a
smooth curve through or near the
points. Does it appear to be a radical
function? Justify your answer.

What approximate transformation(s)
to the graph of y = vx would produce
your result? Write a radical function
that approximates the graph, where T
represents the period and L represents
the length of the pendulum.



Extend

19.

20.

The inverse of f(x) = vX is
fix)=x*x=>0.

a) Graph both functions, and use them
to explain why the restriction is
necessary on the domain of the
inverse function.

b) Determine the equation, including
any restrictions, of the inverse of each
of the following functions.

i) gx)=—Vx—5
ii) h(x) =v—=—Xx+ 3
iii) j(x) =V2x—7 — 6

If f(x) = %\/—%X and

g(x) = —g 6(x + 3) — 4, what

transformations could you apply to
the graph of f(x) to create the graph
of g(x)?

Create Connections

c1

c2

c

Which parameters in y = av/b(x — h) + k
affect the domain of y = «/x? Which
parameters affect the range? Explain,
using examples.

Sarah claims that any given radical
function can be simplified so that there
is no value of b, only a value of a. Is she
correct? Explain, using examples.

Compare and contrast the process

of graphing a radical function using
transformations with graphing a quadratic
function using transformations.

MINI LAB The Wheel

of Theodorus, or Square
Root Spiral, is a geometric
construction that contains
line segments with length
equal to the square root of
any whole number.

Materials

e ruler, drafting
square, or other
object with a
right angle

¢ millimetre ruler

Step 1

Step 2

Step 3

Step 4

Step 5

Create an isosceles right triangle with
legs that are each 1 cm long. Mark
one end of the hypotenuse as point C.
What is the length of the hypotenuse,
expressed as a radical?

Use the hypotenuse of the first triangle
as one leg of a new right triangle.
Draw a length of 1 cm as the other leg,
opposite point C. What is the length of
the hypotenuse of this second triangle,
expressed as a radical?

Continue to create right triangles,
each time using the hypotenuse of the
previous triangle as a leg of the next
triangle, and a length of 1 cm as the
other leg (drawn so that the 1-cm leg is
opposite point C). Continue the spiral
until you would overlap the initial
base.

Tcm

1cm

1cm
1cm

Create a table to represent the length
of the hypotenuse as a function of the
triangle number (first, second, third
triangle in the pattern, etc.). Express
lengths both in exact radical form and
in approximate decimal form.

Write an equation to represent this
function, where L represents the
hypotenuse length and n represents
the triangle number. Does the equation
involve any transformations on the
base square root function? Explain.

2.1 Radical Functions and Transformations e MHR 77



Square Root of a Function

Focus on...

e sketching the graph of y = v/f(x) given the graph of y = f(x)
 explaining strategies for graphing v = \/f(x) given the graph of y = f(x)

e comparing the domains and ranges of the functions y = f(x) and y = v/f(x). and explaining
any differences

The Pythagorean theorem is often applied by engineers. They use right wew ]
triangles in the design of large domes, bridges, and other structures because , i
the triangle is a strong support unit. For example, a truss bridge consists of For more information
. 8 i 8 Supp ) pie, 8 } about how triangles
triangular units of steel beams connected together to support the bridge deck. are fundamental
. . . . to the design of
You are already familiar with the square root operation (and its effect domes, go to www.
on given values) in the Pythagorean theorem. How does the square root mcgrawhill.ca/school/
operation affect the graph of the function? If you are given the graph of a learningcentres and
. . . follow the links.
function, what does the graph of the square root of that function look like? L )

Truss bridge over the Bow
River in Morley, Alberta
located on Chiniki First
Nation territory.

Investigate Related Functions: y = f(x) and y =

Materials A: Right Triangles, Area, and Length : 5 m
. A v
* grid Egper alndlruler, or 1. Draw several right triangles with a hypotenuse
graphing caiculator of 5 cm and legs of various lengths. For each =77~ h

e dynamic geometry
or graphing software
(optional)

triangle, label the legs as v and h.
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2. a) Write an equation for the length of v as a function of h. Graph the
function using an appropriate domain for the situation.

b) Compare the measured values for side v in the triangles you drew
to the calculated values of v from your graph.

3. a) Draw a square on side v of each triangle. Let the area of this
square be A, and write an equation for A as a function of h.

b) Graph the area function.

Reflect and Respond

4. a) How are the equations of the two functions related?
b) How do the domains of the two functions compare?

c) What is the relationship between the ranges of the two functions?

B: Compare a Function and Its Square Root

5. Consider the functions y = 2x + 4 and y = V2x + 4.

a) Describe the relationship between the equations for these
two functions.

b) Graph the two functions, and note any connections between
the two graphs.

¢) Compare the values of y for the same values of x. How are
they related?

6. a) Create at least two more pairs of functions that share the same
relationship as those in step 5.

b) Compare the tables and graphs of each pair of functions.

Reflect and Respond
7. Consider pairs of functions where one function is the square root of
the other function.

a) How do the domains compare? Explain why you think there
are differences.

b) How are the values of y related for pairs of functions like these?

¢) What differences occur in the ranges, and why do you think
they occur?
8. How might you use the connections you have identified in this
investigation as a method of graphing y = 1/f(x) if you are given the
graph of y = f(x)?
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Link the Ideas

square root
of a function
e the function y = v/f(x)

is the square root of
the function y = f(x)

e v =+/f(x)isonly
defined for f(x) = 0

80 MHR ¢ Chapter 2

You can determine how two functions, y = f(x) and y = \/f(x), are
related by comparing how the values of y are calculated:

e For y = 2x + 1, multiply x by 2 and add 1.

e For y = v/2x + 1, multiply x by 2, add 1, and take the square root.
The two functions start with the same two operations, but the function
¥ = V2x + 1 has the additional step of taking the square root. For any

value of x, the resulting value of y for y = v/2x + 1 is the square root of
the value of y for y = 2x + 1, as shown in the table.

X  y=2x+1 y=vax+1 |
1 1

4 9 3
12 25 5
24 49 7

The function y = V2x + 1 represents the square root of the function
yv=2x+1.

[ Example 1 >

Compare Graphs of a Linear Function and the Square Root of the
Function

a) Given f(x) = 3 — 2x, graph the functions y = f(x) and y = 1/f(x).
b) Compare the two functions.

Solution

a) Use a table of values to graph y = 3 — 2x and y = V3 — 2x.

X | y=3-2x y=vV3-2x
-2 7 V7
-1 5 V5
0 3 V3
1 1 1
15 0 0
yl\
6
¢ V=3 —2x
——_
yi={3L 2x =
< >
-2/ -1.0 2 X
Y




b) Compare the graphs.

Why is the graph of
v = 1/f(x) above the graph
) ) of y = f(x) for values of y
Invariant points occur when between 0 and 17 Will this
f) =0o0r fix) =1, always be true?
because at these values

VAX) = fx).

i
Y

<Y

2 1-11o 1 N2 /345
v

For y = f(x), the domain is {x | x € R} and the range is {y | y € R}.

For y = 1/f(x), the domain is {x | x < 1.5, x € R} and the range

is{yly=0,y e R} How does the domain of the
. . graph of y = v/f(x) relate to
Invariant points occur at (1, 1) and (1.5, 0).  the restrictions on the variable

in the radicand? How could
you determine the domain

Your Turn algebraically?

a) Given g(x) = 3x + 6, graph the functions y = g(x) and y = 1/g(x).
b) Identify the domain and range of each function and any
invariant points.

Relative Locations of y = f(x) and y =+/f(x)

The domain of y = 1/f(x) consists only of the values in the domain of f(x)
for which f(x) = 0.

The range of y = 1/f(x) consists of the square roots of the values in the
range of y = f(x) for which 1/f(x) is defined.

The graph of y = \/f(x) exists only where f(x) > 0. You can predict the
location of y = 1/f(x) relative to y = f(x) using the values of f(x).

Value of f(x) f(x)<0 fx)=0 O<fX)<1 fx)=1 fx)>1
Relative The graph of = The graphs The graph The graph The graph
Locationof y=+/f(x)is ofy=+F(x) ofy=+Ff(x) ofy=+Ff(x) ofy=+Fx
Graph of undefined. and is above the  intersects is below the
y= \/m v=1f(x) graph of the graph of ~ graph of
intersecton vy = f(x). v = f(x). v = f(x).
the x-axis.
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Example 2
Compare the Domains and Ranges of y = f(x) and y =+/f(X)

Identify and compare the domains and ranges of the functions in
each pair.

a) y=2—0.5x*and y = V2 — 0.5x*
b) y=x*+5and y=vx*+5

Solution

a) Method 1: Analyse Graphically
Since the function y = 2 — 0.5x* is a quadratic function, its
square root, y = V2 — 0.5x?, cannot be expressed in the form
y = avVb(x — h) + k. It cannot be graphed by transforming y = VvXx.

Both graphs can be created using technology. Use the maximum and
minimum or equivalent features to find the coordinates of points
necessary to determine the domain and range.

f1(x)=2-0.5x°

N g
Pt

//4 (T})\

{-2,0) (2,0]

The graph of y = 2 — 0.5x% extends from (0, 2) down and to the
left and right infinitely. Its domain is {x | x € R}, and its range is
vly=2 yeR}L

The graph of y = V2 — 0.5x* includes values

of x from —2 to 2 inclusive, so its domain is To determine the
{x| —2 < x < 2, x € R}. The graph covers values of ?Xﬁ tr;/s::gg:tit you
y from 0 to approximately 1.41 inclusive, so its need to analyselthe
approximate range is {y | 0 < y < 1.41, y € R}. function algebraically.

The domain and range of y = V2 — 0.5x* are subsets of the domain
and range of y = 2 — 0.5x"

Method 2: Analyse Key Points
Use the locations of any intercepts and the maximum value or
minimum value to determine the domain and range of each function.

Function y=2-05x2 y=V2—05x?

X-Intercepts —2and?2 —2and?2 How can you justify
y-Intercept 2 Ve this information
Maximum Value 2 V2 algebraically?
Minimum Value none



Quadratic functions are defined for all real numbers. So, the domain
of y =2 — 0.5x*is {x | x € R}. Since the maximum value is 2, the
range of y =2 — 0.5x%is {y | y < 2, y € R}.

The locations of the x-intercepts of y = V2 — 0.5x* mean that

the function is defined for —2 < x < 2. So, the domain is

x| -2 < x<2,x€R}. Since y = V2 — 0.5x* has a minimum value of
0 and a maximum value of V2, the range is {y | 0 < y < V2, y € R}.

b) Method 1: Analyse Graphically
Graph the functions y = x* + 5 and y = Vx* + 5 using technology.

8ty

lx)=x?+5
{0,5)

f2(x]l=\ X245 (0,2.24)

-5 51

Both functions extend infinitely to the left and the right, so the
domain of each function is {x | x € R}.

The range of y = x* + 5is {y | y = 5, y € R}.
The range of y = Vx* + 5 is approximately {y | y = 2.24, y € R}.

Method 2: Analyse Key Points
Use the locations of any intercepts and the maximum value or
minimum value to determine the domain and range of each function.

Function y=x+5 y=vVx+5
Xx-Intercepts none none
y-Intercept 5 V5
Maximum Value none none
Minimum Value 5 V5

Quadratic functions are defined for all real numbers. So, the domain
of y = x> + 5 is {x | x € R}. Since the minimum value is 5, the range
ofy=x*+5is{y|y=>5,y€R}.

Since y = Vx* + 5 has no x-intercepts, the function is defined for
all real numbers. So, the domain is {x | x € R}. Since y = Vx* + 5
has a minimum value of v/5 and no maximum value, the range is

yly=+v5,y€eR}

Your Turn

Identify and compare the domains and ranges of the functions y = x> — 1
and y = Vx* — 1. Verify your answers.
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Example 3

—C
Graph the Square Root of a Function From the Graph of the Function

Using the graphs of y = f(x) and y = g(x), sketch the graphs of y = 1/f(x)

and y = 1/g(x).

YA YA
A= fiX) 6
\ /
- \ y=dx)/
c 4
< > \ 2 /
-6 /44 -2 0 2 | x
=2 : \ J 2 ;
-4 | -2 2 | 4 X
Y \4

Solution

Sketch each graph by locating key points, including invariant points,

and determining the image points on the graph of the square root of the
function.

Step 1: Locate invariant points on y = f(x) What is significant about

and y = g(x). When graphing the square root y=0and y =17 Does this

of a function, invariant points occur at y = 0 apply to all graphs of functions
’ p y= and their square roots? Why?

and y = 1.

Step 2: Draw the portion of each graph between the invariant points for
values of y = f(x) and y = g(x) that are positive but less than 1. Sketch a
smooth curve above those of y = f(x) and y = g(x) in these intervals.

VA VA
Ny = flX) 6
\ /
5 \ 4y=g(><)/
v = f(x)
< > \ o/
5 /a2 0 2 X i
= NYX)
=2 < >
4 2\ 72 | 4 %
A 4 A 4

Step 3: Locate other key points on y = f(x) and y = g(x) where the values
are greater than 1. Transform these points to locate image points on the

graphs of y = 1/f(x) and y = /g(x).

YA VA
= fix) r
\ ° /
NER \ Ay =90/
v = {flXx) ‘ N How can a value of y be
< > \ > / mapped to a point on the
-6 A4 -2 |0 2 | X —/glxy| square root of the function?
< A
1° Clal-2Nl 2 |4 |x
\ 4 Y




Step 4: Sketch smooth curves between the image points; they will be
below those of y = f(x) and y = g(x) in the remaining intervals. Recall
that graphs of y = 1/f(x) and y = 4/g(x) do not exist in intervals where

y = f(x) and y = g(x) are negative (below the x-axis).

VA VA
Ly =X 6 Where is the square root of
- \ / a function above the original
L 24— \ Sy =90/ function? Where is it below?
L m) — N a el
V= N ] Where are they equal? Where
< - > \ 2 / are the endpoints on a graph
-6 A4 =20 e X =+glx)| of the square root of a
12 < T BN 73 3 § function? Why?
) 4 v
Your Turn
Using the graph of y = h(x), sketch the graph of y = v/h(x).
yA
4
y=hix)
< >
— —2 0 2 4 | x
AT 1>
[S
)\ 4

Key Ideas

@ You can use values of f(x) to predict values of 1/f(x) and to
sketch the graph of y = \/f(x).

e The key values to consider are f(x) = 0 and f(x) = 1. What do you know about

the graph of y = v/f(x) at
e The domain of y = 1/f(x) consists of all values in the domain f(x) = 0 and f(x) = 17 How

of f(x) for which f(x) = 0. do the graphs of y = f(x) and
v =/f(x) compare on either
e The range of y = 1/f(x) consists of the square roots of all side of these locations?

values in the range of f(x) for which f(x) is defined.

e The y-coordinates of the points on the graph of y = 1/f(x) are the square roots of the
y-coordinates of the corresponding points on the original function y = f(x).
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Check Your Understanding

Practise ] NIIZ S
1. Copy and complete the table. 8
f) | VI \el/
36
0.03 ] v=1
1 2
-9 < >
-4 -2 |0 2 4 X
16 v
0 d) YA
2. For each point on the graph of y = f(x),
does a corresponding point on the graph of / I\ V=X
v = 1/f(x) exist? If so, state the coordinates 6
(rounded to two decimal places, if /11, \
necessary). / N \
a) (4,12) b) (—2,0.4) / 2 \
o (10, -2) d) (0.09, 1) <155 T %
e) (_5’ 0] f) (m’ H) * Y *
3. Match each graph of y = f(x) to the A 78
corresponding graph of y = 1/f(x). \\ v =fx) /{
\\ 4 //
\ 6 / No| AT
\ NP i
\ 2 [V=7% EE Ov 1
\ /
7 = — B YA | ly=fx)
4 | - p 4 |'x S
\ 5 / // 2 \\
- < -4 -2 1|0 2 4 )}(
) 4 ) 4
b) yl\ c \\ _V‘\ /{
4 AN 4 /
N\ TvC Foo /
, V=79 \\ ; y=Af (}/
/ \ N\ 1/
Sl-aJelol A4 X NE SR R N
o Y]
| \
I 4 \ D 7z
ol y=41()
6 yaal RN
/ \ P N
14 A4 \ i 2o 24 X
) 4
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4. a) Given f(x) = 4 — x, graph the functions

y = f(x) and y = \/f(x).

b) Compare the two functions and explain
how their values are related.

¢) Identify the domain and range of each
function, and explain any differences.

. Determine the domains and ranges of the
functions in each pair graphically and
algebraically. Explain why the domains
and ranges differ.

a) y=x—-2,y=Vx—2

b) y=2x+6,y=vV2x+6

) y=-x+9,y=vV-x+9

d y=-01x—-5y=vV-01x—5

. Identify and compare the domains and
ranges of the functions in each pair.

a) y=x*—9andy=vVx* -9
b) y=2-xandy=V2 - ¥
) y=x*+6andy=vVx>*+6
d) y=05x*+ 3 and y = V0.5x* + 3

. For each function, identify and explain any
differences in the domains and ranges of

y = f(x) and y = \/f(x).

a) flx) =x*-25

b) f(x) =x*+3

0 flx) =32 — 2x*

d) f(x) = 5x> + 50

. Using each graph of y = f(x), sketch the
graph of y = \/f(x).

a) y
y=109 %
2
R o] 2\3
b) VA
fA4 -2 0 2 4 5
—2\}

)

y=1x

Apply

9.

10.

11.

a) Use technology to graph each function
and identify the domain and range.

i) fx)=x>+4
i) glx) =x*—4
iii) h(x) = —x* + 4
iv) j(x) = —x* — 4
b) Graph the square root of each function
in part a) using technology.

¢) What do you notice about the graph
of y = 1/j(x)? Explain this observation
based on the graph of y = j(x). Then,
explain this observation algebraically.

d) In general, how are the domains of
the functions in part a) related to the
domains of the functions in part b)?
How are the ranges related?

a) Identify the domains and ranges of
y=x*—4and y = Vx* — 4.
b) Why is y = Vx* — 4 undefined over

an interval? How does this affect the
domain of the function?

The graph of y = f(x) is shown.
7Y
6
4

2

&
<

<Y

2 /oh_Z | 4 | 6
— 2
\ 4

a) Sketch the graph of y = 1/f(x), and

explain the strategy you used.

b) State the domain and range of each
function, and explain how the domains
and the ranges are related.
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12. For relatively small heights above Earth,
a simple radical function can be used to
approximate the distance to the horizon.

a) If Earth’s radius is assumed to be
6378 km, determine the equation for
the distance, d, in kilometres, to the

horizon for an object that is at a height

of h kilometres above Earth’s surface.

b) Identify the domain and range of the
function.

¢) How can you use a graph of the
function to find the distance to the
horizon for a satellite that is 800 km
above Earth’s surface?

d) If the function from part a) were just an
arbitrary mathematical function rather
than in this context, would the domain

or range be any different? Explain.

13. @) When determining whether the graph
shown represents a function or the
square root of the function, Chris

states, “it must be the function y = f(x)
because the domain consists of negative
values, and the square root of a function

v = 1/f(x) is not defined for negative
values.”

Do you agree with Chris’s answer? Why?

Z

Y

b) Describe how you would determine

whether a graph shows the function or

the square root of the function.
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14.

The main portion of an iglu (Inuit spelling

of the English word igloo) is approximately

hemispherical in shape.

a) For an iglu with diameter 3.6 m, determine
a function that gives the vertical height,
v, in metres, in terms of the horizontal
distance, h, in metres, from the centre.

b) What are the domain and range of this
function, and how are they related to
the situation?

¢) What is the height of this iglu at a point
1 m in from the bottom edge of the wall?

Did You Know?

An iglu is actually built in a spiral from blocks cut
from inside the iglu floor space. Half the floor space
is left as a bed platform in large iglus. This traps cold
air below the sleeping area.

,,,,,,,, Investigate how the constants
in radical functions affect their graphs,
domains, and ranges.

Step 1 Graph the function y = Va* — x* for

various values of a. If you use graphing
software, you may be able to create
sliders that allow you to vary the value
of a and dynamically see the resulting
changes in the graph.

Step 2 Describe how the value of a affects the

graph of the function and its domain
and range.

Step 3 Choose one value of a and write an

equation for the reflection of this
function in the x-axis. Graph both
functions and describe the graph.

Step 4 Repeat steps 1 to 3 for the function

y = Va* + x* as well as another square
root of a function involving x2.



Extend

16. If (—24, 12) is a point on the graph of the
function y = f(x), identify one point on the
graph of each of the following functions.

a) y =+/4f(x + 3)
b) y = —/f(4x) + 12
) v=-2f(-(x—2))—4+6

17. Given the graph of the function y = f(x),
sketch the graph of each function.

VA

6
O

—
L
—~

—~——

4
4

> Yy =1x

\ /
2\o|[ /2 [ 4

A
<Y

A

Y

a) y=21/f(x) - 3

b) y = —/2f(x — 3)
0 y=+v-f2x) +3
d) y=v2f(-x) -3

18. Explain your strategy for completing #17b).

Project Corner

19. Develop a formula for radius as a function
of surface area for

a) a cylinder with equal diameter and height

b) a cone with height three times its
diameter

Create Connections

C1 Write a summary of your strategy for
graphing the function y = \/f(x) if you are
given only the graph of y = f(x).

€2 Explain how the relationship between
the two equations y = 16 — 4x and
y = V16 — 4x is connected to the
relationship between their graphs.

C3 Is it possible to completely graph the
function y = f(x) given only the graph of
y = 1/f(x)? Discuss this with a classmate
and share several examples that you create.
Write a summary of your conclusions.

C4 a) Given f(x) = (x — 1)* — 4, graph the
functions y = f(x) and y = 1/f(x).
b) Compare the two functions and explain

how their values are related using
several points on each graph.

Form Follows Function

e What radical functions are represented by the curves drawn on each image?

[;’:

nJ

R
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Solving Radical Equations
Graphically

Focus on...

e relating the roots of radical equations and the x-intercepts of the graphs
of radical functions

¢ determining approximate solutions of radical equations graphically

Parachutes slow the speed of falling objects by greatly increasing
the drag force of the air. Manufacturers must make careful
calculations to ensure that their parachutes are large enough to Did You Know?
create enough drag force to allow parachutists to descend at a safe i j
speed, but not so large that they are impractical. Radical equations ;réebr;csr;ilenr:/- T_g;ogr?aurzz

can be used to relate the area of a parachute to the descent speed introduced the first practical
and mass of the object it carries, allowing parachute designers to parachute in 1783
ensure that their designs are reliable.

Investigate Solving Radical Equations Graphically

Materials | The radical equation Vx — 4 = 5 can be solved in several ways.
* graphing calculator or 1. a) Discuss with a classmate how you might solve the equation

graphing software graphically. Could you use more than one graphical method?

b) Write step-by-step instructions that explain how to use your
method(s) to determine the solution to the radical equation.

¢) Use your graphical method(s) to solve the equation.

2. a) Describe one method of solving the equation algebraically.
b) Use this method to determine the solution.
¢) How might you verify your solution algebraically?

d) Share your method and solution with those of another pair
and discuss any similarities and differences.

> Reflect and Respond
3. a) How does the solution you found graphically compare with the
one you found algebraically?

b) Will a graphical solution always match an algebraic solution?
Discuss your answer with a classmate and explain your thoughts.

4. Do you prefer an algebraic or a graphical method for solving a radical
equation like this one? Explain why.
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Link the Ideas

You can solve many types of equations algebraically and graphically.
Algebraic solutions sometimes produce extraneous roots, whereas graphical
solutions do not produce extraneous roots. However, algebraic solutions are
generally exact while graphical solutions are often approximate. You can
solve equations, including radical equations, graphically by identifying the
x-intercepts of the graph of the corresponding function.

Example 1
Relate Roots and x-Intercepts

a) Determine the root(s) of vVx + 5 — 3 = 0 algebraically.

b) Using a graph, determine the x-intercept(s) of the graph of
y=vVx+5—3.

¢) Describe the connection between the root(s) of the equation
and the x-intercept(s) of the graph of the function.

Solution
a) Identify any restrictions on the variable in the radical.
xX+5=20
X=-5
To solve a radical equation algebraically, first isolate the radical.
VX+5-3=0
Vx+5=3
(Vx + 5)2 = 32 Why do you need to square both sides?
xX+5=9 . .
x=4a Is this an extraneous root? Does it meet the

restrictions on the variable in the square root?
The value x = 4 is the root or solution to the equation.

b) To find the x-intercepts of the 31\
graph of y = v/x + 5 — 3, graph the
function using technology fl)=Jrs -3

and determine the x-intercepts. /

X
The function has a single -5 | _— (4,0) 10
x-intercept at (4, 0).

o

¢) The value x = 4 is the zero of the function because the value of the
function is 0 when x = 4. The roots to a radical equation are equal to
the x-intercepts of the graph of the corresponding radical function.

Your Turn

a) Use a graph to locate the x-intercept(s) of the graph of y = Vx + 2 — 4.
b) Algebraically determine the root(s) of the equation vVx + 2 — 4 = 0.
c) Describe the relationship between your findings in parts a) and b).
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Example 2
Solve a Radical Equation Involving an Extraneous Solution

Solve the equation vx + 5 = x + 3 algebraically and graphically.

Solution

VX+5=x+3
(Vx+5)=(x+3)
X+5=x*+6x+9
0=x*+5x+4
0=(x+4)(x+1)
x+4=0 or x+1=0

Check:
Substitute x = —4 and x = —1 into the original equation to identify
any extraneous roots. Why do extraneous roots occur?
Left Side Right Side Left Side Right Side
VX +5 x+3 VX +5 x+3
=vV—-4+5 =—4+3 =vV-1+5 =-1+3
=V1 =1 =4 =2
Left Side # Right Side Left Side = Right Side
The solution is x = —1.

Solve the equation graphically using functions to represent the
two sides of the equation.

y,=Vx+5
y,=x+3

VA

4-/

NIEZEAN) 2 4 %
12

Y

The two functions intersect at the point (—1, 2). The value of x at this
point, x = —1, is the solution to the equation.

Your Turn
Solve the equation 4 — x = V6 — x graphically and algebraically.
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Example 3
Approximate Solutions to Radical Equations

a) Solve the equation V3x* — 5 = x + 4 graphically. Express your
answer to the nearest tenth.
b) Verify your solution algebraically.

Solution

a) To determine the roots or solutions to an equation of the form
f(x) = g(x), identify the x-intercepts of the graph of the corresponding
function, y = f(x) — g(x).

Method 1: Use a Single Function

Rearrange the radical equation so that one side is equal to zero:
V3x*—5=x+4

V3x* -5 —-x—-4=0

Graph the corresponding function, y = V3x* — 5 — x — 4, and

determine the x-intercepts of the graph.

b

a1y
f1 (x,'l=‘|| 1xf-5 —x—4

1
-
o0
—
=1

B

8 (5.81,0)

The values of the x-intercepts of the graph are the same as the
solutions to the original equation. Therefore, the solution is
x~ —1.8 and x = 5.8.

Method 2: Use a System of Two Functions
Express each side of the equation as a function:

y,=V3x*—-5
v,=x+4

Graph these functions and determine the value of x at the point(s) of
intersection, i.e., where y, = y,.

A

¥

(5.81,9.81)

(-1.81,2.19)

e 2[x)=x+4

The solution to the equation V3x* — 5 = x + 4 is
x ~ —1.8 and x =~ 5.8.
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b) Identify the values of x for which the radical is defined.
3x>-5=20
3x2 >

x? >

5
3
3
5
> =
X =43

Case 1

IfXZO,XZ\/g.

Case 2

Ifx<0,x<— %

Solve for x:
3x? -5 =x+14
(V3x2 = 5)2 = (x + 4)? Why do you need to square both sides?
3x*) -5 =x*+8x+ 16
2x*—8x—21=0 )
—(—8) + \/(—8)2 —a(2)(=21) Why does the quadratic

X = 22) formula need to be
used here?
8 + V232
X = 2
8 + 258
X = 2
4 ++/58
X = 5
x=231+V58 +2 58 or x=2-V58 _2' 58
X = 5.8 x~ —1.8 Do these solutions meet the
restrictions on x? How can you
The algebraic method gives an exact determine whether either of the
solution. The approximate solution roots is extraneous?

obtained algebraically, x ~ —1.8 and
x = 5.8, is the same as the approximate
solution obtained graphically.

Your Turn
Solve the equation x + 3 = V12 — 2x* using two different methods.



Example 4
Solve a Problem Involving a Radical Equation

An engineer designs a roller
coaster that involves a vertical drop
section just below the top of the
ride. She uses the equation

v =4/(v,)* + 2ad to model the
velocity, v, in feet per second, of
the ride’s cars after dropping a
distance, d, in feet, with an initial
velocity, v, in feet per second, at
the top of the drop, and constant
acceleration, a, in feet per second
squared. The design specifies that
the speed of the ride’s cars be

120 ft/s at the bottom of the vertical
drop section. If the initial velocity
of the coaster at the top of the drop
is 10 ft/s and the only acceleration
is due to gravity, 32 ft/s?, what
vertical drop distance should be
used, to the nearest foot?

Solution

Substitute the known values into the formula. Then, graph the functions
that correspond to both sides of the equation and determine the point
of intersection.

v =1/(v,)* + 2ad
120 = +/(10)* + 2(32)d

120 = V100 + 64d

What two functions do
you need to graph?

l Did You Know?

Top Thrill Dragster

is a vertical
drop-launched roller
coaster in Cedar Point
amusement park, in
Sandusky, Ohio. When
it opened in 2003, it
set three new records
for roller coasters:
tallest, fastest top
speed, and steepest
drop. It stands almost
130 m tall, and on a
clear day riders at the
top can see Canada's
Pelee Island across
Lake Erie.

[Webm ]

To see a computer
animation of Top Thrill
Dragster, go to www.
mcgrawhill.ca/school/
learningcentres and
follow the links.

The intersection point indicates [T Aot )
that the drop distance should be
approximately 223 ft to result in a

(223.44,120) _—

velocity of 120 ft/s at the bottom of 100
the drop.

Drop Distance ()]

&0 100 120 w00 50

Your Turn

Determine the initial velocity required in a roller coaster design if
the velocity will be 26 m/s at the bottom of a vertical drop of 34 m.
(Acceleration due to gravity in SI units is 9.8 m/s?.)
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Key Ideas

@ You can solve radical equations algebraically and graphically.

e The solutions or roots of a radical equation are equivalent to the
x-intercepts of the graph of the corresponding radical function. You can use
either of the following methods to solve radical equations graphically:

= Graph the corresponding function and identify the value(s) of the
x-intercept(s).

= Graph the system of functions that corresponds to the expression on each
side of the equal sign, and then identify the value(s) of x at the point(s)
of intersection.

Check Your Understanding

Practise 3. Determine the approximate solution to
1. Match each equation to the single function each equation graphically. Express your
that can be used to solve it graphically. For answers to three decimal places.
all equations, x > —4. a) V7x —4 =13
a) 2+vVx+4=4 b) 9+ V6 —11x = 45
b) x—4=+Vx+14 O VxX*+2-5=0
Q2=vVx+4-4 d) 45 — V10 — 2x* = 25
d Vvx+4+2=x+6 4. a) Solve the equation
R y=x—4-Vx+4 2V3XF 5 +7=16,x= -2,
B y=VvVx+4-2 algebraically.
Cy=vVx+4-x-4 b) Show how you can use the graph of the
D y=Vx+4-6 functionyzzx/m—g,xz—%,

2. a) Determine the root(s) of the

to find the solution to the equation in
equation Vx + 7 — 4 = 0 algebraically.

part a).

b) Determine the X—il.ltercept(s) of the 5. Solve each equation graphically. Identify
graph.of the function y = Vx +7 — 4 any restrictions on the variable.
graplhlcalily. b a) V2x -9 =11

¢) Explain the connection between s
the root(s) of the equation and the b) 7=V12 - x+4
x-intercept(s) of the graph of the 0 5+2V5x+32=12
function. d) 5=13 — V25 — 2x
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6. Solve each equation algebraically. What are
the restrictions on the variables?
a) Vsx2+ 11 =x+5
b) x+3=V2x2—7
) V13 —4x* =2 — x
d x+V-2x*+9=3
7. Solve each equation algebraically and
graphically. Identify any restrictions on
the variables.
a) VB —x=x+6
b)4=x+2Vx—7
€ V3x2—11l=x+1
d) x=V2x* -8 +2
Apply
8. Determine, graphically, the approximate
value(s) of a in each formula if b = 6.2,
c=9.7,and d = —12.9. Express answers to
the nearest hundredth.
a) c= Vab — d
b) d+7Va+c=0b>b
) c=b—-Va&&+d
d V2> +c+d=a-b
9. Naomi says that the equation
6 + VX + 4 = 2 has no solutions.
a) Show that Naomi is correct, using both
a graphical and an algebraic approach.
b) Is it possible to tell that this equation
has no solutions just by examining the
equation? Explain.
10. Two researchers, Greg and Yolanda, use the

function N(t) = 1.3Vt + 4.2 to model the
number of people that might be affected
by a certain medical condition in a region
of 7.4 million people. In the function,

N represents the number of people, in
millions, affected after t years. Greg
predicts that the entire population would
be affected after 6 years. Yolanda believes
that it would take only 1.5 years. Who is
correct? Justify your answer.

11.

12.

13.

The period, T, in seconds, of a pendulum
depends on the distance, L, in metres,
between the pivot and the pendulum’s
centre of mass. If the initial swing angle
is relatively small, the period is given by

the radical function T = Zﬂ\/% , where

g represents acceleration due to gravity
(approximately 9.8 m/s? on Earth). Jeremy
is building a machine and needs it to have
a pendulum that takes 1 s to swing from
one side to the other. How long should the
pendulum be, in centimetres?

Cables and ropes are made of several
strands that contain individual wires or
threads. The term “7 x 19 cable” refers

to a cable with 7 strands, each containing
19 wires.

Suppose a manufacturer uses the function

d= % to relate the diameter, d, in

millimetres, of its 7 x 19 stainless steel
aircraft cable to the safe working load, b,
in kilograms.

a) Is a cable with a diameter of 6.4 mm
large enough to support a mass of
1000 kg?

b) What is the safe working load for a
cable that is 10 mm in diameter?

Did You Know?

The safe working load for a cable or rope is related

to its breaking strength, or minimum mass required

for it to break. To ensure safety, manufacturers rate
a cable’s safe working load to be much less than its
actual breaking strength.

Hazeem states that the equations Vx* = 9
and (vX)? = 9 have the same solution. Is
he correct? Justify your answer.
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14.

15.

What real number is exactly one greater
than its square root?

A parachute-manufacturing company uses

the formula d = 3.694 /% to model the

diameter, d, in metres, of its dome-shaped
circular parachutes so that an object with
mass, m, in kilograms, has a descent
velocity, v, in metres per second, under the
parachute.

a) What is the landing velocity for a 20-kg
object using a parachute that is 3.2 m in
diameter? Express your answer to the
nearest metre per second.

b) A velocity of 2 m/s is considered
safe for a parachutist to land. If the
parachute has a diameter of 16 m,
what is the maximum mass of the
parachutist, in kilograms?

Create Connections

17. Heron’s formula,

A =1/s(s — a)(s — b)(s — c), relates
the area, A, of a triangle to the lengths
of the three sides, a, b, and ¢, and its
semi-perimeter (half its perimeter),

s = %. A triangle has an area of

900 cm? and one side that measures 60 cm.
The other two side lengths are unknown,
but one is twice the length of the other.
What are the lengths of the three sides of
the triangle?

C1 How can the graph of a function be used

to find the solutions to an equation? Create
an example to support your answer.

C2 The speed, in metres per second, of a

tsunami travelling across the ocean is
equal to the square root of the product of
the depth of the water, in metres, and the
acceleration due to gravity, 9.8 m/s?.

a) Write a function for the speed of a
tsunami. Define the variables you used.

b) Calculate the speed of a wave at a depth
of 2500 m, and use unit analysis to
show that the resulting speed has the
correct units.

¢) What depth of water would produce a
speed of 200 m/s? Solve graphically and
algebraically.

d) Which method of solving do you prefer
in this case: algebraic or graphical? Do
you always prefer one method over the
other, or does it depend? Explain.

€3 Does every radical equation have at least

one solution? How can using a graphical
approach to solving equations help you

Extend

16. If the function y = v/—3(x + ¢) + ¢ passes
through the point (—1, 1), what is the value
of ¢? Confirm your answer graphically, and
use the graph to create a similar question
for the same function.

answer this question? Support your answer
with at least two examples.

C4 Describe two methods of identifying
extraneous roots in a solution to a radical
equation. Explain why extraneous roots
may occur.
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2.1 Radical Functions and Transformations,
pages 62-77

1. Graph each function. Identify the domain

and range, and explain how they connect
to the values in a table of values and the
shape of the graph.

A y=+Vx
b) y=vV3—-x
) y=V2x+7

. What transformations can you apply
to v = VX to obtain the graph of each
function? State the domain and range
in each case.

a) y=5vVx+ 20
b) y=v-2x -8
Qy=-— %(X—ll)

. Write the equation and state the domain
and range of the radical function that
results from each set of transformations
on the graph of y = VX.

a) a horizontal stretch by a factor of 10
and a vertical translation of 12 units up

b) a vertical stretch by a factor of 2.5, a
reflection in the x-axis, and a horizontal
translation of 9 units left

¢) a horizontal stretch by a factor of %,

a vertical stretch by a factor of 2]—0 a

reflection in the y-axis, and a translation
of 7 units right and 3 units down

. Sketch the graph of each function by
transforming the graph of y = vx. State

the domain and range of each.

a) y=—-vVx—1+2
b) y=3v==x—-4
) vy=vV2(x+3)+1

. How can you use transformations to
identify the domain and range of the

function y = —2/3(x — 4) + 9?7

6. The sales, S, in units, of a new product can

be modelled as a function of the time, ¢, in
days, since it first appears in stores using
the function S(t) = 500 + 100V/%.

a) Describe how to graph the function by
transforming the graph of y = Vt.

b) Graph the function and explain what
the shape of the graph indicates about
the situation.

¢) What are the domain and range? What
do they mean in this situation?

d) Predict the number of items sold after
60 days.

. Write an equation of the form

y = ayb(x — h) + k for each graph.

a) yA
4 =
— | =1
2
< >
-2 .0 2 4 6 8 |10 12 | X
) 4
b) [7Z \
4
2
< »
-4 | -2 2 4 |'x
=2
~
=4
Y
c) VA
8
N
N
OY
4
2 \
\
< >
-2 /0 2 4 \6 |X
L \
4
Y
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2.2 Square Root of a Function, pages 78-89

8.

10.

11.

Identify the domains and ranges of
the functions in each pair and explain
any differences.

a) yv=x—2andy=vVx—2
b) y=10 — xand y = V10 — x
0 y=4x+1land y=+V4x + 11

. The graph of y = f(x) is shown.

VA
161

12+

\{\
|
|
i
o
N
o
~
XY

Y

a) Graph the function y = 1/f(x) and
describe your strategy.

b) Explain how the graphs are related.

¢) Identify the domain and range of each
function and explain any differences.

Identify and compare the domains and

ranges of the functions in each pair, and

explain why they differ.

a) y=4—x*and y = V4 — x*

b) v=2x*+ 24 and y = V2x* + 24

) y=x*—6xand y = Vx* — 6x

A 25-ft-long ladder leans against a wall.

The height, h, in feet, of the top of the

ladder above the ground is related to

its distance, d, in feet, from the base of

the wall.

a) Write an equation to represent h as a
function of d.

b) Graph the function and identify the
domain and range.

¢) Explain how the shape of the graph,

the domain, and the range relate to the

situation.
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12. Using each graph of y = f(x), sketch the
graph of y = \/f(x).

a)

b)

)

yl\

Yy =1fx)

-4 -2 0 2
=21

<Y

N

A

<Y

<Y

2.3 Solving Radical Equations Graphically,
pages 90-98
13. a) Determine the root(s) of the

equation vx + 3 — 7 = 0 algebraically.
b) Use a graph to locate the x-intercept(s)
of the function f(x) = Vx + 3 — 7.

¢) Use your answers to describe the
connection between the x-intercepts of
the graph of a function and the roots of
the corresponding equation.



14. Determine the approximate solution to

15.

16.

each equation graphically. Express answers
to three decimal places.

a) V7 x—9—-4=0

b) 50 = 12 + V8 — 12x

¢ V2x+5 =11

The speed, s, in metres per second, of
water flowing out of a hole near the bottom
of a tank relates to the height, h, in metres,
of the water above the hole by the formula
s = +/2gh. In the formula, g represents

the acceleration due to gravity, 9.8 m/s?

At what height is the water flowing out a
speed of 9 m/s?

Did You Know?

The speed of fluid flowing out of a hole near the
bottom of a tank filled to a depth, h, is the same as
the speed an object acquires in falling freely from
the height h. This relationship was discovered by
Italian scientist Evangelista Torricelli in 1643 and is
referred to as Torricelli's law.

Solve each equation graphically and
algebraically.

a) Vbx + 14 =9

b) 7+ V8 —x =12

€ 23 —4vV2x — 10 = 12
d) x+3=V18 — 2x*

17. Atid, Carly, and Jaime use different
methods to solve the radical equation
3J+VvVx—-1=x
Their solutions are as follows:

o Atidix=2

e Carly:x=5

e Jaime:x=2,5

a) Who used an algebraic approach?
Justify your answer.

b) Who used a graphical method? How
do you know?

¢) Who made an error in solving the
equation? Justify your answer.

18. Assume that the shape of a tipi
approximates a cone. The surface area,
S, in square metres, of the walls of a
tipi can be modelled by the function
S(r) = wrv36 + r?, where r represents
the radius of the base, in metres.

Blackfoot Crossing, Alberta

a) If a tipi has a radius of 5.2 m, what
is the minimum area of canvas
required for the walls, to the nearest
square metre?

b) If you use 160 m? of canvas to make
the walls for this tipi, what radius will
you use?
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B Chapter 2 Practice Test <

Multiple Choice 6. How do the domains and ranges compare
for the functions y = vx and y = V5x + 87

For #1 to #6, choose the best answer.
Only the domains differ.

@ >

1. If f(x) = x + 1, which point is on the graph

of y =+/f(x)?

Only the ranges differ.

C Both the domains and ranges differ.
A (0,0) B (0,1) . :

D Neither the domains nor the ranges
¢ (1,0 D (1.1) differ.

2. Which intercepts will help you find the
roots of the equation V2x — 5 = 47

A x-intercepts of the graph of the function

Short Answer
7. Solve the equation 5 + V9 — 13x = 20

=Vveix =5 -4 graphically. Express your answer to the
B x-intercepts of the graph of the function nearest hundredth.
=Veix =5 +4 8. Determine two forms of the equation
C y-intercepts of the graph of the function that represents the function shown in
=V2x—5—4 the graph.
D y-intercepts of the graph of the function VA
=V2x—-5+4 5
3. Which function has a domain of 7
0 /
{x| x =5, x € R} and a range of hd ¢
vly=zo,ye R}? 8
A f(x)=Vx _
B flx) =vX—5 /
C ()= v— !
D f(x) =vX +5 o1/
4. If y = VX is stretched horizontally by a < ] I >
factor of 6, which function results? Ov 2. 4.6 ? 10x
A y=4vx
B y=6vx 9. How are the domains and ranges of the
1 functionsy=7 —xand y=V7 — x
C y=y5X related? Explain why they differ.
D y=V6x 10. If f(x) = 8 — 2x*, what are the domains
5. Which equation represents the function and ranges of y = f(x) and y = \/f(x)?
shown in the graph? 11. Solve the equation V12 — 3x* = x + 2
Zy using two different graphical methods.
I~ 3 Show your graphs.
-6 4= 0] | 2% .
N 12. Solve the equation 4 + Vx + 1 =x
“ graphically and algebraically. Express
A4 your answer to the nearest tenth.
Ay—2=—Vx B y+2=—VX
Cy—-2=v=xXx D y+2=v—X
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13. The radical function S = V255d can be

used to estimate the speed, S, in kilometres
per hour, of a vehicle before it brakes from
the length, d, in metres, of the skid mark.
The vehicle has all four wheels braking
and skids to a complete stop on a dry road.

a) Use the language of transformations to
describe how to create a graph of this
function from a graph of the base square
root function.

b) Sketch the graph of the function and
use it to determine the approximate
length of skid mark expected from
a vehicle travelling at 100 km/h on
this road.

Extended Response

14. a) How can you use transformations to

15.

graph the function y = —v2x + 37
b) Sketch the graph.

¢) Identify the domain and range of the
function.

d) Describe how the domain and range
connect to your answer to part a).

e) How can the graph be used to solve the
equation 5 + V2x = 87

Using the graph of y = f(x), sketch

the graph of y = 1/f(x) and explain
your strategy.

YA
® yi=fx
4
2
< \ >
-4 2 |0 2 4 6 € 10 | x
/o \
-4
/ \
y A 4 \

16. Consider the roof of the mosque at the
Canadian Islamic Centre in Edmonton,
Alberta. The diameter of the base of the
roof is approximately 10 m, and the
vertical distance from the centre of the
roof to the base is approximately 5 m.

L 4

i

Canadian Islamic Centre (Al-Rashid),
Edmonton, Alberta

a) Determine a function of the form
y = av/b(x — h) + k, where y
represents the distance from the
base to the roof and x represents the
horizontal distance from the centre.

b) What are the domain and range of
this function? How do they relate to
the situation?

¢) Use the function you wrote in part
a) to determine, graphically, the
approximate height of the roof at
a point 2 m horizontally from the
centre of the roof.
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CHAPTER

Polynomial
Functions

Polynomial functions can be used to model
different real-world applications, from

business profit and demand to construction

and fabrication design. Many calculators use
polynomial approximations to compute function
key calculations. For example, the first four
terms of the Taylor polynomial approximation
for the square root function are

~ Ty - Yx—124 Lix—1)p
\/§~1+2(X 1) 8(X 1) +16(X 1)°.
Try calculating V1.2 using this expression. How
close is your answer to the one the square root
key on a calculator gives you?

In this chapter, you will study polynomial
functions and use them to solve a variety
of problems.

l Did You Know?

A Taylor polynomial is a partial

sum of the Taylor series. Developed by
British mathematician Brook Taylor
(1685-1731), the Taylor series
representation of a function has an
infinite number of terms. The more terms
included in the Taylor polynomial
computation, the more accurate

the answer.
Key Terms
polynomial function factor theorem
end behaviour integral zero theorem
synthetic division multiplicity (of a zero)

remainder theorem
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Career Link

Computer engineers apply their knowledge
of mathematics and science to solve practical
and technical problems in a wide variety

of industries. As computer technology

is integrated into an increasing range of
products and services, more and more
designers, service workers, and technical
specialists will be needed.

To learn more about a career in the

field of computer engineering, go to
www.mcgrawhill.ca/school/learningcentres
and follow the links.




Characteristics of
Polynomial Functions

Focus on...

e identifying polynomial functions
e analysing polynomial functions

A cross-section of a honeycomb

has a pattern with one hexagon surrounded
by six more hexagons. Surrounding these is
a third ring of 12 hexagons, and so on. The
quadratic function f(r) models the total

number of hexagons in a honeycomb, where r Did You Know?
is the number of rings. Then, you can use the Falher, Alberta is known as the
graph of the function to solve questions about “Honey Capital of Canada.’ The
the honeycomb pattern. Falher Honey Festival is an
annual event that celebrates
A quadratic function that models this pattern beekeeping and francophone
will be discussed later in this section. history in the region.
Investigate Graphs of Polynomial Functions
Materials | 1. Graph each set of functions on a different set of coordinate axes

« graphing calculator using graphing technology. Sketch the results.

or computer with Type of
graphing software Function J Set AJ Set B J Set C J SetD ‘
linear y=x y=-3x y=x+1

quadratic y=x*> y=-2xX y=x-3 y=x-x-2

cubic y=x y=-4x y=x*-4 y=x+4x+x-6

quartic y=x* y=-2x* y=x*42 y=x*+2x3-7x¥-8x+12
quintic y=x> y=-x vy=x—-1 y=x"+3x*-5x3—-15x° + 4x+ 12

2. Compare the graphs within each set from step 1. Describe their
similarities and differences in terms of

end behaviour ¢ end behaviour
« the behaviour of the e degree of the function in one variable, x Recall that the degree
v-values of a function e constant term of a polynomial is the

as |x| becomes very greatest exponent of x.

e leading coefficient
large

e number of x-intercepts

106 MHR ¢ Chapter 3



3. Compare the sets of graphs from step 1 to each other. Describe their
similarities and differences as in step 2.

4. Consider the cubic, quartic, and quintic graphs from step 1. Which
graphs are similar to the graph of

oy =x7
oy =—x?
o v =x7
o y=—x7

Explain how they are similar.

Reflect and Respond

5. a) How are the graphs and equations of linear, cubic, and quintic
functions similar?

b) How are the graphs and equations of quadratic and quartic
functions similar?

¢) Describe the relationship between the end behaviours of the
graphs and the degree of the corresponding function.

6. What is the relationship between the sign of the leading coefficient
of a function equation and the end behaviour of the graph of
the function?

7. What is the relationship between the constant term in a function
equation and the position of the graph of the function?
8. What is the relationship between the minimum and maximum

numbers of x-intercepts of the graph of a function with the degree
of the function?

Link the Ideas

The degree of a polynomial function in one variable, x, is n, the polynomial
exponent of the greatest power of the variable x. The coefficient of function

the greatest power of x is the leading coefficient, a , and the term « afunction of the form
whose value is not affected by the variable is the constant term, a,. fx)=ax +a, x!

+ 0, X"+ 0,

+ a,x + a,, where

= nis awhole number

= xisavariable

= the coefficients a_ to

a, are real numbers

e examples are

fx)=2x-1,

f(x)=x*+ x—6, and

y=x+2x2-5x-6

What power of x is

In this chapter, the coefficients a_to a, and the ! X
n associated with a,?

constant a, are restricted to integral values.
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Example 1
Identify Polynomial Functions

Which functions are polynomials? Justify your answer. State the
degree, the leading coefficient, and the constant term of each
polynomial function.

a) glx)=vx +5

b) f(x) = 3x*

Q y=|x

d) y=2x4+3x>—-4x -1

Solution

a) The function g(x) = vXx + 5 is a radical function, not a
polynomial function.

1
VX is the same as xz, which has an exponent that is not a whole
number.

b) The function f(x) = 3x* is a polynomial function of degree 4.
The leading coefficient is 3 and the constant term is 0.

¢) The function y = |x| is an absolute value function, not a
polynomial function.
|x| cannot be written directly as x™.

d) y = 2x® + 3x* — 4x — 1 is a polynomial of degree 3.
The leading coefficient is 2 and the constant term is —1.

Your Turn

Identify whether each function is a polynomial function. Justify your
answer. State the degree, the leading coefficient, and the constant
term of each polynomial function.

a) h(x) = =
b) y=3x*—-2x" + 4
€) y=—-4x"—4x+3

d)y:x%—7

Characteristics of Polynomial Functions

Polynomial functions and their graphs can be analysed by identifying
the degree, end behaviour, domain and range, and the number of
x-intercepts.
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The chart shows the characteristics of
polynomial functions with positive leading

coefficients up to degree 5.

Degree 0: Constant Function

Degree 1: Linear Function

Even degree 0dd degree
Number of x-intercepts: O (for f(x) # 0) Number of x-intercepts: 1
oA FX)A
6 4
4 | /73 = 2x+ 1
1 0=3 c
2 v A
Sl a2 2 4 X
< > 2
-4 | 2 2 | 4 | X
2 4
\ 4 4

Example: f(x) = 3

End behaviour: extends horizontally
Domain: {x | x € R}

Range: {3}

Number of x-intercepts: O

Degree 3: Cubic Function

Example: f(x) = 2x + 1

End behaviour: line extends down into
quadrant Il and up into quadrant |
Domain: {x | x € R}

Range:{y|y € R}

Number of x-intercepts: 1

Degree 4: Quartic Function

0dd degree Even degree
Number of x-intercepts: 1, 2, or 3 Number of x-intercepts: 0, 1, 2, 3, or 4
04 | 4 b O A
6 6
|
4 , 4
|
2| | |2
|
i A i A
a2 2 | 4 X Sl da\feNo| | 2 | 4 X
[\ vl
| \
[, )
| A=+t 2xd—x—2 AN
6 6 I
\
8 8
fiX)=x*+ 5x3|+ 5x3 — 5x —
\ 4 \ 4
Example: Example:

fX)=x+2x°—x-2

End behaviour: curve extends down into

quadrant Il and up into quadrant |
Domain: {x | x € R}
Range:{y|y € R}

Number of x-intercepts: 3

f(X)=x*+5x>+5x>-5x—-6

End behaviour: curve extends up into
quadrant Il and up into quadrant |
Domain: {x | x € R}

Range:{y|y = —-691,y€ R}
Number of x-intercepts: 4

How would the characteristics of polynomial
functions change if the leading coefficient
were negative?

Degree 2: Quadratic Function

Even degree
Number of x-intercepts: 0, 1, or 2

o
\ L
\ [
< \ [ .
S dal 22\o 2 | 4 %
% fix)=2x |3
A4

Example: f(x) = 2x> — 3

End behaviour: curve extends up into
quadrant Il and up into quadrant |
Domain: {x | x € R}
Range:{y|y=—-2,y€R}

Number of x-intercepts: 2

Degree 5: Quintic Function

0dd degree
Number of x-intercepts: 1,2, 3,4, 0or 5
FOOA Y
X) =x°# 3x*-5x3 |- 15x2 4 4x +12
6
2 A
\
dl
A
\ Lk
\ [
< >
—4[-¢/0 P 4 | 6 X
v
4
ol |
v
—12
\ 4
Example:

fX) =X +3x* = 5x3 —15x> +4x + 12
End behaviour: curve extends down into
quadrant Il and up into quadrant |
Domain: {x | x € R}

Range:{y|y € R}

Number of x-intercepts: 5
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Example 2
Match a Polynomial Function With Its Graph

Identify the following characteristics of the graph of each

polynomial function:

e the type of function and whether it is of even or odd degree

e the end behaviour of the graph of the function
e the number of possible x-intercepts

e whether the graph will have a maximum or minimum value

e the y-intercept

Then, match each function to its corresponding graph.

a) g(x) = —x*+ 10x* + bx — 4
b) f(x) =x*+x*—5x+ 3
¢ p(x) =-2x°+5x* —x

(

d) h(x) = x* + 4x° — x* — 16x — 12

A 2%y B \

10 Sl 10 =

10 R

53

-5 2 H

53

M
»» T »»

Solution

a) The function g(x) = —x* + 10x* + 5x — 4 is a quartic (degree 4),
which is an even-degree polynomial function. Its graph has a
maximum of four x-intercepts. Since the leading coefficient is

negative, the graph of the function opens downward, extending down
into quadrant IIT and down into quadrant IV (similar to y = —x?), and

has a maximum value. The graph has a y-intercept of a, = —4. This

function corresponds to graph D.



b) The function f(x) = x* + x* — 5x + 3 is a cubic (degree 3), which is an
odd-degree polynomial function. Its graph has at least one x-intercept
and at most three x-intercepts. Since the leading coefficient is positive,
the graph of the function extends down into quadrant III and up into
quadrant I (similar to the line y = x). The graph has no maximum or
minimum values. The graph has a y-intercept of a, = 3. This function
corresponds to graph A.

¢) The function p(x) = —2x° + 5x® — x is a quintic (degree 5), which is an
odd-degree polynomial function. Its graph has at least one x-intercept
and at most five x-intercepts. Since the leading coefficient is negative,
the graph of the function extends up into quadrant II and down into
quadrant IV (similar to the line y = —x). The graph has no maximum or
minimum values. The graph has a y-intercept of a, = 0. This function
corresponds to graph C.

d) The function h(x) = x* + 4x® — x* — 16x — 12 is a quartic (degree 4),
which is an even-degree polynomial function. Its graph has a maximum
of four x-intercepts. Since the leading coefficient is positive, the graph
of the function opens upward, extending up into quadrant II and up into
quadrant I (similar to y = x*), and has a minimum value. The graph has
a y-intercept of a, = —12. This function corresponds to graph B.

Your Turn

a) Describe the end behaviour of the graph of the function
flx) = —x% — 3x* + 2x + 1. State the possible number of
x-intercepts, the y-intercept, and whether the graph has a
maximum or minimum value.

b) Which of the following is the graph of the function?

A 0Ty B 07y
i x f\ Fe
10 16 10 ] 16
> —i » =ig
C why D w0hy
Ly x ! "
10 16 10 ! 16
> =ig » =i
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Example 3
Application of a Polynomial Function

A bank vault is built in the shape of a rectangular prism. Its volume, V, is

related to the width, w, in metres, of the vault doorway by the function

V(w) = w? + 13w? + 54w + 72.

a) What is the volume, in cubic metres, of the vault if the door is 1 m wide?

b) What is the least volume of the vault? What is the width of the door
for this volume? Why is this situation not realistic?

Solution

a) Method 1: Graph the Polynomial Function
Use a graphing calculator or computer with graphing software
to graph the polynomial function. Then, use the trace feature to
determine the value of V that corresponds to w = 1.

200 i‘y
)= +13 %% 454 50+72
(1,140)
Ed -3 ! g

The volume of the vault is 140 m?®.

Method 2: Substitute Into the Polynomial Function
Substitute w = 1 into the function and evaluate the result.
V(w) = w? + 13w? + 54w + 72

V(1) = 1% + 13(1)? + 54(1) + 72

(1) =1+ 13 + 54 + 72

(1) = 140

The volume of the vault is 140 m®.

V
Vi

b) The least volume occurs when the width of the door  What is the domain
is 0 m. This is the y-intercept of the graph of the of the function in
function and is the constant term of the function, 72. this situation?
The least volume of the vault is 72 m?. This situation
is not realistic because the vault would not have a door.

Your Turn

A toaster oven is built in the shape of a rectangular prism. Its volume, V,

in cubic inches, is related to the height, h, in inches, of the oven door by

the function V(h) = h® + 10h*> + 31h + 30.

a) What is the volume, in cubic inches, of the toaster oven if the oven
door height is 8 in.?

b) What is the height of the oven door for the least toaster oven volume?
Explain.



Key Ideas

e A polynomial function has the form f(x) = a x* + a, x"'+a, x"*4 - +ax* + ax+ a,
where a, is the leading coefficient; a is the constant; and the degree of the polynomial, n,
is the exponent of the greatest power of the variable, x.

e Graphs of odd-degree polynomial functions have the following characteristics:

= a graph that extends down into = a graph that extends up into quadrant
quadrant III and up into quadrant I IT and down into quadrant IV (similar
(similar to the graph of y = x) when to the graph of y = —x) when the
the leading coefficient is positive leading coefficient is negative
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= a y-intercept that corresponds to the constant term of the function

= at least one x-intercept and up to a maximum of n x-intercepts,
where n is the degree of the function

= a domain of {x | x € R} and a range of {y | y € R}

= No maximum or minimum points

e Graphs of even-degree polynomial functions have the following characteristics:

= a graph that extends up into quadrant = a graph that extends down into
IT and up into quadrant I (similar to quadrant III and down into quadrant IV
the graph of y = x*) when the leading (similar to the graph of y = —x?) when
coefficient is positive the leading coefficient is negative
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= a y-intercept that corresponds to the constant term of the function
= from zero to a maximum of n x-intercepts, where n is the degree of the function
= a domain of {x | x € R} and a range that depends on the maximum or

minimum value of the function
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Check Your Understanding

Practise b) 5017
1. Identify whether each of the following is a
polynomial function. Justify your answers.

a) h(x) = 2 — V¥ /\

b) y — 3x + 1 = 2 5
0 flx) =3

d) g(x) =3x*—-7 » -50
e) p(x) = x* + x* + 3x

>

) 504y

f) y=—-4x*+2x+5
2. What are the degree, type, leading (3.22,16.9)

coefficient, and constant term of each /\ :
polynomial function? -5 =iz 3
a) flx) = —x+3
b) y = 9x*
0 gx)=3x*+3x>—2x+1 — Bl
d) k(x) =4 - 3x° d) soty
e) y=—2x—2x° + 9 - (-1-3) L e
f) h(x)= -6

3. For each of the following:

e determine whether the graph represents
an odd-degree or an even-degree
polynomial function % _

e determine whether the leading
coefficient of the corresponding function
is positive or negative

e state the number of x-intercepts

e state the domain and range

4. Use the degree and the sign of the leading
coefficient of each function to describe the
end behaviour of the corresponding graph.
State the possible number of x-intercepts
and the value of the y-intercept.

a) fx) =x*+3x—1
b) g(x) = —4x® + 2x* —x+5
/\ 4 ¢) h(x) = —7x*+ 2x* — 3x*+ 6x + 4
-y ! 5 d) g(x) = x° — 3x* + 9x

e) plx) =4 — 2x

f) vix) = —x% + 2x* — 4x?

a) 10y

i

» =100
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Apply

5. Jake claims that all graphs of polynomial
functions of the form y = ax® + x + b,
where a, b, and n are even integers,
extend from quadrant II to quadrant I. Do
you agree? Use examples to explain your
answer.

6. A snowboard manufacturer determines that

its profit, P, in dollars, can be modelled

by the function P(x) = 1000x + x* — 3000,

where x represents the number, in
hundreds, of snowboards sold.

a) What is the degree of the function P(x)?

b) What are the leading coefficient and

constant of this function? What does the

constant represent?

¢) Describe the end behaviour of the graph

of this function.

d) What are the restrictions on the domain

of this function? Explain why you
selected those restrictions.

e) What do the x-intercepts of the graph
represent for this situation?

f) What is the profit from the sale of
1500 snowboards?

7. A medical researcher establishes that

a patient’s reaction time, r, in minutes,

to a dose of a particular drug is

r(d) = —3d® + 3d? where d is the amount
of the drug, in millilitres, that is absorbed
into the patient’s blood.

a) What type of polynomial function
is r(d)?

b) What are the leading coefficient and
constant of this function?

¢) Make a sketch of what you think the
function will look like. Then, graph the
function using technology. How does it
compare to your sketch?

d) What are the restrictions on the domain
of this function? Explain why you
selected those restrictions.

. Refer to the honeycomb example at the

beginning of this section (page 106).

a) Show that the polynomial function
f(r) = 3r* — 3r + 1 gives the correct
total number of hexagons when
r=1, 2, and 3.

b) Determine the total number of hexagons
in a honeycomb with 12 rings.

l Did You Know?

Approximately 80% of Canadian honey production
is concentrated in the three prairie provinces of
Alberta, Saskatchewan, and Manitoba.
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9. Populations in rural communities have
declined in Western Canada, while
populations in larger urban centres
have increased. This is partly due
to expanding agricultural operations
and fewer traditional family farms. A
demographer uses a polynomial function
to predict the population, P, of a town
t years from now. The function is
P(t) = t* — 20 — 20#* + 1500t + 15 000.
Assume this model can be used for the
next 20 years.

a) What are the key features of the graph b) Predict the relationship between the
of this function? graphs of y = x* and y = 3(x — 4)* + 2.

b) Repeat part a) for each pair of
odd-degree functions.
e y=(—x)and y = x°
ey=(—x)pandy=x°
ey=(—x)"and y = x’

¢) Describe what you have learned about
functions of the form y = (—x)", where
n is a whole number. Support your
answer with examples.

12. a) Describe the relationship between the
graphs of y = x* and y = 3(x — 4)* + 2.

c) Verify the accuracy of your prediction

b) What is the current population of this
in part b) by graphing using technology.

town?

¢) What will the population of the town be
10 years from now?

d) When will the population of the town

13. If a polynomial equation of degree n

has exactly one real root, what can
you conclude about the form of the

) corresponding polynomial function?
")
be approximately 24 0001 Explain.

. , i
Did You Know? Create Connections

A demographer uses statistics to study human
populations. Demographers study the size, structure,
and distribution of populations in response to birth,
migration, aging, and death.

C1 Prepare a brief summary of the relationship
between the degree of a polynomial
function and the following features of the
corresponding graph:

e the number of x-intercepts

Extend e the maximum or minimum point
10. The volume, V, in cubic centimetres, of e the domain and range
a collection of open-topped boxes can be €2 a) State a possible equation for a

modelled by V(x) = 4x® — 220x* + 2800x,
where x is the height, in centimetres, of
each box.

polynomial function whose graph
extends

i) from quadrant III to quadrant I
a) Use technology to graph V(x). State the

restrictions.

b) Fully factor V(x). State the relationship
between the factored form of the
equation and the graph.

ii) from quadrant II to quadrant I
i) from quadrant II to quadrant IV
iv) from quadrant III to quadrant IV

b) Compare your answers to those of a
classmate. Discuss what is similar and

11. @) Graph each pair of even-degree }
different between your answers.

functions. What do you notice? Provide
an algebraic explanation for what C3 Describe to another student the similarities
and differences between the line y = x
and polynomial functions with odd degree
greater than one. Use graphs to support
your answer.

you observe.

ey=(—x)andy = x*
e y=(—x)*and y = x*
ey=(—x)%and y = x°
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-------- End
Step 1 Graph each of the functions using L) ) DG JEEENET
technology. Copy and complete the y=x+2
table. y=-3x+1
Step 2 For two functions with the same y=x-4
degree, how does the sign of the y=—2x —2x+ 4

leading coefficient affect the end
behaviour of the graph?

yv=x>-4x

y=-x3+3x-2
Step 3 How do the end behaviours of

. y=2x>+16
even-degree functions compare?
) yv=—-x3—-4x
Step 4 How do the end behaviours of Yo xt_4x 45

odd-degree functions compare?
y=—x"+ x>+ 4x° — 4x

y=x*+2x2+1
y=x—2x*=3x3+5x +4x -1
y=x>-1

V==X +x*+8x>+8x>—16x—16
V= X(x+ 1)(x + 4)°

Project Corner Polynomials Abound

e 0000000000000 000000000 00

e Each image shows a portion of an object that can be
modelled by a polynomial function. Describe the
polynomial function that models each object.
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The Remainder

Theorem

Focus on...

and synthetic division

synthetic division

a

Nested boxes or pots are featured in the teaching stories of
many nations in many lands. A manufacturer of gift boxes
receives an order for different-sized boxes that can be nested
within each other. The box heights range from 6 cm to 16
cm. Based on cost calculations, the volume, V, in cubic
centimetres, of each box can be modelled by the polynomial
V(x) = x* + 7x* + 14x + 8, where x is a positive integer such
that 5 < x < 15. The height, h, of each box, in centimetres,
is a linear function of x such that h(x) = x + 1. How can

the box manufacturer use this information to determine the
dimensions of the boxes in terms of polynomials?

describing the relationship between polynomial long division

explaining the relationship between the remainder when a polynomial is
divided by a binomial of the form x — @ and the value of the polynomial at x =

dividing polynomials by binomials of the form x — a using long division or

l Did You Know?

In Haida Gwaii, off
the northwest coast
of British Columbia,
legends such as
“Raven Steals the
Light” are used to
teach mathematical
problem solving. This
legend is about the
trickster Raven who
steals the light from
three nested boxes
to create the sun and
stars. It is used to
help students learn
about surface area,
perimeter, and volume.

Investigate Polynomial Division

118 MHR ¢ Chapter 3

A: Polynomial Long Division

1. Examine the two long-division statements.

a) 27 b) X+ 4
12)327 X+ 3)x*+ 7x+ 17
24 x? + 3x
87 4x + 17
84 4x + 12
3 5

For statements a) and b), identify the value or expression
that corresponds to

e the divisor

e the dividend

e the quotient

¢ the remainder



Reflect and Respond

2. a) Describe the long-division process used to divide the numbers in
part a) of step 1.
b) Describe the long-division process used to divide the polynomial
by the binomial in part b) of step 1.
¢) What similarities and differences do you observe in the two
processes?
3. Describe how you would check that the result of each long-division
statement is correct.

B: Determine a Remainder

4. Copy the table. Identify the value of @ in each binomial divisor of
the form x — a. Then, substitute the value x = a into the polynomial
dividend and evaluate the result. Record these values in the last
column of the table.

l Did You Know?

The ancient Greeks
called the practical
use of computing
(adding, subtracting,
multiplying, and
dividing numbers)
logistic. They
considered arithmetic
to be the study of
abstract relationships
connecting numbers—
what we call number
theory today.

Result of
Binomial Substituting
Polynomial Divisor  Value X = aInto the
Dividend X—a of a Quotient Remainder  Polynomial
X—3 X2+ 5x+10 24
X—2 X2 +4x+ 3 0
X3 +2x°-5x—-6 x—1 X2+ 3x—-2 -8
X+ 1 X+ Xx—6
X+ 2 X2 -5

5. Compare the values of each remainder from the long division to the
value from substituting x = a into the dividend. What do you notice?

Reflect and Respond
6. Make a conjecture about how to determine a remainder without
using division.
7. a) Use your conjecture to predict the remainder when the
polynomial 2x* — 4x*> + 3x — 6 is divided by each binomial.
i)x+1
i) x+ 3
i) x — 2
b) Verify your predictions using long division.
8. Describe the relationship between the remainder when a polynomial
in x, P(x), is divided by a binomial x — a, and the value of P(a).
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Link the Ideas
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You can divide polynomials by other polynomials using the same long
division process that you use to divide numbers.

The result of the division of a polynomial in X, P(x), by a binomial

P( ) = Q(x) + 5, where Q(x) is the

of the form x — a, a € 1, 1s

quotient and R is the remalnder.

Check the division of a polynomial by multiplying the quotient, Q(x),
by the binomial divisor, x — a, and adding the remainder, R. The result
should be equivalent to the polynomial dividend, P(x):

Px) = (x—adQx + R

Example 1 »
Divide a Polynomial by a Binomial of the Form x — a

a) Divide the polynomial P(x) = 5x% + 10x — 13x* — 9 by x — 2. Express
PN+ B

b) Identify any restrlctlons on the variable.

¢) Write the corresponding statement that can be used to check the division.
d) Verify your answer.

Solution

a) Write the polynomial in order of descending powers:
5x% — 13x* + 10x — 9

x2—3x+4 Divide 5x3 by x to get 5x2.
x—2)5x% —13x> + 10x — 9 Multiply x — 2 by 5x° to get 5x* — 10x%
5x° — 10x2 Subtract. Bring down the next term, 10x.
— Then, divide —3x° by x to get —3x.
—3x* + 10x Multiply x — 2 by —3x to get —3x2 + 6x.
M Subtract. Bring down the next term, —9.
4x —9 Then, divide 4x by x to get 4.
4x — 8 Multiply x — 2 by 4 to get 4x — 8.

-1 Subtract. The remainder is —1.

5x®+ 10x — 13x*— 9
xX—2

=5X2—3X+4+( _12)
b) Since division by zero is not defined, the divisor cannot be zero:
x—2+#0orx+2.

¢) The corresponding statement that can be used to check the division is
5x% +10x — 13x* — 9 = (x — 2)(6x* — 3x + 4) — 1.

d) To check, multiply the divisor by the quotient and add the remainder.
(x—2)bx*—-3x+4)—-1=5x*—-3x*+4x—10x*+6x—8 —1
=5x° —13x* + 10x — 9
=5x*+10x — 13x* — 9



Your Turn

a) Divide the polynomial P(x) = x* — 2x* + x> — 3x + 4 by x — 1.

Express the result in the form f E()a =Qx) + le 7

b) Identify any restrictions on the variable.
¢) Verify your answer.

Example 2
Apply Polynomial Long Division to Solve a Problem

The volume, V, of the nested boxes in the introduction to this section,
in cubic centimetres, is given by V(x) = x* + 7x* + 14x + 8. What are
the possible dimensions of the boxes in terms of x if the height, h, in
centimetres, is x + 17

Solution

Divide the volume of the box by the
height to obtain an expression for the
area of the base of the box:

h=x+1
% = lw, where lw is the area of
the base.
x>+ 6x+ 8 :
X+ 1)X + 7% + 14x + 8 v
x4+ x?
6x* + 14x
6x* + 6x
8x + 8
8x + 8

0

Since the remainder is zero, the volume x® + 7x*> + 14x + 8 can be
expressed as (x + 1)(x* + 6x + 8). The quotient x* + 6x + 8 represents
the area of the base. This expression can be factored as (x + 2)(x + 4).
The factors represent the possible width and length of the base of the box.

Expressions for the possible dimensions, in centimetres, are x + 1, x + 2,
and x + 4.

Your Turn

The volume of a rectangular prism is given
by V(x) = x* + 3x* — 36x + 32. Determine
possible measures for w and h in terms of x
if the length, 1, is x — 4.
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synthetic division

e amethod of performing

polynomial long
division involving
a binomial divisor
that uses only the
coefficients of the
terms and fewer
calculations

Did You Know?

Paolo Ruffini, an
Italian mathematician,
first described
synthetic division in
1809.
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Synthetic division is an alternate process for dividing a polynomial by
a binomial of the form x — a. It allows you to calculate without writing
variables and requires fewer calculations.

Example 3
Divide a Polynomial Using Synthetic Division

a) Use synthetic division to divide 2x* + 3x* — 4x + 15 by x + 3.
b) Check the results using long division.

Solution

a) Write the terms of the dividend in order of descending power.
Use zero for the coefficient of any missing powers.
Write just the coefficients of the dividend. To the left, write the
value of +3 from the factor x + 3. Below +3, place a “—” symbol to
represent subtraction. Use the “x” sign below the horizontal line to
indicate multiplication of the divisor and the terms of the quotient.
2x3 3f(2 —?x 15

|

+3| 2 3 -4 15

|

To perform the synthetic division, bring down the first coefficient, 2,
to the right of the x sign.

Multiply +3 (top left) by 2 (right of x sign) to get 6.
Write 6 below 3 in the second column.

Subtract 6 from 3 to get —3.

Multiply +3 by —3 to get —9. Continue with

—4 —(-9)=5,+43x5=15,and 15 - 15=0.

2, —3, and 5 are the coefficients of the quotient,
2x> —3x+ 5.

2x* +3x* —4x+15) = (x+3)=2x*—-3x+5
Restriction: x + 3 # 0 or x # —3

+3| 2 3 -4 15
- 1 6 -9 15

4

><|2—35((P

remainder

b) Long division check:

2x*—3x+ 5
X+ 3)2x* + 3x* —4x + 15
2x° + 6x*
—3x% —4x
—3x* — 9x
5x + 15
5x 4+ 15

0
The result of the long division is the same as that using synthetic division.

Your Turn
x4+ 7x*—3x+ 4

Use synthetic division to determine ¥ — 7




The remainder theorem states that when a polynomial in x, P(x), is remainder
divided by a binomial of the form x — a, the remainder is P(a). theorem

¢ when a polynomial in
X, P(x), is divided by
X — a, the remainder
Example 4 is P(a)

Apply the Remainder Theorem

a) Use the remainder theorem to determine the remainder when
P(x) = x* — 10x + 6 is divided by x + 4.
b) Verify your answer using synthetic division.

Solution

a) Since the binomial is x + 4 = x — (—4), determine the remainder
by evaluating P(x) at x = —4, or P(—4).
P(x) =x*—10x+ 6
P(—4) = (—4)®> — 10(—4) + 6
P(—4) = —64 + 40 + 6
P(—4) = —18
The remainder when x* — 10x + 6 is divided by x + 4 is —18.

b) To use synthetic division, first rewrite P(x) Why is it important to
as P(x) = x* + 0x®> — 10x + 6. rewrite the polynomial in
this way?
+4 1 0 -10 6
— ) 4 16 24
x| 177246 1B
remainder

The remainder when using synthetic division is —18.

Your Turn

What is the remainder when 11x — 4x* — 7 is divided by x — 37 Verify
your answer using either long or synthetic division.

Key Ideas

e Use long division to divide a polynomial by a binomial.
e Synthetic division is an alternate form of long division.
e The result of the division of a polynomial in x, P(x), by a binomial of the form x —

P(x) R .
X —Xa =Qx) + y =5 or P(x) = (x — dJQ(x) + R, where Q(x) is

the quotient and R is the remainder.

a can be written as

e To check the result of a division, multiply the quotient, Q(x), by the divisor, x — a,
and add the remainder, R, to the product. The result should be the dividend, P(x).

e The remainder theorem states that when a polynomial in x, P(x), is divided by
a binomial, x — a, the remainder is P(a). A non-zero remainder means that the
binomial is not a factor of P(x).
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Check Your Understanding

Practise
1. a) Use long division to divide

x* 4+ 10x — 24 by x — 2. Express the

P = Q) + 2

result in the form <—a =

b) Identify any restrictions on the variable.

¢) Write the corresponding statement that
can be used to check the division.

d) Verify your answer.
. a) Divide the polynomial
3x* —4x° —6x*+ 17x —8byx+1

using long division. Express the result

: P(x) R
in the form —, = Qx) + v —-

b) Identify any restrictions on the variable.

¢) Write the corresponding statement that
can be used to check the division.

d) Verify your answer.
. Determine each quotient, Q), using long
division.
a) X¥*+3x*—-3x—-2)+(x—-1)
x4+ 2x*—7x— 2
X—2
) 2w?+3w?2—5w+ 2) = (w+ 3)
d) (9m® — 6m* + 3m + 2) + (m — 1)
1+ 61 —3t°—t+8
t+1
f) 2y —3y*+1)+ (y—3)
. Determine each quotient, Q, using
synthetic division.
a) (xX*+x2+3) + (x+4)
m* —2m’ + m* + 12m — 6
b)
m—2
() 2—x+x*-Xx*—-x%+(x+2)
d) (2s® + 352 — 95 — 10) + (s — 2)
h*+2h*—-3h +9
e)
h+3
f) X +7x*—x+1)+(x+2)

b)

e)
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xX—a’

5. Perform each division. Express the result

in the form ;EX)G = Qx) + X§ - ldentify

any restrictions on the variable.
a) (X*+7x*—3x+4) > (x+2)
11t —4t* — 7
b) t—3
() xX*+3x*—2x+5)+(x+1)
d) (4n>+ 7n—5) = (n + 3)
4n® — 15n + 2
n—3
f) (x*+6x*—4x+1) - (x+ 2)

e)

. Use the remainder theorem to determine

the remainder when each polynomial is
divided by x + 2.

a) x* +3x> —bx+ 2

b) 2x* — 2x% + 5x

) x*+x3—5x*+2x—7
d) 8x3 + 4x* — 19

e) 3x* —12x — 2

f) 2x® 4+ 3x* —5x+ 2

. Determine the remainder resulting from

each division.

a) (xX*+2x*—3x+9) = (x+3)
A3 _ 942

b) 2t — 4t 3t

t—2
) xX*+2x*—-3x+5) =+ (x—3)

n*—3n*—-5n+ 2
d) n—2

Apply

8. For each dividend, determine the value of

k if the remainder is 3.

a) X¥*+4x* —x+k +(x—-1)
b) (x* + x*+ kx — 15) = (x — 2)
() xX*+kx*+x+5)+- (x+2)
d) (kx* +3x+1) =+ (x+ 2)

. For what value of ¢ will the polynomial

P(x) = —2x® + ¢x* — 5x + 2 have the same
remainder when it is divided by x — 2 and
by x + 17



10. When 3x* + 6x — 10 is divided by x + k,

the remainder is 14. Determine the value(s)
of k.

11. The area, A(x), of a rectangle is represented
by the polynomial 2x* — x — 6.
a) If the height of the rectangle is x — 2,
what is the width in terms of x?

b) If the height of the rectangle were
changed to x — 3, what would the
remainder of the quotient be? What
does this remainder represent?

12. The product, P(n), of two numbers
is represented by the expression
2n*> — 4n + 3, where n is a real number.

a) If one of the numbers is represented by
n — 3, what expression represents the
other number?

b) What are the two numbers if n = 17

13. A design team determines that a
cost-efficient way of manufacturing
cylindrical containers for their
products is to have the volume, V,
in cubic centimetres, modelled by
V(x) = 9x® + 517x* + 887x + 487, where
x is an integer such that 2 < x < 8. The
height, h, in centimetres, of each cylinder
is a linear function given by h(x) = x + 3.

V(x)

a) Determine the quotient and

interpret this result.

b) Use your answer in part a) to express
the volume of a container in the form
Tr2h.

¢) What are the possible dimensions of the
containers for the given values of x?

Extend

14. When the polynomial mx® — 3x* + nx + 2
is divided by x + 3, the remainder is —1.
When it is divided by x — 2, the remainder
is —4. What are the values of m and n?

15. When the polynomial 3x* + ax* + bx — 9
is divided by x — 2, the remainder is —5.
When it is divided by x + 1, the remainder
is —16. What are the values of a and b?

16. Explain how to determine the remainder
when 10x* — 11x® — 8x* + 7x + 9 is
divided by 2x — 3 using synthetic division.

17. Write a polynomial that satisfies each set
of conditions.

a) a quadratic polynomial that gives a
remainder of —4 when it is divided by
x—3

b) a cubic polynomial that gives a
remainder of 4 when it is divided by
X+ 2

€) a quartic polynomial that gives a
remainder of 1 when it is divided by
2x — 1

Create Connections

C1 How are numerical long division and
polynomial long division similar, and
how are they different?

€2 When the polynomial bx?* + ¢x + d is
divided by x — a, the remainder is zero.

a) What can you conclude from this
result?

b) Write an expression for the remainder
in terms of a, b, ¢, and d.

€3 The support cable for a suspension
bridge can be modelled by the function
h(d) = 0.0003d? + 2, where h(d) is the
height, in metres, of the cable above the
road, and d is the horizontal distance, in
metres, from the lowest point on the cable.
h(d) A

0

s
u »

A

a) What is the remainder when
0.0003d? + 2 is divided by d — 5007

b) What is the remainder when
0.0003d? + 2 is divided by d + 5007

¢) Compare your results from
parts a) and b). Use the graph of the
function h(d) = 0.0003d* + 2 to explain
your findings.
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The Factor Theorem

Focus on...

e factoring polynomials

explaining the relationship between the linear
factors of a polynomial expression and the zeros =
of the corresponding function =
modelling and solving problems involving
polynomial functions

Port of Vancouver
Each year, more than 1 million intermodal containers
pass through the Port of Vancouver. The total volume of l Did You Know?
these containers is over 2 million twenty-foot equivalent

An intermodal container is a standard-sized

units (TEU). Suppose the volume, in cubic feet, of a metal box that can be easily transferred
1-TEU container can be approximated by the polynomial between different modes of transportation,
function V(x) = x* + 7x* — 28x + 20, where x is a positive such as ships, trains, and trucks. A TEU

. . . represents the volume of a 20-ft intermodal
real number. What dimensions, in terms of x, could the

} container. Although container heights vary, the
container have? equivalent of 1 TEU is accepted as 1360 ft3.

Investigate Determining the Factors of a Polynomial

A: Remainder for a Factor of a Polynomial

1. a) Determine the remainder when x® + 2x?> — 5x — 6 is divided
by x + 1.

x*4+2x*—5x—6
x+1

corresponding statement that can be used to check the division.

. Write the

b) Determine the quotient

¢) Factor the quadratic portion of the statement written in part b).
d) Write x* + 2x* — 5x — 6 as the product of its three factors.

e) What do you notice about the remainder when you divide
x* 4+ 2x* — 5x — 6 by any one of its three factors?

Reflect and Respond

2. What is the relationship between the remainder and the factors of
a polynomial?
B: Determine Factors

3. Which of the following are factors of P(x) = x* — 7x + 67 Why would a

Justify your reasoning. factor such as
X -5 not be

a) x+1 b) x—1 €) X+ 2  considered as a

d) x—2 e) x+ 3 f) x—3 possible factor?
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Reflect and Respond

4. Write a statement that describes the condition when a divisor x — a
is a factor of a polynomial P(x).

5. What are the relationships between the factors of a polynomial
expression, the zeros of the corresponding polynomial function, the
x-intercepts of the graph of the corresponding polynomial function,
and the remainder theorem?

6. a) Describe a method you could use to determine the factors of

a polynomial.
b) Use your method to determine the factors of f(x) = x* + 2x* — x — 2.

c) Verify your answer.

Link the Ideas

The factor theorem states that x — a is a factor of a polynomial in x, factor theorem

P(x), if and only if P(a) = 0. ¢ apolynomial in x, P(x),
has a factor x — aif
and only if P(@) =0

For example, given the polynomial P(x) = x® — x* — 5x + 2,
determine if x — 1 and x + 2 are factors by calculating P(1) and
P(-2), respectively.

Px)=x*—x*—5x+2 Px)=x*—x*—5x+2 lDid You Know?
— 13 _ 12 _ —9) = (—2) — (—92)2 — 5(—

P1)=1*—-1>—-5(1) + 2 P(=2) = (-2)* = (—2)> = 5(—2) + 2 “1f and only if" is a
P1)=1-1-5+2 P(-2)=-8-4+10+ 2 term used in logic to
P(1) = -3 P(-2)=0 say that the result

) ) L . works both ways.
Since P(1) = —3, P(x) is not divisible by x — 1. Therefore, x — 1 is = ctor
not a factor of P(x). theorem means

. o . e if x— ais a factor
Since P(—2) = 0, P(x) is divisible by x + 2. Therefore, x + 2 is a of P(x), then
factor of P(x). P(a) =0

e if P(a) =0, then
The zeros of a polynomial function are PO 4 x — ais a factor
related to the factors of the polynomial. 6 ” of P(x)
The graph of P(x) = x* — x* —4x + 4 [ |
shows that the zeros of the function, or the [ |
x-intercepts of the graph, are at x = —2, 2 \\ /
x =1, and x = 2. The corresponding
factors of the polynomial are x + 2, x — 1, T2 1270 b | 4 X
and x — 2. >
X) =[x — x>~ 4x+4
) 4
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Example 1
Use the Factor Theorem to Test for Factors of a Polynomial

Which binomials are factors of the polynomial P(x) = x* — 3x* — x + 37
Justify your answers.

a) x—1

b) x+1

) x+3

d) x—3

Solution

a) Use the factor theorem to evaluate P(a) given x — a.
For x — 1, substitute x = 1 into the polynomial expression.

Px)=x*-3x*—-—x+3
P1)=1*-3(1)*-1+3
P1)=1-3-1+3

P(1)=0
Since the remainder is zero, x — 1 is a factor of P(x).

b) For x + 1, substitute x = —1 into the polynomial expression.
Px)=x*—-3x>—-x+3
P(-1) = (-1 - 3(—-1)*—=(-1)+ 3
P(-1)=-1-3+1+3
P(-1)=0
Since the remainder is zero, x + 1 is a factor of P(x).

¢) For x + 3, substitute x = —3 into the polynomial expression.
Px)=x*—-3x>—x+3
P(—3) =(-3)*—3(-3)?—(-3) + 3
P(=3)=—27 —27+3+3
P(—3) = —48
Since the remainder is not zero, x + 3 is not a factor of P(x).

d) For x — 3, substitute x = 3 into the polynomial expression.
Px)=x*—-3x*-—x+3
P(3)=3"-3(3)*—-3+3
P3)=27-27-3+3

P3)=0

Since the remainder is zero, x — 3 is a factor of P(x).

Your Turn

Determine which of the following binomials are factors of the polynomial
P(x) = x* + 2x* — 5x — 6.
x—-1,x+1,x—-2,x+2,x—3,x+3,x—6,x+6
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Possible Factors of a Polynomial

When factoring a polynomial, P(x), it is helpful to know which integer
values of a to try when determining if P(a) = 0.

Consider the polynomial P(x) = x* — 7x* + 14x — 8. If x = a satisfies
P(a) = 0, then @® — 7a* + 14a — 8 = 0, or @® — 7a® + 14a = 8. Factoring
out the common factor on the left side of the equation gives the product
ala* — 7a + 14) = 8. Then, the possible integer values for the factors in the
product on the left side are the factors of 8. They are +1, +2, +4, and +8.

The relationship between the factors of a polynomial and the constant
term of the polynomial is stated in the integral zero theorem. integral zero

The integral zero theorem states that if x — a is a factor of a polynomial theorem
e if x=ais anintegral

function P(x) with integral coefficients, then a is a factor of the .
zero of a polynomial,

constant term of P(x). P(x), with integral
coefficients, then ais a
factor of the constant

f P
Example 2 term of )

Factor Using the Integral Zero Theorem

a) Factor 2x® — 5x* — 4x + 3 fully.
b) Describe how to use the factors of the polynomial expression to
determine the zeros of the corresponding polynomial function.

Solution

a) Let P(x) = 2x® — 5x* — 4x + 3. Find a factor by evaluating P(x) for
values of x that are factors of 3: +1 and +3.
Test the values.
P(x) =2x® —5x* —4x + 3
P(1) = 2(1)® — 5(1)* — 4(1) + 3
P1l)=2-5—-—4+3
P(1) = —4
Since P(1) # 0, x — 1 is not a factor of 2x* — 5x*> — 4x + 3.

P(x) = 2x® —5x>* —4x + 3
P(-1) = 2(—1)* — 5(—=1)> — 4(—1) + 3
P(-1)=-2-5+4+3
P(-1)=0
Since P(—1) = 0, x + 1 is a factor of 2x® — 5x* — 4x + 3.

Use synthetic or long division to find the other factors.

+1 2 -5 -4 3
2 -7 3

x| 2 -7 3 o0
The remaining factor is 2x* — 7x + 3.
So, 2x® — 5x* —4x + 3 = (x + 1)(2x* — 7x + 3).
Factoring 2x* — 7x + 3 gives (2x — 1)(x — 3).
Therefore, 2x* — 5x* — 4x + 3 = (x + 1)(2x — 1)(x — 3).
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b) Since the factors of 2x® — 5x* —4x + 3arex + 1, 2x — 1, and x — 3,
the corresponding zeros of the function are —1, %, and 3. Confirm

the zeros by graphing P(x) and using the trace or zero feature of a
graphing calculator.

oty
=20 -5 % -4 x+3

(_LO)/\\EO.S,O) .

ek 2 (3}0]] ]

b33 =ig

Your Turn

What is the factored form of x* — 4x*> — 11x + 30? How can you use the
graph of the corresponding polynomial function to simplify your search
for integral roots?

Example 3
Factor Higher-Degree Polynomials

Fully factor x* — 5x* + 2x* + 20x — 24.

Solution

Let P(x) = x* — 5x® + 2x* + 20x — 24.
Find a factor by testing factors of —24: +1, +2, +3, +4, +6, +8, +12, and +24

x) = x* — 5x% 4+ 2x% + 20x — 24
4 —5(1)° + 2(1)? + 20(1) — 24
—54+2+4+20—- 24

= —6 When should you stop
testing possible factors?

[N

P(x) = x* — 5x% + 2x* + 20x — 24
—1) = (—1)* = 5(—1)° + 2(—1)* + 20(—1) — 24
)=1+5+2—20—24

)

) = x* — 5x® + 2x* + 20x — 24
2) = 2* — 5(2) + 2(2)% + 20(2) — 24
) =16 — 40 + 8 + 40 — 24

Since P(2) = 0, x — 2 is a factor of x* — 5x® + 2x*> + 20x — 24.

Use division to find the other factors.

-2 1 -5 2 20 -24
— -2 6 8 -24

«| 1 23 24 12 o0
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The remaining factor is x* — 3x* — 4x + 12.

Method 1: Apply the Factor Theorem Again
Let f(x) = x* — 3x* — 4x + 12.

Since f(2) = 0, x — 2 is a second factor.

Use division to determine that the other factor is x* — x — 6.

-2 1 -3 -4 12
— —2 2 12

< 1 -1 26 o

Factoring x* — x — 6 gives (x + 2)(x — 3).

Therefore,
x*—5x"+2x24+20x — 24 = (x — 2)(x — 2)(x + 2)(x — 3)
=(x—2)Px+ 2)(x—3)

Method 2: Factor by Grouping
x® —3x* —4x + 12 = x*(x — 3) — 4(x — 3)  Group the first two terms and factor out
X2, Then, group the second two terms
and factor out —4.
=(x—3)(x*—4) Factor out x — 3.
= (x — 3)(x — 2)(x + 2) Factor the difference of squares x2 — 4.

Therefore,

x* — 5x% + 2x* + 20x — 24
=(x - 2)x - 3)(x — 2)(x + 2)
= (x — 2)*(x + 2)(x — 3)

Your Turn
What is the fully factored form of x* — 3x* — 7x* + 15x + 187

Example 4 —OJ
Solve Problems Involving Polynomial - " e N

Expressions — -

An intermodal container that has the
shape of a rectangular prism has a
volume, in cubic feet, represented
by the polynomial function

V(x) = x® + 7x* — 28x + 20, where
x is a positive real number.

What are the factors that represent
possible dimensions, in terms of x,
of the container?

Dockside at Port of Vancouver
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Solution

Method 1: Use Factoring

The possible integral factors correspond to the factors of the constant
term of the polynomial, 20: +1, +2, +4, +5, +£10, and +20. Use the factor
theorem to determine which of these values correspond to the factors of
the polynomial. Use a graphing calculator or spreadsheet to help with the
multiple calculations.

Definie poiylc)=c +7 x2-28x+20 ’1{ %
poir{1] 0 1 54
poiyi-1) 54 2 i
poiy(2) 0 2 26
) 4 84
Pt - 4 180
poivi4) 24 5 180
poivls) 180 & -5 210
12412 10 1440
-10 0
20 10260
-20 -4620

The values of x that result in a remainder of zero are —10, 1, and 2.
The factors that correspond to these values are x + 10, x — 1, and
x — 2. The factors represent the possible dimensions, in terms of x,
of the container.

Method 2: Use Graphing

Since the zeros of the polynomial function correspond to the factors of
the polynomial expression, use the graph of the function to determine
the factors.

150y

For this example, what
are the restrictions on
the domain?

) +7 22— 280420/

A F—l0,0)

The trace or zero feature of a graphing calculator shows that the zeros
of the function are x = —10, x = 1, and x = 2. These correspond to
the factors x + 10, x — 1, and x — 2. The factors represent the possible
dimensions, in terms of x, of the container.

Your Turn

A form that is used to make large rectangular blocks of ice comes in
different dimensions such that the volume, V, in cubic centimetres, of
each block can be modelled by V(x) = x* + 7x* + 16x + 12, where x is in
centimetres. Determine the possible dimensions, in terms of x, that result
in this volume.



Key Ideas

e The factor theorem states that x — a is a factor of a polynomial P(x) if and only if
P(a) = 0.

e The integral zero theorem states that if x — a is a factor of a polynomial function
P(x) with integral coefficients, then a is a factor of the constant term of P(x).

@ You can use the factor theorem and the integral zero theorem to factor some
polynomial functions.

= Use the integral zero theorem to list possible integer values for the zeros.
= Next, apply the factor theorem to determine one factor.
= Then, use division to determine the remaining factor.

= Repeat the above steps until all factors are found or the remaining factor is a
trinomial which can be factored.

Check Your Understanding

Practise 3. State whether each polynomial has
1. What is the corresponding binomial factor X + 2 as a factor.
of a polynomial, P(x), given the value of a) 5x* + 2x + 6
the zero?

b) 2x* — x> — 5x— 8

a) P(1)=0 € 2x*+2x*—x—6

b) P(-3)=0 d) x*—2x+3x—4

¢) P4)=0 e) x*+3x* —x*-3x+6
d) Pla)=0

f) 3x*+5x* +x—2
2. Determine whether x — 1 is a factor of

) 4. What are the possible integral zeros
each polynomial.

of each polynomial?

3 __ 2 —_
a) x 3x*4+4x — 2 a) P(x) =x*+3x>—6x—8

b) 2x® — x> — 3x — 2

) 3x*-x—-3

d) 2x* 4+ 4x* —5x — 1

e) x* -3x*+2x*—x+1
f) 4x* — 2x* + 3x* — 2x + 1

p)=p'—2p'—8p*+3p -4
z) =2z +52°+ 222 + 72 — 15
y*—5y* —7y* + 21y + 4

=

=

=
I
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5. Factor fully. 10. Mikisiti Saila (1939-2008), an Inuit artist
a) P(x) = x* — 6x* + 11x — 6 from Cape Dorset, Nunavut, was the son

of famous soapstone carver Pauta Saila.
b) Pl) = x* + 2x* = x = 2 Mikisita’s preEerred theme was wildlife
) P(v)=v'+ v —16v— 16 presented in a minimal but graceful and
d) P(x) = x* 4+ 4x® — 7x* — 34x — 24 elegant style. Suppose a carving is created
e) P(k) = k° + 3k* — 5k* — 15k* + 4k + 12 from a rectangular block of soapstone
whose volume, V, in cubic centimetres, can
be modelled by V(x) = x* + 5x* — 2x — 24.
What are the possible dimensions of the
b) £ + t* — 22t — 40 block, in centimetres, in terms of binomials
¢) h* — 27h + 10 of x?

d) x°+ 8x®+ 2x — 15
e) ¢ +2¢° + 2¢° —2q — 3

6. Factor fully.
a) x3—2x*—9x + 18

Apply
7. Determine the value(s) of k so that the
binomial is a factor of the polynomial.

a) X! —x+k x—2
b) x> -6x—7,x+k

0 X +4x +x+kx+2 Walrus created in 1996 by Mikisiti Saila

d) x* + kx — 16, x — 2 11. The volume of water in a rectangular fish
8. The volume, V(h), of a bookcase can tank can be modelled by the polynomial

be represented by the expression V(x) = x* + 14x% + 63x + 90. If the depth

h® — 2h* + h, where h is the height of of the tank is given by the polynomial

the bookcase. What are the possible X + 6, what polynomials represent the

dimensions of the bookcase in terms of h? possible length and width of the fish tank?

9. A racquetball court has a volume that
can be represented by the polynomial
V(I) = I — 2I* — 151, where [ is the length
of the side walls. Factor the expression to X+6
determine the possible width and height of

the court in terms of L %
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12. When a certain type of plastic is cut into

13.

sections, the length of each section
determines its relative strength. The function
f(x) = x* — 14x® + 69x* — 140x + 100
describes the relative strength of a
section of length x feet. After testing the
plastic, engineers discovered that 5-ft
sections were extremely weak.

a) Why is x — 5 a possible factor when
x = 5 is the length of the pipe? Show
that x — 5 is a factor of the polynomial
function.

b) Are there other lengths of plastic that
are extremely weak? Explain your
reasoning.

l Did You Know?

The strength of a
material can be
affected by its
mechanical resonance.
Mechanical resonance
is the tendency of a
mechanical system to
absorb more energy
when it oscillates at
the system’s natural
frequency of vibration.
It may cause intense swaying motions and even
catastrophic failure in improperly constructed
structures including bridges, buildings, and airplanes.
The collapse of the Tacoma Narrows Bridge into
Puget Sound on November 7, 1940, was due in part
to the effects of mechanical resonance.

The product of four integers is

x* + 6x° + 11x* + 6x, where x is one of the
integers. What are possible expressions for
the other three integers?

Extend

14.

15.

Consider the polynomial

f(x) = ax* + bx® + cx* + dx + e, where
a+ b+ c+ d+ e=0. Show that this
polynomial is divisible by x — 1.
Determine the values of m and n so that
the polynomials 2x* + mx* + nx — 3 and
x* — 3mx® + 2nx + 4 are both divisible by
X — 2.

16. a) Factor each polynomial.
i)x®—1
i) x* — 27
i) x* + 1
iv) x° + 64
b) Use the results from part a) to decide

whether x + y or x — y is a factor of
x® + y®. State the other factor(s).

¢) Use the results from part a) to decide
whether x + y or x — y is a factor of
x® — y®. State the other factor(s).

d) Use your findings to factor x° + y®.

Create Connections

C1 Explain to a classmate how to use
the graph of f(x) = x* — 3x* — 4 to
determine at least one binomial factor
of the polynomial. What are all of the
factors of the polynomial?

f)A
4
2
< A .
Sl dal 2o VIS
2
4
\ |
el \J
fX) =|x* — 3x2 — 4
Y

€2 Identify the possible factors of the
expression x* — x* + 2x* — 5. Explain
your reasoning in more than one way.

€3 How can the factor theorem, the integral
zero theorem, the quadratic formula,
and synthetic division be used together
to factor a polynomial of degree greater
than or equal to three?
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Equations and
Graphs of Polynomial
Functions

¥

Focus on...

describing the relationship between zeros, roots, and
x-intercepts of polynomial functions and equations

sketching the graph of a polynomial function without
technology

modelling and solving problems involving polynomial functions

On an airplane, carry-on baggage must fit into the overhead

l Did You Know?

compartment or under the seat in front of you. As a result, the
dimensions of carry-on baggage for some airlines are restricted so
that the width of the carry-on is 17 cm less than the height, and
the length is no more than 15 cm greater than the height. The

In 1973, Rosella
Bjornson became the
first female pilot in
Canada to be hired by
an airline. In 1990,

maximum volume, V, in cubic centimetres, of carry-on bags can be she became the first
represented by the polynomial function V(h) = h® — 2h* — 255h, female captain.
where h is the height, in centimetres, of the bag. If the maximum :
volume of the overhead compartment is 50 600 cm?®, how could
you determine the maximum dimensions of the carry-on bags?

In this section, you will use polynomial functions to model
real-life situations such as this one. You will also sketch graphs of
polynomial functions to help you solve problems.

Investigate Sketching the Graph of a Polynomial Function

Materials | A: The Relationship Among the Roots, x-Intercepts, and Zeros
» graphing calculator of a Function
or computer with

araphing software 1. a) Graph the function f(x) = x* + x* — 10x* — 4x + 24 using

graphing technology.
b) Determine the x-intercepts from the graph.

¢) Factor f(x). Then, use the factors to
determine the zeros of f(x).

What are the possible
integral factors of this
polynomial?

2. a) Set the polynomial function

flx) = x* + x* — 10x* — 4x + 24 equal
to 0. Solve the equation x* + x* — 10x*> — 4x + 24 =0 to
determine the roots.

b) What do you notice about the roots of the equation and the
x-intercepts of the graph of the function?
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Reflect and Respond

3. What is the relationship between the zeros of a function, the
x-intercepts of the corresponding graph, and the roots of the
polynomial equation?

B: Determine When a Function Is Positive and When It Is Negative

4. Refer to the graph you made in step 1. The x-intercepts divide the
x-axis into four intervals. Copy and complete the table by writing
in the intervals and indicating whether the function is positive
(above the x-axis) or negative (below the x-axis) for each interval.

Interval X< -3
Sign of f(x) positive

Reflect and Respond

5. a) What happens to the sign of f(x) if the graph crosses from one side
of the x-axis to the other?

b) How does the graph behave if there are two identical zeros?

C: Sketch the Graph of a Polynomial Function Materials
6. Without using a graphing calculator, determine the following * grid paper
characteristics of the function f(x) = —x* — 5x* — 3x + 9:

e the degree of the polynomial

e the sign of the leading coefficient

e the zeros of the function

e the y-intercept

e the interval(s) where the function is positive
e the interval(s) where the function is negative

7. Use the characteristics you determined in step 6 to sketch the graph
of the function. Graph the function using technology and compare
the result to your hand-drawn sketch.

Reflect and Respond

8. Describe how to sketch the graph of a polynomial using the
x-intercepts, the y-intercept, the sign of the leading coefficient,
and the degree of the function.

l Did You Know?

Polynomiography is a fusion of art, mathematics, and computer
science. It creates a visualization of the approximation of zeros
of polynomial functions.
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Link the Ideas

multiplicity
(of a zero)
e the number of times

a zero of a polynomial
function occurs

¢ the shape of the graph

of a function close to
a zero depends on its

multiplicity
VA
0 ) X
zero of

[7ZN

v multiplicity 1

\/

A
~—_|
o

zero of

vA

zero of
v multiplicity

Did You Know?

x

v multiplicity 2

<

3

The multiplicity of a
zero or root can also
be referred to as the
order of the zero or
root.
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As is the case with quadratic functions, the zeros of any polynomial
function y = f(x) correspond to the x-intercepts of the graph and to the
roots of the corresponding equation, f(x) = 0. For example, the function
f(x) = (x — 1)(x — 1)(x + 2) has two identical zeros at x = 1 and a third
zero at x = —2. These are the roots of the equation
x—1x—-1x+2)=0.

If a polynomial has a factor x — a that is repeated n times, then x = a is
a zero of multiplicity, n. The function f(x) = (x — 1)*(x + 2) has a zero of
multiplicity 2 at x = 1 and the equation (x — 1)%(x + 2) = 0 has a root of
multiplicity 2 at x = 1.

Consider the graph of the function f(x) = (x — 1)(x — 1)(x + 2).

10 Ty

() =(c-1) 1) x+2)

At x = —2 (zero of odd multiplicity), the sign of the function changes.

At x = 1 (zero of even multiplicity), the sign of the function does
not change.

[ Example 1

Analyse Graphs of Polynomial Functions

For each graph of a polynomial function, determine

e the least possible degree

e the sign of the leading coefficient

e the x-intercepts and the factors of the function with least
possible degree

e the intervals where the function is positive and the intervals
where it is negative

a) 200y b) 220 Ty

» =20 » =120




Solution

a) e The graph of the polynomial function crosses
the x-axis (negative to positive or positive to
negative) at all three x-intercepts. The three Could the multisiic
x-intercepts are of odd multiplicity. The least ould the multiplicity
. L . . of each x-intercept
possible multiplicity of each x-intercept is 1, 50 pe something other
the least possible degree is 3. than 17

The graph extends down into quadrant III and up into quadrant I, so
the leading coefficient is positive.

e The x-intercepts are —4, —2, and 2. The factors are x + 4, x + 2,
and x — 2.

The function is positive for values of x in the intervals —4 < x < —2
and x > 2. The function is negative for values of x in the intervals
X< —4and -2 <x<2.

b) e The graph of the polynomial function crosses
the x-axis at two of the x-intercepts and touches

the x-axis at one of the x-intercepts. The least Could the multiplicities

possible multiplicities of these x-intercepts are,  of the x-intercepts be
respectively, 1 and 2, so the least possible degree something other than
: 1or2?

1s 4.

e The graph extends down into quadrant III and down into
quadrant IV, so the leading coefficient is negative.

e The x-intercepts are —5, —1, and 4 (multiplicity 2). The factors are
x4+ 5, x+ 1, and (x — 4)>

e The function is positive for values of x in the interval —5 < x < —1.
The function is negative for values of x in the intervals x < —5,
-1 < x< 4,and x > 4.

Your Turn

For the graph of the polynomial function shown, determine

e the least possible degree

e the sign of the leading coefficient

e the x-intercepts and the factors of the function of least possible degree

e the intervals where the function is positive and the intervals where it
is negative

0Ty

: /\ |
-0 (2org) ! (3.0 10
» =20
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Example 2
Analyse Equations to Sketch Graphs of Polynomial Functions

Sketch the graph of each polynomial function.
a) y=x—-1x+2)x+3)

b) f(x) = —(x + 2)’(x — 4)

€ y=-2x+6x—4

Solution

a) The function y = (x — 1)(x + 2)(x + 3) isin
factored form.

Use a table to organize information about the function. Then, use the
information to sketch the graph.

Degree 3

Leading Coefficient 1

End Behaviour extends down into quadrant Il and up into quadrant |
Zeros/x-Intercepts —3,-2,and 1

y-Intercept (0—1)0+2)0+3)=-6

Interval(s) Where the | positive values of f(x) in the intervals -3 < x < —2and x > 1
Function is Positive negative values of f(x) in the intervals x < —3and -2 < x < 1
or Negative

To check whether the function is positive or negative, test values
within the interval, rather than close to either side of the interval.

Mark the intercepts. Since the multiplicity of each zero is 1, the
graph crosses the x-axis at each x-intercept. Beginning in quadrant
III, sketch the graph so that it passes through x = —3 to above the
x-axis, back down through x = —2 to below the x-axis, through the
y-intercept —6, up through x = 1, and upward in quadrant I.

(0, +6)
)X + 2)(x +3)
y




b) The function f(x) = —(x + 2)*(x — 4) is in factored form.

)

Degree When the function is expanded, the exponent of the
highest-degree term is 4. The function is of degree 4.

Leading Coefficient When the function is expanded, the leading coefficient is
(=1)(13)(1) or —1.

End Behaviour extends down into quadrant Ill and down into quadrant IV
Zeros/x-Intercepts —2 (multiplicity 3) and 4
y-Intercept —(0+2P0-4)=32

Interval(s) Where the | positive values of f(x) in the interval -2 < x < 4
Function Is Positive negative values of f(x) in the intervals x < —2 and x > 4
or Negative

Mark the intercepts. Since the multiplicity of each zero is odd, the
graph crosses the x-axis at both x-intercepts. Beginning in quadrant
11, sketch the graph so that it passes through x = —2 to above the
x-axis through the y-intercept 32, continuing upward, and then back
down to pass through x = 4, and then downward in quadrant IV. In
the neighbourhood of x = —2, the graph behaves like the cubic curve
y=(x+ 2).

fx)A Why is it useful to evaluate the
140/ ) = —(x + 2P(x —4) function for values such as x = 2
and x = 37
1201 How are the multiplicity of the
zero of —2 and the shape of the
1001 graph at this x-intercept related?
80+
601
4970, 32)
2 a
P (—'2, O)v '(4, 0) N
-4/-2 10 2 | 4 6 | X
— 204
v i

First factor out the common factor.

v=—-2x+6x—4 How does factoring out the
y=-2(x—3x + 2) common factor help?

Next, use the integral zero theorem and the factor theorem
to determine the factors of the polynomial expression
x® — 3x + 2. Test possible factors of 2, that is, +1 and +2.

Substitute x = 1.

x}—3x+2
=1 —-3(1)+ 2
=1-3+2
=0
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Therefore, x — 1 is a factor.
Divide the polynomial expression x* — 3x + 2 by x — 1 to get the

factor x* + x — 2.

-1
«x| 1 1 -2 o

-1 | 1 0 -3 2 Why is one of the coefficients 0?7
2

Then, factor x* + x — 2 to give (x + 2)(x — 1). How can you check that the

So, the factored form of y = —2x® + 6x — 4 is factored form is equivalent
y=—2(x — 1)*(x + 2).

Degree 3

Leading Coefficient -2

End Behaviour extends up into quadrant Il and down into quadrant IV
Zeros/x-Intercepts —2 and 1 (multiplicity 2)

y-Intercept -4

Interval(s) Where the  positive values of f(x) in the interval x < —2

Function Is Positive  negative values of f(x) in the intervals —2 < x < Tand x > 1
or Negative

Mark the intercepts. The graph crosses the x-axis at x = —2
(multiplicity 1) and touches the x-axis at x = 1 (multiplicity 2).
Beginning in quadrant II, sketch the graph so that it passes through
x = —2 to below the x-axis, up through the y-intercept —4 to touch
the x-axis at x = 1, and then downward in quadrant IV.

\ YA

5] y=-2x3+6x—4

(+2.0) (1.9)

]

EN

o
XN

Your Turn

Sketch a graph of each polynomial function by hand. State the
characteristics of the polynomial functions that you used to sketch
the graphs.

a) g(x) = (x - 2)(x + 1)

b) f(x) = —x® + 13x + 12

to the original polynomial?



Graphing Polynomial Functions using Transformations

The graph of a function of the form y = a(b(x — h))" + k is obtained
by applying transformations to the graph of the general polynomial
function y = x", where n € N. The effects of changing parameters
in polynomial functions are the same as the effects of changing
parameters in other types of functions.

Parameter Transformation
k e Vertical translation up or down
c(x Y- xy+Kk
h ¢ Horizontal translation left or right
*(xy)—(x+hy
a * Vertical stretch about the x-axis by a factor of |a|
e For a < O, the graph is also reflected in the x-axis.

* (X Y) — (x ay)

b ¢ Horizontal stretch about the y-axis by a factor of |1?|
e For b < 0O, the graph is also reflected in the y-axis.
~ 06— (39

To obtain an accurate sketch of a transformed graph, apply the
transformations represented by a and b (reflections and stretches)
before the transformations represented by h and k (translations).

Example 3
Apply Transformations to Sketch a Graph

The graph of y = x® is transformed to obtain the graph of

y=—2(4(x — 1)) + 3.

a) State the parameters and describe the corresponding transformations.

b) Copy and complete the table to show what happens to the given
points under each transformation.

y=x y=(4x y=-2(4x y=-2(4x-1)°+3

c) Sketch the graph of y = —2(4(x — 1))* + 3.
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Solution

a) Compare the functions y = —2(4(x — 1))® + 3 and y = a(b(x — h))" + k
to determine the values of the parameters.
* b = 4 corresponds to a horizontal stretch of factor % Multiply the

x-coordinates of the points in column 1 by %

® g = —2 corresponds to a vertical stretch of factor 2 and a reflection
in the x-axis. Multiply the y-coordinates of the points in column 2
by —2.

* h = 1 corresponds to a translation of 1 unit to the right and
k = 3 corresponds to a translation of 3 units up. Add 1 to the
x-coordinates and 3 to the y-coordinates of the points in column 3.

b) y=x>  y=(4xP y=-2(4x° y=-2(4(x-1)°*+3
(-2, -8) (~0.5, —8) (~0.5, 16) (0.5, 19)
(=1, -1) (-0.25,-1)  (~0.25,2) (0.75, 5)
(0,0) (0,0) (0,0) (1.3)
a1 (0.25, 1) (0.25, —2) (1.25, 1)
(2. 8) (0.5, 8) (0.5, —16) (1.5, -13)

¢) To sketch the graph, plot the points from column 4 and draw a
smooth curve through them.

yA 4
o /
i @519 [/
. /
y=x
, /
/
ol |
(U/Abb\* /
"‘” Q\\‘v
< S A (125/) N
S22l ATlo 2 1314 5 |%
(1 14 |
/ v yEL2B(x—Mp+3
8
/ 2
(115,/=13)
Y Y
Your Turn

Transform the graph of y = x° to sketch the graph of y = —4(2(x + 2))° — 5.
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Example 4
Model and Solve Problems Involving Polynomial Functions

Bill is preparing to make an ice sculpture. He has a block of ice that is
3 ft wide, 4 ft high, and 5 ft long. Bill wants to reduce the size of the
block of ice by removing the same amount from each of the three
dimensions. He wants to reduce the volume of the ice block to 24 ft®.
a) Write a polynomial function to model this situation.

b) How much should he remove from each dimension?

Solution

a) Let x represent the amount to be removed from each dimension.

Then, the new dimensions are
length = 5 — x, width = 3 — x,
and height = 4 — x.

The volume of the ice block is 4—_ x

V(x) = Iwh

Vix) =056 —-x)3 - x4 — x) 5—x
3—x

b) Method 1: Intersecting Graphs
Sketch the graphs of V(x) = (5 — x)(3 — x)(4 — x) and V(x) = 24 on
the same set of coordinate axes. The point of intersection of the two
graphs gives the value of x that will result in a volume of 24 ft*.

Degree 3

Leading Coefficient -1

End Behaviour extends up into quadrant Il and down into quadrant IV
Zeros/x-Intercepts 3,4,and 5

Vy-Intercept 60

Interval(s) Where the
Function Is Positive
or Negative

positive values of V(x) in the intervals x < 3and4 < x< 5
negative values of V(x) in the intervals 3 < x<4and x> 5

V(x)1\
60 V(X) = (5 = X3 = x4 —x)

501
40/

301\ (1/24) V(=24

204

101

Since the point of intersection is (1, 24), 1 ft should be removed
from each dimension.
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Method 2: Factoring
Since the volume of the reduced block of ice is 24 ft?, substitute this
value into the function.
Vix) =06 -x)(03 —x)4 — x)
24 =5 —-x)(3 —x)4 — x)
24 = —x3% + 12x* — 47x + 60 Expand the right side.
0=—x*+12x> —47x + 36 Collect like terms.
0=—(x*—12x*+ 47x — 36)

The possible integral factors of the constant term of the polynomial
expression x° — 12x* + 47x — 36 are +1, £2, £3, £4, 6, +£9, £12,
+18, and +36.

Test x = 1.

x> — 12x* + 47x — 36
=1°—12(1)* + 47(1) — 36
=1—-12 + 47 — 36
=0
Therefore, x — 1 is a factor.

Divide the polynomial expression x* — 12x* + 47x — 36 by this factor.

x3 —12x* 4+ 47x — 36
x—1

=x*—11x + 36

The remaining factor, x> — 11x + 36, cannot be factored further.

Then, the roots of the equation are the solutions to x — 1 =0
and x* — 11x + 36 = 0.

Use the quadratic formula with a = 1, b = —11, and ¢ = 36 to
check for other real roots.

= —b £ Vb* — 4ac
- 2a
o= ~(E11) V(=11 - 4(1)(36)
B 2(1)
11 +vV121 — 144
X =
2
11 £vV-23 Since the square root of a negative number
X= 2 is not a real number, there are no real roots.

So, the only real root of 0 = —(x* — 12x* + 47x — 36) is x = 1.
Bill needs to remove 1 ft from each dimension to get a volume
of 24 ft.

Your Turn

Three consecutive integers have a product of —210.
a) Write a polynomial function to model this situation.
b) What are the three integers?



Key Ideas

You can sketch the graph of a polynomial function using the x-intercepts, the
y-intercept, the degree of the function, and the sign of the leading coefficient.

The x-intercepts of the graph of a polynomial function are the roots of the
corresponding polynomial equation.

When a polynomial function is in factored form, you can determine the zeros
from the factors. When it is not in factored form, you can use the factor theorem
and the integral zero theorem to determine the factors.

When a factor is repeated n times, the corresponding zero has multiplicity, n.

The shape of a graph close to a zero of x = a (multiplicity n) I TvA
is similar to the shape of the graph of a function with 4
degree equal to n of the form y = (x — a)". For example, the
graph of a function with a zero of x = 1 (multiplicity 3)
will look like the graph of the cubic function (degree 3)

y = (x — 1)* in the region close to x = 1.

2
[

1
—
|
=
=

o)

A
XY

Polynomial functions change sign at x-intercepts that

correspond to zeros of odd multiplicity. The graph crosses

over the x-axis at these intercepts. | y=X+2)Xx—1p
|

—=——Dn O

Polynomial functions do not change sign at x-intercepts \
that correspond to zeros of even multiplicity. The graph
touches, but does not cross, the x-axis at these intercepts.

[e0]

The graph of a polynomial function of the form y = a(b(x — h))" + k

[or y — k = a(b(x — h))"] can be sketched by applying transformations to the
graph of y = x", where n € N. The transformations represented by a and b may be
applied in any order before the transformations represented by h and k.

Check Your Understanding

Practise 2. Solve.
1. Solve. a) x+1)x+2)=0
a) x(x+3)x—4)=0 b) x*-1=0
b) (x —3)(x—-5)x+1)=0 0 (x+4)Px+2)2=0

) 2x+4)x—-3)=0
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3. Use the graph of the given function to b) yA
write the corresponding polynomial < >
possible equation. State the roots of the -4 - 7 2 /4\\ X
equation. The roots are all integral values. 20 \ |/
a) o ol N
2 Y *
NEY B0 N EER L ©) N,
[\, o
[\
| 4] < — >
, ull Ta| 12 ?( 2 | 4 X
y A 4 -6
b) \\ /
YA 4
Sl 2o/ 2 )4 % h 4
bl ) o 5
\ \ | e
\ \
-4 o428 2|4 X
\/ A 4 ' 8 II \
) IZ A _16 |
[\ \
M/AR a
VAN N RN ~32
I\l
| \ /I | Y
10 5. Without using technology, match each
\ 8 8y
_ raph with the corresponding function.
5 grap P 8
' / J ] Justify your choice.
4. For each graph, a) [ v f b) | kva
i) state the x-intercepts NI T4 X 2
ii) state the intervals where the function 2 <5 5 %
is positive and the intervals where it . SN T
1s negative
s nogel W v
ili) explain whether the graph might -
represent a polynomial that has zero(s) ) MNyA TS d | v
of multiplicity 1, 2, or 3 \ 4 / >
a) i 4 > < N
8 II c < 2 7(
< N 2
/ A ST 2Tl 27X ¥
[ LA\ v
< 4 12 2 | 4 X Ay=0Q2kx-1)-2B y=x—2PF-2
*I "v/ C y=05x*+3 D y=(—xPF+1
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6. The graph of y = x* is transformed to

obtain the graph of

v =0.5(—3(x — 1)) + 4.

a) What are the parameters and
corresponding transformations?

b) Copy and complete the table. Use the
headings y = (—3x)?, y = 0.5(—3x)%, and
y = 0.5(=3(x — 1))* + 4 for columns
two, three, and four, respectively.

¢) Sketch the graph of
y = 0.5(=3(x — 1)) + 4.

. For each function, determine

i) the x-intercepts of the graph

if) the degree and end behaviour of
the graph

ili) the zeros and their multiplicity

iv) the y-intercept of the graph

v) the intervals where the function is
positive and the intervals where it
is negative

a) v=Xx"— 4x* — 45x

b) f(x) = x* — 81x>

¢) h(x) =x*+3x*—x—3

d) k(x) = —x* — 2x® + 7x*> + 8x — 12

. Sketch the graph of each function in #7.

9. Without using technology, sketch the graph

of each function. Label all intercepts.
a) flx) = x* — 4x* + x* + 6x

b) y=x4+3x>—-6x—38

Q y=x*—4x>+x+6

d) hix) = —x*+5x>*—-7x+ 3

e) glx) = (x — 1)(x + 2)*(x + 3)*

f) f(x) = —x*—2x"4+3x*+4x — 4

Apply

10. For each graph of a polynomial function

shown, determine

e the sign of the leading coefficient

e the x-intercepts

e the intervals where the function is positive
and the intervals where it is negative

e the equation for the polynomial function

a) 7

N
100\
2

A

< —>
_4 4 |X
Y
b) y
16
Sl 2/0 214 %
-8
) VA
PIEA ANEN
_a zf\'/é a4 |x
_16.
—24-
Y
d) yA
4.
) r r —>
Jda 210 2 | 4 %
4
Y
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11.

12.

13.

a) Given the function y = x?, list the
parameters of the transformed

polynomial function
—(Lix—2) =
y= ( 3 (x 2)) 3.
b) Describe how each parameter in part a)
transforms the graph of the function
y =X
¢) Determine the domain and range for the
transformed function.

The competition swimming pool at
Saanich Commonwealth Place is in the
shape of a rectangular prism and has a
volume of 2100 m?®. The dimensions of
the pool are x metres deep by 25x metres
long by 10x + 1 metres wide. What are the
actual dimensions of the pool?

Did You Know?

Forty-four aquatic events in diving and swimming
were held at the Saanich Commonwealth Pool during
the 1994 Commonwealth Games held in Victoria,
British Columbia. Canada won 32 medals in aquatics.

A boardwalk that is x feet wide is
built around a rectangular pond. The
pond is 30 ft wide and 40 ft long. The
combined surface area of the pond and
the boardwalk is 2000 ft>. What is the
width of the boardwalk?
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14. Determine the equation with least degree

15.

16.

17.

for each polynomial function. Sketch a
graph of each.

a) a cubic function with zeros —3
(multiplicity 2) and 2 and
y-intercept —18

b) a quintic function with
zeros —1 (multiplicity 3) and 2
(multiplicity 2) and y-intercept 4

¢) a quartic function with a negative
leading coefficient, zeros —2
(multiplicity 2) and 3 (multiplicity 2),
and a constant term of —6

The width of a rectangular prism is

w centimetres. The height is 2 cm less

than the width. The length is 4 cm

more than the width. If the magnitude
of the volume of the prism is 8 times
the measure of the length, what are the
dimensions of the prism?

Three consecutive odd integers have

a product of —105. What are the three
integers?

A monument consists of two cubical
blocks of limestone. The smaller block
rests on the larger. The total height of the
monument is 5 m and the area of exposed
surface is 61 m? Determine the dimensions

of the blocks.

l Did You Know?

A type of limestone called Tyndall stone has
been quarried in Garson, Manitoba, since the
1890s. You can see this stone in structures such
as the Parliament Buildings in Ottawa, Ontario,
the Saskatchewan Legislative Building in Regina,
Saskatchewan, and the Manitoba Legislative
Building in Winnipeg, Manitoba.




18. Olutie is learning from her grandmother

19.

how to make traditional Inuit wall
hangings from stroud and felt. She plans
to make a square border for her square
wall hanging. The dimensions of the wall
hanging with its border are shown. Olutie
needs 144 in.? of felt for the border.

a) Write a polynomial expression to
model the area of the border.

b) What are the dimensions of her
wall hanging, in inches?

¢) What are the dimensions of the
border, in inches?

l Did You Know?

Stroud is a coarse woollen cloth traditionally used to
make wall hangings.

Inuit wall hanging, artist unknown.

Four consecutive integers have a product
of 840. What are the four integers?

Extend

20.

21.

22.

23.

Write a cubic function with x-intercepts of
V3, —V3, and 1 and a y-intercept of —1.

The roots of the equation

2x% + 3x* — 23x — 12 = 0 are
represented by a, b, and c¢ (from least
to greatest). Determine the equation

with roots a + b, 4, and ab.

b

a) Predict the relationship between
the graphs of y = x* — x? and
y=(x—-2)P—-(x—2)

b) Graph each function using technology
to verify your prediction.

¢) Factor each function in part a) to
determine the x-intercepts.

Suppose a spherical floating buoy has
radius 1 m and density % that of sea

water. Given that the formula for the

volume of a spherical cap is
_ TX 2 2
e = 6 (3a* + x%), to what depth
does the buoy sink in sea water?

l Did You Know?

Archimedes of Syracuse (287-212 B.c.e.) was a Greek
mathematician, physicist, engineer, inventor, and
astronomer. He developed what is now known as
Archimedes' principle: Any floating object displaces
its own weight of fluid.

Gravity

mobject
(mass of pnbjectl
the object) (density of

the object)

pquid
(density of the fluid)

Buoyancy
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Create Connections

C1 Why is it useful to express a polynomial in
factored form? Explain with examples.

C2 Describe what is meant by a root, a zero,
and an x-intercept. How are they related?

C3 How can you tell from a graph if the
multiplicity of a zero is 1, an even number,
or an odd number greater than 17?

c4 Materials

e graphing calculator
or computer with
graphing software

Apply your prior
knowledge of
transformations to
predict the effects
of translations, stretches, and
reflections on polynomial functions
of the form y = a(b(x — h))" + k and
the associated graphs.

Step 1 Graph each set of functions on one set

of coordinate axes. Sketch the graphs
in your notebook.

Set A Set B
i)yv=x° i) v=x*
i)y=x"+2 ii)y=(x+2)
il)) y = x* — 2 i) y = (x — 2)*

a) Compare the graphs in set A.
For any constant k, describe the
relationship between the graphs
ofy=x*and y = x* + k.

b) Compare the graphs in set B.
For any constant h, describe the
relationship between the graphs
of y=x*and y = (x — h)*

Step 2 Describe the roles of the parameters
h and k in functions of the form

y = a(b(x — h))" + k.
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Step 3 Graph each set of functions on one set
of coordinate axes. Sketch the graphs
in your notebook.

Set C Set D

i) y=x° i) y=x*

ii) y = 3x° i) y = %X“
iii) y = —3x° i) y = —%X‘l

a) Compare the graphs in set C. For
any integer value a, describe the
relationship between the graphs
of y = x* and y = ax®.

b) Compare the graphs in set D. For
any rational value a such that
—1<a<0or0<ac<1,describe
the relationship between the graphs
of y = x*and y = ax*.

Step 4 Graph each set of functions on one set
of coordinate axes. Sketch the graphs
in your notebook.

Set E Set F
i)y=x° i)y=x*

ii) y = (3x)® i)y = (%X)

iii) y = (=3%)° i) y = (—%xf

a) Compare the graphs in set E. For
any integer value b, describe the
relationship between the graphs
of y = x* and y = (bx)*.

b) Compare the graphs in set F. For
any rational value b such that
—1<b<0o0r0< b<1,describe
the relationship between the graphs
of y = x* and y = (bx)*.

Step 5 Describe the roles of the parameters

a and b in functions of the form
y = a(b(x — h))" + k.



Chapter 3 Review

3.1 Characteristics of Polynomial Functions,
pages 106-117

1. Which of the following are polynomial
functions? Justify your answer.

a) y=vVx+1
b) f(x) = 3x*

0 glx) =-3x*—2x*+x
d) y:%x+7

2. Use the degree and the sign of the leading
coefficient of each function to describe the
end behaviour of its corresponding graph.
State the possible number of x-intercepts
and the value of the y-intercept.

a) s(x) = x* — 3x* + 5x

b) p(x) = —x*+5x*—x+4
) y=3x—-2

d) y=2x*—-14

e) y=2x"-3x*+1

3. A parachutist jumps from a plane 11 500 ft
above the ground. The height, h, in feet, of
the parachutist above the ground ¢ seconds
after the jump can be modelled by the
function h(t) = 11 500 — 16¢2.

a) What type of function is h(#)?
b) What will the parachutist’s height above
the ground be after 12 s?

¢) When will the parachutist be 1500 ft
above the ground?

d) Approximately how long will it take the
parachutist to reach the ground?

3.2 The Remainder Theorem, pages 118-125

4. Use the remainder theorem to determine

the remainder for each division. Then,
perform each division using the indicated

method. Express the result in the

P(x) R
formX_XazQ(X)+X_a

any restrictions on the variable.

a) x* + 9x* — 5x + 3 divided by x — 2
using long division

b) 2x° + x* — 2x + 1 divided by x + 1
using long division

€) 12x* 4+ 13x* — 23x + 7 divided by x — 1
using synthetic division

d) —8x* — 4x + 10x® + 15 divided by
x + 1 using synthetic division

and identify

. @) Determine the value of k such that

when f(x) = x* + kx® — 3x — 5 is

divided by x — 3, the remainder is —14.
b) Using your value from part a),

determine the remainder when f(x)

is divided by x + 3.

. For what value of b will the polynomial

P(x) = 4x® — 3x*> + bx + 6 have the same
remainder when it is divided by both x — 1
and x + 37

3.3 The Factor Theorem, pages 126-135

7. Which binomials are factors of the

polynomial P(x) = x* — x> — 16x + 167
Justify your answers.

a) x—1
b) x+1
) x+ 4
d) x—4

. Factor fully.

a) xX* —4x>+x+ 6

b) —4x® — 4x* + 16x + 16

) x*—4x* — x* + 16x — 12

d) x* — 3x* — 5x® + 27x* — 32x + 12
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9. Rectangular blocks of granite are to be cut
and used to build the front entrance of a
new hotel. The volume, V, in cubic metres,
of each block can be modelled by the
function V(x) = 2x® + 7x* + 2x — 3, where
X is in metres.

a) What are the possible dimensions of the
blocks in terms of x?

b) What are the possible dimensions of the
blocks when x = 17

10. Determine the value of k so that x + 3 is a
factor of x* + 4x* — 2kx + 3.

3.4 Equations and Graphs of Polynomial
Functions, pages 136-152
11. For each function, determine
e the x-intercepts of the graph
e the degree and end behaviour of the graph
e the zeros and their multiplicity
e the y-intercept of the graph
e the interval(s) where the function is
positive and the interval(s) where it
is negative
Then, sketch the graph.
a) y=(x+ 1 - 2)(x+ 3)
b) v = (x — 3)(x + 2)?
0 glx) =x*— 16x*
d) g(x) = —x° + 16x
12. The graph of y = x® is transformed to
obtain the graph of y = 2(—4(x — 1))® + 3.
a) What are the parameters and
corresponding transformations?

b) Copy and complete the table.

Parameter
Transformation Value Equation
horizontal stretch/ _
reflection in y-axis y=
vertical stretch/ _
reflection in x-axis y=
translation _
left/right y=
translation _
up/down y=

¢) Sketch the graph of
y=2(—4(x — 1)) + 3.
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13. Determine the equation of the polynomial
function that corresponds to each graph.

a) 7
P
7 o] X
’ 4
Y 4
b) YA
[
El
[T\
A
\
< \ »
S 2 o] | 2\/%
2% \

14. The zeros of a quartic function are
—2, —1, and 3 (multiplicity 2).
a) Determine equations for two functions
that satisfy this condition.

b) Determine the equation of the function
that satisfies this condition and passes
through the point (2, 24).

15. The specifications for a cardboard box state

that the width must be 5 cm less than the
length, and the height must be double the
length.

a) Write the equation for the volume of
the box.

b) What are the dimensions of a box with
a volume of 384 cm?®?



. Chapter 3 Practice Test <

Multiple Choice 5. Which statement describes how to
transform the function y = x® into

3
y= 3(%(;( - 5)) — 27
A stretch horizontally by a factor of 3,

For #1 to #5, choose the best answer.

1. Which statement is true?

A Some odd-degree polynomial functions

. stretch vertically by a factor of 1
have no x-intercepts. 4

and translate 5 units to the left and

B Even-degree polynomial functions 2 units up

always have an even number of

x-intercepts. B stretch horizontally by a factor of 3,

. 1
C All odd-degree polynomial functions stretch vertically by a factor of 4’

have at least one x-intercept. and translate 2 units to the right and

D All even-degree polynomial functions 5 units down

have at least one x-intercept. C stretch horizontally by a factor of

4, stretch vertically by a factor of 3,
and translate 5 units to the right and
2 units down

2. Which statement is true for
P(x) = 3x® + 4x* + 2x — 97
A When P(x) is divided by x + 1, the
remainder is 6.

B x — 1 is a factor of P(x).

D stretch horizontally by a factor of
4, stretch vertically by a factor of 3,
and translate 2 units to the left and

C P(3) =36 5 units up
D P(x) = (x+ 3)(3x* —5x + 17) + 42
3. Which set of values for x should be Short Answer

tested to determine the possible zeros
of x* — 2x* — 7x* — 8x + 127

A £1, £2, +4, +12
B +1, +2, +£3, +4, 46
C =+1, £2, +£3, +4, £6, =8
D +1, +2, +3, 4, £6, £12
4. Which of the following is a factor of

6. Determine the real roots of each equation.
a) (x+4)(x—-3)=0
b) (x —3)(x+1)?=0
) (4x*—-16)(x* —3x—10)=0
d) (9x* —81)(x*—-9)=0

7. Factor each polynomial in x.

2% — 5x* — Ox + 187 a) P(x) = x* + 4x*> + 5x + 2
A x—1 b) P(x) = x* — 13x* + 12
B x4 2 ) P(x) = —x* + 6x* — 9x
C x+43 d Px)=x*—-—3x>+x+5
D x—6
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8. Match each equation with the Extended Response
corresponding graph of a polynomial
function. Justify your choices.

9. Boxes for candies are to be constructed
from cardboard sheets that measure

a) y=x"4+3x"-3x*-7x+6 36 cm by 20 cm. Each box is formed by
b) y = x* — 4x* + 4x folding a sheet along the dotted lines,
as shown.

) y=-2x4+6x*+2x—6

A 7
A
d
[
R
I 36 cm |
~ 4 210 2 [ a % a) What is the volume of the box as a
2| | i ;
| function of x7
LW/ b) What are the possible whole-number
K / dimensions of the box if the volume is
to be 512 cm??
A 4 10. a) Identify the parameters
B Y 7 a, b, h, and k in the polynomial
y= %(X + 3)° — 2. Describe
[ how each parameter transforms
II - the base function y = x°.
| 4 | b) State the domain and range of the
| > \ transformed function.
b \f R ¢) Sketch graphs of the base function and
T2 1d270 IR EES the transformed function on the same
| > set of axes.
Voo
4
) 4
C VA )
- /
i / A
Sldal 200 2 | 4 %
|
h
[
A 2
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Unit 1 Project Wrap-Up

The Art of Mathematics

e Select a piece of artwork, a photo, or an image that clearly
illustrates at least two different types of functions you have
encountered in this unit, such as linear, absolute value,
quadratic, radical, and polynomial.

e Determine function equations that model at least two aspects or
portions of the image.

e Justify your choice of equations by superimposing them on the
image.

e Display your piece of art. You may wish to use a poster, a
PowerPoint presentation, a brochure, or
some other format of your
choice.

You may wish to create a
class bulletin board to
display your artwork.
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Cumulative Review, Chapters 1-3

Chapter 1 Function Transformations

1. Given the graph of the function y = f(x)
sketch the graph of each transformation.

VA

a) y+2=fx-23) b) y+1=—f(x)
) yv=f(8x+6) d) y = 3f(—x)

2. Write the equation for the translated graph,

g(x), in the form y — k = f(x — h)
IZ

3. Describe the combination of transformations
that must be applied to the function f(x) to

obtain the transformed function g(x).

a) v=f(x)and g(x) = fx + 1) — 5

b) f(x) = x* and g(x) = —3(x — 2)?

0 f(x) =|x|and g(x) = |-x + 1| + 3
4. The graph of y = f(x) is transformed as

indicated. State the coordinates of the

image point of (6, 9) on the transformed

graph.

a) h( ):f(x—3)+1

b) i) = ~2f(x)

<) ( ) = f(—3x)
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5. The x-intercepts of the graph of y = f(x)
are —4 and 6. The y-intercept is —3.
Determine the new x-intercepts and
y-intercept for each of the following
transformations of f(x)

a) y = f(3x) b) y = —2f(x)
6. Consider the graph of y = |x| + 4.
vA
8.
® Sixi+4
2.
5 a a0l 24 6 %
v

a) Does this graph represent a function?
b) Sketch the graph of the inverse of

= |x| + 4.
¢) Is the inverse of y = |x| + 4 a function?

If not, restrict the domain of y = |x| + 4
so that its inverse is a function.

Chapter 2 Radical Functions

7. The graph of the function f(x) = vX is
transformed to the graph shown. Determine
the equation of the transformed graph in

the form g(x) =v/b(x —

y
2
9x)
Sl-20 4 | 6| 8 |X
4>

8. The graph of the function f(x) = vX is
transformed by a vertical stretch by a
factor of 2 and then reflected in the y-axis
and translated 1 unit to the left. State the
equation of the transformed function,
sketch the graph, and identify the domain
and range.



9. The graph of g(x) is a transformation of
the graph of f(x).

yA
8
g(X)
6
S
4 ’/
ftx)
) ///
[ /
< »
0 2 4 6 3 | X
Y

a) Write the equation of g(x) as a
horizontal stretch of f(x).

b) Write the equation of g(x) as a
vertical stretch of f(x).

¢) Show that the functions in parts a)
and b) are equivalent.

10. Consider the functions f(x) = x* — 1
and g(x) =+/f(x).

a) Compare the x-intercepts of the
graphs of the two functions. Explain
your results.

b) Compare the domains of the functions.
Explain your results.

11. The radical equation 2x =vx + 3 — 5 can
be solved graphically or algebraically.

a) Ron solved the equation algebraically

and obtained the solutions x = —2.75
and x = —2. Are these solutions correct?
Explain.

b) Solve the equation graphically to
confirm your answer to part a).
12. Consider the function f(x) = 3V’x — 4 — 6.
a) Sketch the graph of the function and
determine its x-intercept.
b) Solve the equation 0 = 3vx — 4 — 6.
¢) Describe the relationship between the

x-intercept of the graph and the solution
to the equation.

Chapter 3 Polynomial Functions

13.

14.

15.

16.

17.

18.

Divide each of the following as indicated.
Express your answer in the form

P(x) R :
~—a = Q) + x— Confirm your

remainder using the remainder theorem.
a) x* + 3x + 4 divided by x + 1

b) x® + 5x* + x — 9 divided by x + 3
List the possible integral

zeros of the polynomial

P(x) = x* — 3x® — 3x* + 11x — 6. Use
the remainder theorem to determine the
remainder for each possible value.
Factor fully.

a) x* — 21x + 20

b) x® + 3x* — 10x — 24

) —x*+8x*—16

Determine the x-intercepts and the
y-intercept of the graphs of each
polynomial function. Then, sketch the
graph.

a) flx) = —x% + 2x* + 9x — 18

b) g(x) = x* — 2x* — 3x* + 4x + 4

The volume of a box is represented by the
function V(x) = x* + 2x? — 11x — 12.

a) If the height of the box can be
represented by x + 1, determine the
possible length and width by factoring
the polynomial.

b) If the height of the box is 4.5 m,
determine the dimensions of the box.

Determine the equation of the transformed
function.

f(x) = x° is stretched vertically about the
x-axis by a factor of 3, then reflected in the
y-axis, and then translated horizontally

5 units to the right.
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Unit 1 Test

Multiple Choice

For #1 to #7, choose the best answer.

1. The graph of f(x)
g(x), are shown below.

VA
6
g(x)
A Fl\\
/ Q\J\)
AANE
\ \
< \ >
-6 -4 —2\o] | 2 [\4 X
-2
Y

The equation of the transformed
function is

(X]:f(%X—S)) +1
gx) = fl2(x = 3)) + 1
_ 1
cgm—ﬂ§x+m)
D glx)=f2(x+3)) +1

2. The graph of the function y = f(x) is
transformed by a reflection in the y-axis

and its transformation,

and a horizontal stretch about the y-axis by

a factor of 3. Which of the following will

not change?
I the domain
Il the range

Il the x-intercepts
IV the y-intercept

A Ionly

B Iand III

C IITand IV

D depends on y = f(x)
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. If the graph of y =

. If P(x) = —x°

. Which pair of functions are not inverses of

each other?

Af(x)=5xandg()—§

B flx)=x+3andglx)=x—3

C f(X=4X—1andg(X]=ZX+%
Df(x)=§+5andg(x)=zx-5

. Which function has a domain of {x | x € R}

and a range of {y | y > —3, y € R}?

A y=|x+4 -3

y=vVx+4 -3
C y=Vx*—4-3
D y=(x—4)P-3

Vx + 3 is reflected
in the line y = x, then which statement
is true?

A All invariant points lie on the y-axis.

The new graph is not a function.
The point (6, 3) will become (-3, 6).

The domain of the new graph is
{x|x=0,xeR}

o N

. If the graph of a polynomial function of

degree 3 passes through (2, 4) and has
x-intercepts of —2 and 3 only, the function
could be

A flx) =x*+ x*—8x— 12

B flx)=x%—x*—8x+ 12

C flx) =x*—4x*—3x+ 18

D f(x)=x+4x*—3x— 18

— 4x% 4+ x + 4, then
A x + 1is a factor

B P(0)=-1

C the y-intercept is —4

D

x — 1 is not a factor



Numerical Response

Copy and complete the statements in #8
to #11.

8. When x* + k is divided by x + 2, the
remainder is 3. The value of k is .

9. If the range of the function y = f(x) is
{y | y = 11, y € R}, then the range of the
new function g(x) = f(x + 2) — 3 is .

10. The graph of the function f(x) = |x|
is transformed so that the point (x, y)
becomes (x — 2, y + 3). The equation of
the transformed function is g(x) = .

11. The root of the equation x =v2x — 1 + 2
is i

Written Response

12. a) The graph of y = x* is stretched
horizontally about the y-axis by a factor
of % and then translated horizontally
6 units to the right. Sketch the graph.

b) The graph of y = x* is translated
horizontally 6 units to the right and
then stretched horizontally about the

y-axis by a factor of % Sketch the
graph.
c) How are the two images related?
Explain.
13. Consider f(x) = x* — 9.
a) Sketch the graph of f(x).

b) Determine the equation of the inverse of
f(x) and sketch its graph.

c) State the equation of y =+/f(x) and
sketch its graph.

d) Identify and compare the domain and
range of the three relations.

14. The graph of y = f(x) represents one
quarter of a circle. Describe the reflections
of y = f(x) required to produce a whole
circle. State the equations required.

vk

6
O

4
4

2.
c

A
XY

2
c

Y

15. Mary and John were asked to solve the

equation 2x =Vx + 1 + 4.

a) Mary chose to solve the equation
algebraically. Her first steps are shown.
Identify any errors in her work, and
complete the correct solution.

2x =vVx+ 1+ 4

Step 1: (2x)? = Vx + 1 + 4)?
Step 2: 4x*=x+ 1+ 16

b) John decided to find the solution
graphically. He entered the following
equations in his calculator. Could
his method lead to a correct answer?

Explain.
y=vx+1+4
yV=2x

16. Given that x + 3 is a factor of the
polynomial P(x) = x* + 3x* + ¢x*> — 7x + 6,
determine the value of ¢. Then, factor the
polynomial fully.

17. Consider P(x) = x®* — 7x — 6.
a) List the possible integral zeros of P(x).
b) Factor P(x) fully.

¢) State the x-intercepts and y-intercept of
the graph of the function P(x).

d) Determine the intervals where P(x) > 0.
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unit 2

Trigonometry

Trigonometry is used extensively
in our daily lives. For example,
will you listen to music today?
Most songs are recorded digitally
and are compressed into MP3
format. These processes all
involve trigonometry.

Your phone may have a built-in
Global Positioning System
(GPS) that uses trigonometry to
tell where you are on Earth’s
surface. GPS satellites send a
signal to receivers such as the
one in your phone. The signal
from each satellite can be
represented using trigonometric
functions. The receiver uses
these signals to determine the
location of the satellite and then
uses trigonometry to calculate
your position.

Looking Ahead

In this unit, you will solve problems
involving...

e angle measures and the unit circle
e trigonometric functions and their graphs
e the proofs of trigonometric identities

* the solutions of trigonometric equations
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Applications of Trigonometry

In this project, you will explore angle measurement, trigonometric equations, and
trigonometric functions, and you will explore how they relate to past and present
applications.

In Chapter 4, you will research the history of units of angle measure such as radians.
In Chapter 5, you will gather information about the application of periodic functions
to the field of communications. Finally, in Chapter 6, you will explore the use of
trigonometric identities in Mach numbers.

At the end of the unit, you will choose at least one of the following options:

* Research the history, usage, and relationship of types of units for angle measure.

e Examine an application of periodic functions in electronic communications and
investigate why it is an appropriate model.

e Apply the skills you have learned about trigonometric identities to supersonic travel.

e Explore the science of forensics through its applications of trigonometry.
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CHAPTER

Trigonometry
and the
Unit Circle

Have you ever wondered about the repeating
patterns that occur around us? Repeating patterns
occur in sound, light, tides, time, and molecular
motion. To analyse these repeating, cyclical
patterns, you need to move from using ratios in
triangles to using circular functions to approach
trigonometry.

In this chapter, you will learn how to model and
solve trigonometric problems using the unit circle
and circular functions of radian measures.

l Did You Know?

The flower in the photograph is called the Trigonometry daffodil.
Why do you think this name was chosen?

—

Key Terms

radian cosecant

coterminal angles secant

general form cotangent

unit circle trigonometric equation
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Career Link

Engineers, police investigators, and legal
experts all play key roles following a serious

collision. Investigating and analysing a
motor vehicle collision can provide valuable
evidence for police and insurance reports.
You can be trained in this fascinating

and important field at police schools,

engineering departments, and technical
institutes.

—/

To learn more about accident reconstruction and
training to become a forensic analysis investigator,
go to www.mcgrawhill.ca/school/learningcentres and
follow the links.




/.

Angles and Angle
Measure

Focus on...

¢ sketching angles in standard position measured in
degrees and radians

converting angles in degree measure to radian
measure and vice versa

determining the measures of angles that are
coterminal with a given angle

solving problems involving arc lengths, central
angles, and the radius in a circle

Angles can be measured using different units, such as revolutions,
degrees, radians, and gradians. Which of these units are you familiar
with? Check how many of these units are on your calculator.

Angles are everywhere and can be found in unexpected places. How
many different angles can you see in the structure of the racing car?

Did You Know?

Sound (undamaged) hooves of all horses share certain
angle aspects determined by anatomy and the laws of
physics. A front hoof normally exhibits a 30° hairline and
a 49° toe angle, while a hind hoof has a 30° hairline and
a 55° toe angle.

Investigate Angle Measure

Materials Work in small groups.

* masking tape 1. Mark the centre of a circle on the floor with sidewalk chalk. Then,
* sidewalk chalk using a piece of string greater than 1 m long for the radius, outline
* string the circle with chalk or pieces of masking tape.

® measuring tape 2. Label the centre of the circle O. Choose any point A on the

circumference of the circle. OA is the radius of the circle. Have

one member of your group walk heel-to-toe along the radius,
counting foot lengths. Then, have the same person count the same
number of foot lengths moving counterclockwise from A along the
circumference. Label the endpoint B. Use tape to make the radii AO
and BO. Have another member of the group confirm that the radius
AO is the same length as arc AB.
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3. Determine, by walking round the circle from B, approximately
how many times the length of the radius fits onto the
circumference.

B

Reflect and Respond
4. Use your knowledge of circumference to show that your answer
in step 3 is reasonable.

5. Is ZAOB in step 3 greater than, equal to, or less than 60°?
Discuss this with your group.

6. Determine the degree measure of ZAOB, to the nearest tenth of
a degree.

7. Compare your results with those of other groups. Does the
central angle AOB maintain its size if you use a larger circle?
a smaller circle?

Link the Ideas

In the investigation, you encountered several key points associated
with angle measure.

By convention, angles measured in a counterclockwise direction
are said to be positive. Those measured in a clockwise direction
are negative. radian

¢ one radian is the
measure of the central
angle subtended in a
circle by an arc equal in

The angle AOB that you created measures 1 radian.

One full rotation is 360° or 27 radians.

One half rotation is 180° or T« radians. length to the radius of
the circle
One quarter rotation is 90° or g radians. e 21 =360°
- =1 full rotation (or
One eighth rotation is 45° or 2 radians. revolution)
B
Many mathematicians omit units for radian measures. For .
example, zTﬂ radians may be written as 2771 Angle measures A

. . . . X A
without units are considered to be in radians.
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Example 1
Convert Between Degree and Radian Measure

Draw each angle in standard position. Change each degree measure
to radian measure and each radian measure to degree measure. Give
answers as both exact and approximate measures (if necessary) to the
nearest hundredth of a unit.

a) 30° b) —120°
) EjT“ d) 2.57
Solution
a) YA
terminal An angle in standard position has its
arm centre at the origin and its initial arm
P 30° along the positive x-axis.
- 0 x

In which direction are positive angles
measured?

Y

Unitary Method
360° = 27
o_ 2T
360
__T
180
o_ T
0= 30(180)

T .
g isan exact value.

b) VA

Why is the angle drawn using a
clockwise rotation?

A
N 4

-120°

v
Proportion Method

180° = T
—120° _ x
180° ~ T
—120T7
X="180
__2m
-3
~ —2.09

So, —120° is equivalent to —Z%T or approximately —2.09.
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€) wis % rotation. VA

™. 1 .
Y 1s B rotation. Sx

4
So %T terminates in P / \

the third quadrant.

<Y

Unit Analysis
s _ (5m)(180°)

Why does (@) have value 1?7

4 4 ™
_5(180°)
4
= 225°
%T is equivalent to 225°.
d) 7 (approximately 3.14) is % rotation. VA
g (approximately 1.57) is % rotation.
_ | 257
2.57 is between 1.57 and 3.14, P [\ =
so it terminates in the second quadrant. h 0 X
v
Unitary Method Proportion Method Unit Analysis
T = 180° =28 2.57
1= 180° ) —9 57(1800)
257 = 2'57(1210 ) I
. o
180° x = 462.67 = 4628
_257(1807) - %
T ~ 147.25°
_ 462.6° X =~ 147.25°
S
~ 147.25°
62.6°

2.57 is equivalent to 4 or approximately 147.25°.

Your Turn

Draw each angle in standard position. Change each degree measure to
radians and each radian measure to degrees. Give answers as both exact
and approximate measures (if necessary) to the nearest hundredth of

a unit.

a) —270° b) 150°
7T
0 % d) —1.2
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l Did You Know?

Most scientific and
graphing calculators
can calculate using
angle measures in
both degrees and
radians. Find out how
to change the mode
on your calculator.




coterminal angles

e angles in standard
position with the same
terminal arms

e may be measured in
degrees or radians

« Tand o are
4 4
coterminal angles, as

are 40° and —320°
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Coterminal Angles

When you sketch an angle of 60° and an angle of 420° in standard
position, the terminal arms coincide. These are coterminal angles.

YA
: /0 \\600 ;
K/420° X
Y
Example 2

Identify Coterminal Angles

Determine one positive and one negative angle measure that is
coterminal with each angle. In which quadrant does the terminal arm lie?

a) 40° b) —430° ) 87“

Solution

a) The terminal arm is in quadrant I.
To locate coterminal angles, begin on the terminal arm of the given
angle and rotate in a positive or negative direction until the new
terminal arm coincides with that of the original angle.

YA YA
DR ¢ S - ..
< o/ x oL/ X
Y Y

40° + 360° = 400° 40° + (—360°) = —320°
Two angles coterminal with 40° are 400° and —320°.  What other answers
are possible?
b) The terminal arm of —430° is in quadrant IV.

VA y
_430°
9 {/ X /4300 X
A 4

—430° 4+ 360° = —70° —430° 4+ 720° = 290° The reference angle
Two angles coterminal with —430° are 290° and —70°, s 70"



) VA

8m
3 8n _6m  2m
] 3 3 3
< N N .
< QJ % So, the angle is one full

rotation (27) plus %T

Y

The terminal arm is in quadrant II.

There are 27 or bn in one full rotation.

3
Counterclockwise one full rotation: 8% + %T = MTﬂ
8T 6T _ 2T

Clockwise one full rotation: 3 -3 ~3

3 3
Clockwise two full rotations: 8% — lZTTr = —4%
Two angles coterminal with %T are ZT‘R and —%ﬂ.

Your Turn

For each angle in standard position, determine one positive and
one negative angle measure that is coterminal with it.

a) 270° b) —%“ ) 740°

Coterminal Angles in General Form

By adding or subtracting multiples of one full rotation, you can write an
infinite number of angles that are coterminal with any given angle.

For example, some angles that are coterminal with 40° are
40° + (360°)(1) = 400° 40° — (360°)(1) = —320°
40° + (360°)(2) = 760° 40° — (360°)(2) = —680°

In general, the angles coterminal with 40° are 40° + (360°)n, where
n is any natural number.

Some angles coterminal with 2T are

3
2m _2m 6w 2m _ 2m _ 6w
3+ 2m(1) = 5 t3 3 2m(1) = 3
_ 8w _ _4m
3 3
2T _ 2w | 127 2T 2 127
T + 27((2) = 3 + 3 3 27((2) 3 3
_ 14w — 10w
3 - 3
I . s 2TC 2T .
n general, the angles coterminal with 5 are 5 + 27n, where n is

any natural number.
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general form

* an expression
containing parameters
that can be given
specific values to
generate any answer
that satisfies the given
information or situation

represents all possible
cases
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Any given angle has an infinite number of angles coterminal with it,
since each time you make one full rotation from the terminal arm,
you arrive back at the same terminal arm. Angles coterminal with any
angle 6 can be described using the expression

0 + (360°)n or O + 27n,

where n is a natural number. This way of expressing an answer is
called the general form.

Example 3
Express Coterminal Angles in General Form

a) Express the angles coterminal with 110° in general form. Identify the
angles coterminal with 110° that satisfy the domain —720° < 6 < 720°.
8w
3
in the domain —4m < 6 < 4.

b) Express the angles coterminal with

8T
3

in general form. Identify the
angles coterminal with
Solution
a) Angles coterminal with 110° occur at 110° + (360°)n, n € N.
Substitute values for n to determine these angles.
n 1 2 3
110°— (360°)n = -250° —610°  —970°
110° + (360°)n  470° 830°  1190°

From the table, the values that satisfy the domain —720° < 6 < 720°
are —610°, —250°, and 470°. These angles are coterminal.

b) 877( + 2mn, n € N, represents all angles coterminal with 8%

Substitute values for n to determine these angles.

n 1 2 3 4
The angles in the domain —4w < 6 < 4m that are Why is — 16T ot an
coterminal are —wTW, —%T, and 2?71 acceptable%nswer?

Your Turn

Write an expression for all possible angles coterminal with each
given angle. Identify the angles that are coterminal that satisfy
—360° < 6 < 360° or —27 < 0 < 2. 9

0y

a) —500° b) 650° c) e



Arc Length of a Circle

All arcs that subtend a right angle (%) have the same central angle, but

they have different arc lengths depending on the radius of the circle. The
arc length is proportional to the radius. This is true for any central angle
and related arc length.

Consider two concentric circles with centre O.
The radius of the smaller circle is 1, and the

radius of the larger circle is r. A central angle of e 0
0 radians is subtended by arc AB on the smaller ‘q.
circle and arc CD on the larger one. You can a
write the following proportion, where x /

represents the arc length of the smaller circle
and a is the arc length of the larger circle.

a_r
X 1
a = Xxr ®

Consider the circle with radius 1 and the sector with central angle 6.
The ratio of the arc length to the circumference is equal to the ratio of
the central angle to one full rotation.

x _ 0

_— = Whyisr=17
27r 2T
_(6
x_(zﬂ)zm)
x=0

Substitute x = 6 in @®.
a=6r

This formula, a = 6r, works for any circle, provided that 6 is measured
in radians and both a and r are measured in the same units.

Example 4
Determine Arc Length in a Circle

Rosemarie is taking a course in industrial engineering. For an
assignment, she is designing the interface of a DVD player. In her
plan, she includes a decorative arc below the on/off button. The arc
has central angle 130° in a circle with radius 6.7 mm. Determine the
length of the arc, to the nearest tenth of a millimetre.

130°
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Solution

Method 1: Convert to Radians and Use the Formula a = Or
Convert the measure of the central angle to radians before using
the formula a = 6r, where a is the arc length; 6 is the central angle,
in radians; and r is the length of the radius.

180° =T

T
o —
1 ~ 180

180
_ 13
18
a=0r

137
= (5 )en
_ 871w

18
= 15.201...

130° = 130(i)

Why is it important to use exact
values throughout the calculation
and only convert to decimal
fractions at the end?

The arc length is 15.2 mm, to the nearest tenth of a millimetre.

Method 2: Use a Proportion
Let a represent the arc length.

arc length central angle
: = ; . . 67mm
circumference  full rotation e S
a _130° ! 130° ]

2m(6.7)  360°
_ 2m(6.7)130°
T 360° a
=15.201...

The arc length is 15.2 mm, to the nearest tenth of a millimetre.

Your Turn

If a represents the length of an arc of a circle with radius r, subtended by
a central angle of 0, determine the missing quantity. Give your answers to
the nearest tenth of a unit.

a) r=8.7cm, 0 =75°a=MEcm

b) r=Emm, 6 =1.8,a =4.7 mm

¢ r=5m,a=13m,0 =0



Key Ideas

e Angles can be measured using different units, including degrees and radians.

e An angle measured in one unit can be converted to the other unit using the
relationships 1 full rotation = 360° = 2.

@ An angle in standard position has its vertex at the origin and its initial
arm along the positive x-axis.

e Angles that are coterminal have the same initial arm and the same
terminal arm.

e An angle 6 has an infinite number of angles that are coterminal expressed
by 6 + (360°)n, n € N, in degrees, or 6 + 27n, n € N, in radians.

@ The formula a = 8r, where a is the arc length; 6 is the central angle, in
radians; and r is the length of the radius, can be used to determine any of
the variables given the other two, as long as a and r are in the same units.

Check Your Understanding

Practise 4. Convert each radian measure to degrees.

1. For each angle, indicate whether the
direction of rotation is clockwise or
counterclockwise.

a) —4w b) 750°
€) —38.7° d) 1

2. Convert each degree measure to radians.
Write your answers as exact values.

Sketch the angle and label it in degrees
and in radians.

a) 30° b) 45°
¢) —330° d) 520°
e) 90° f) 21°

3. Convert each degree measure to radians.
Express your answers as exact values and
as approximate measures, to the nearest
hundredth of a radian.

a) 60° b) 150°
) —270° d) 72°
e) —14.8° f) 540°

Express your answers as exact values and
as approximate measures, to the nearest
tenth of a degree, if necessary.

T 2T

a) 5 b) 3
3T 57
75 97
e) 1 f) 2.75

. Convert each radian measure to degrees.

Express your answers as exact values and
as approximate measures, to the nearest
thousandth.

27 yis
a) - b) 13
2
€) 3 d) 3.66
e) —6.14 f) —20

. Sketch each angle in standard position. In

which quadrant does each angle terminate?

a) 1 b) —225°

) ”T“ d) 650°
2T o

e) 2% f) —42
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10.

11.

12.

. Determine one positive and one negative

angle coterminal with each angle.

a) 72° b) %T
Q —120° d) “T“
e) —205° f) 7.8

. Determine whether the angles in each pair

are coterminal. For one pair of angles,
explain how you know.

57 177 ST 9w
a) 6’ 6 b) 2

2
) 410°, —410° d) 227°, —493°

. Write an expression for all of the angles

coterminal with each angle. Indicate what
your variable represents.

o _T
a) 135 b) 9
c) —200° d) 10

Draw and label an angle in standard
position with negative measure. Then,
determine an angle with positive measure

that is coterminal with your original angle.

Show how to use a general expression for

coterminal angles to find the second angle.

For each angle, determine all angles that
are coterminal in the given domain.

a) 65° 0° < 0 < 720°

b) —40°, —180° < 6 < 360°

€) —40°, —720° < 0 < 720°

d) %,—27\'§6<27\'

11w

6 , —4T <0 <47

e)

7T
n r
g) 24, 2w <6< 2w
h) —7.2, -4w <0 < 27

2T<0 <47

Determine the arc length subtended by
each central angle. Give answers to the
nearest hundredth of a unit.

a) radius 9.5 cm, central angle 1.4
b) radius 1.37 m, central angle 3.5
¢) radius 7 cm, central angle 130°

d) radius 6.25 in., central angle 282°
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13. Use the information in each diagram to

determine the value of the variable. Give
your answers to the nearest hundredth of
a unit.

a) 9cm

b)

“

€) 15cm

-

d)

»

Apply

14. A rotating water sprinkler makes one

revolution every 15 s. The water reaches a
distance of 5 m from the sprinkler.

a) What is the arc length of the sector
watered when the sprinkler rotates
through %T? Give your answer as both
an exact value and an approximate
measure, to the nearest hundredth.

b) Show how you could find the area of
the sector watered in part a).

¢) What angle does the sprinkler rotate
through in 2 min? Express your answer
in radians and degrees.



15.

16.

Angular velocity describes the rate of
change in a central angle over time. For
example, the change could be expressed in
revolutions per minute (rpm), radians per
second, degrees per hour, and so on. All
that is required is an angle measurement
expressed over a unit of time.

a) Earth makes one revolution every 24 h.
Express the angular velocity of Earth in
three other ways.

b) An electric motor rotates at 1000 rpm.
What is this angular velocity expressed
in radians per second?

¢) A bicycle wheel completes
10 revolutions every 4 s. Express this
angular velocity in degrees per minute.

Skytrek Adventure Park in Revelstoke,
British Columbia, has a sky swing. Can
you imagine a 170-ft flight that takes riders
through a scary pendulum swing? At one
point you are soaring less than 10 ft from
the ground at speeds exceeding 60 mph.

a) The length of the cable is 72 ft and you
travel on an arc of length 170 ft on one
particular swing. What is the measure
of the central angle? Give your answer
in radians, to the nearest hundredth.

b) What is the measure of the central angle
from part a), to the nearest tenth of
a degree?

#%.

EEE,

17. Copy and complete the table by

18.

19.

converting each angle measure to its
equivalent in the other systems. Round
your answers to the nearest tenth
where necessary.

Revolutions Degrees Radians

a) 1 rev

b) 270°

) %ﬂ
d) 17
e) —40°

f) 0.7 rev

g) —3.25 rev

h) 460°

i) -3r
Joran and Jasmine are discussing
expressions for the general form of
coterminal angles of 78°. Joran claims

the answer must be expressed as

78° 4+ (360°)n, n € 1. Jasmine indicates
that although Joran’s expression is correct,
another answer is possible. She prefers
78° + k(360°), k € N, where N represents
positive integers. Who is correct? Why?

The gradian (grad) is another unit of

angle measure. It is defined as ﬁ of a

revolution, so one full rotation contains
400 grads.

a) Determine the number of gradians
in 50°.
b) Describe a process for converting

from degree measure to gradians and
vice versa.

¢) Identify a possible reason that the
gradian was created.

Did You Know?

Gradians originated in France in the 1800s. They are
still used in some engineering work.
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20. Yellowknife, Northwest Territories, and
Crowsnest Pass, Alberta, lie along the

114° W line of longitude. The latitude of

Yellowknife is 62.45° N and the latitude
of Crowsnest Pass is 49.63° N. Consider
Earth to be a sphere with radius

6400 km.

a) Sketch the information given above
using a circle. Label the centre of
Earth, its radius to the equator, and
the locations of Yellowknife and
Crowsnest Pass.

b) Determine the distance between
Yellowknife and Crowsnest Pass.
Give your answer to the nearest
hundredth of a kilometre.

¢) Choose a town or city either where
you live or nearby. Determine
the latitude and longitude of this
location. Find another town or city
with the same longitude. What is the
distance between the two places?

l Did You Know?

Lines of latitude and longitude locate places on
Earth. Lines of latitude are parallel to the equator
and are labelled from 0° at the equator to 90° at
the North Pole. Lines of longitude converge at the

through Greenwich, England, and the lines are

International Date Line.

International Date Line,
longitude 180° W
___ and 180°E

North Pole,
latitude 90° N

longitude 0°

latitude 0°
45° €

\South Pole,
latitude 90° S

poles and are widest apart at the equator. 0° passes

numbered up to 180° € and 180° W, meeting at the
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21.

22.

23.

Sam Whittingham from Quadra Island,
British Columbia, holds five 2009 world
human-powered speed records on his
recumbent bicycle. In the 200-m flying
start, he achieved a speed of 133.284 km/h.

a) Express the speed in metres per minute.

b) The diameter of his bicycle wheel is
60 cm. Through how many radians per
minute must the wheels turn to achieve
his world record in the 200-m flying start?

A water wheel with diameter 3 m is used
to measure the approximate speed of the

water in a river. If the angular velocity of
the wheel is 15 rpm, what is the speed of
the river, in kilometres per hour?

Earth is approximately 93 000 000 mi from
the sun. It revolves around the sun, in an
almost circular orbit, in about 365 days.
Calculate the linear speed, in miles per
hour, of Earth in its orbit. Give your
answer to the nearest hundredth.

Extend

24.

Refer to the Did You Know? below.

a) With a partner, show how to convert
69.375° to 69° 22’ 30”.

b) Change the following angles into
degrees-minutes-seconds.

i) 40.875° ii) 100.126°
iif) 14.565° iv) 80.385°

Did You Know?

You have expressed degree measures as decimal
numbers, for example, 69.375°. Another way
subdivides 1° into 60 parts called minutes. Each
minute can be subdivided into 60 parts called
seconds. Then, an angle such as 69.375° can be
written as 69° 22 min 30 s or 69° 22’ 30”.




25.

26.

27.

a) Reverse the process of question 24 and
show how to convert 69° 22" 30” to
69.375°. Hint: Convert 30” into a decimal
fraction part of a minute. Combine this
part of a minute with the 22’ and then
convert the minutes to part of a degree.

b) Change each angle measure into degrees,
rounded to the nearest thousandth.

i) 45° 30’ 30”

i) 72° 15’ 45”

iii) 105° 40’ 15”

iv) 28° 10’
A segment of a circle
is the region between
a chord and the arc
subtended by
that chord. Consider
chord AB subtended
by central angle 6 in
a circle with radius r.
Derive a formula using r and 6 for the area
of the segment subtended by 6.

-

O

The hour hand of an analog clock moves in

proportion to the movement of the minute

hand. This means that at 4:05, the hour

hand will have moved beyond the 4 by %

of the distance it would move in an hour.

a) What is the measure of the obtuse angle
between the hands of a clock at 4:00?
Give your answer in degrees.

b) What is the measure, in degrees, of the
acute angle between the hands of a
clock at 4:107

¢) At certain times, the hands of a clock
are at right angles to each other. What
are two of these times?

d) At how many different times does the
angle between the hands of a clock
measure 90° between 4:00 and 5:007

e) Does one of the times occur before, at,
or shortly after 4:057 Explain.

Create Connections

C1

c2

c

Cc4

c5

Draw a diagram and use it to help explain
whether 6 radians is greater than, equal to,
or less than 360°.

In mathematics, angle measures are
commonly defined in degrees or radians.
Describe the difference between 1° and

1 radian. Use drawings to support your
answer.

The following angles are in standard
position. What is the measure of the
reference angle for each? Write an
expression for all coterminal angles
associated with each given angle.

a) 860°

b) —7 (give the reference angle to the
nearest hundredth)

a) Make a circle diagram similar to the
one shown. On the outside of the
circle, label all multiples of 45° in the
domain 0° < 6 < 360°. Show the radian
equivalent as an exact value inside
the circle.

b) Make another circle diagram. This time,
mark and label all the multiples of 30°
in the domain 0° < 6 < 360°. Again,
show the degree values outside the
circle and the exact radian equivalents
inside the circle.

A line passes through the point (3, 0). Find
the equation of the line if the angle formed
between the line and the positive x-axis is

a) g b) 45°
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The Unit Circle

Focus on...

¢ developing and applying the equation of the unit circle
e generalizing the equation of a circle with centre (0, 0) and radius r

¢ using symmetry and patterns to locate the coordinates of points
on the unit circle

A gauge is a measuring tool that is used in many different
situations. There are two basic types of gauges—radial
(circular) and linear. What gauges can you think of that
are linear? What gauges are you familiar with that are
circular? How are linear and circular gauges similar, and
how do they differ?

Have you ever wondered why some phenomena, such
as tides and hours of daylight, are so predictable? It is
because they have repetitive or cyclical patterns. Why is
sin 30° the same as sin 150°? Why is cos 60° = sin 150°7?
How do the coordinates of a point on a circle of radius

1 unit change every quarter-rotation?

Investigate Circular Number Lines

Materials | 1. Select a can or other cylinder. Cut a strip of paper about 1.5 cm wide
and the same length as the circumference of the cylinder.

* paper
e scissors 2. Create a number line by drawing a line along the centre of the strip.
. tape Label the left end of the line 0 and the right end 27. According to

« can or other cylinder this labelling, how long is the number line?

* straight edge 3. Divide the number line into eight equal subdivisions. What value

* compass would you use to label the point midway between 0 and 27? What

value would you use to label halfway between 0 and the middle

of the number line? Continue until all seven points that subdivide
the number line are labelled. Write all values in terms of w. Express
fractional values in lowest terms.

4. Tape the number line around the bottom of the can, so that the labels
read in a counterclockwise direction.

5. Use the can to draw a circle on a sheet of paper. Locate the centre of
the circle and label it O. Draw coordinate axes through O that extend
beyond the circle. Place the can over the circle diagram so that the
zero of the number line lies above where the circle intersects the
positive x-axis.
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6. Mark the coordinates of all points where the circle crosses the axes
on your diagram. Label these points as P(8) = (x, y), where P(6)
represents a point on the circle that has a central angle 6 in standard
position. For example, label the point where the circle crosses the

positive y-axis as P(g) = (0, 1).

7. Now, create a second number line. Label the ends as 0 and 2. Divide
this number line into 12 equal segments. Label divisions in terms of
7. Express fractional values in lowest terms.

Reflect and Respond

8. Since each number line shows the circumference of the can and the
circle to be 27 units, what assumption is being made about the length
of the radius?

9. a) Two students indicate that the points in step 6 are simply
multiples of % Do you agree? Explain.
b) In fact, they argue that the values on the original number line are
all multiples of % Is this true? Explain.
T
4
knowledge of the ratios of the side lengths of a 45°-45°-90° triangle.

Mark the coordinates for all the points on the circle that are midway
between the axes. What is the only difference in the coordinates for
these four points? What negative values for 8 would generate the
same points on the circle midway between the axes?

10. Show how to determine the coordinates for P( ) Hint: Use your

Link the Ideas

Unit Circle

The circle you drew in the investigation is a unit circle. unit circle
VA e acircle with radius
1 unit
(! * acircle of radius 1 unit

with centre at the
origin on the Cartesian
3 plane is known as the
(-1.0) (1,0) » unit circle

-1
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You can find the equation of the unit yA
circle using the Pythagorean theorem.

Consider a point P on the unit circle. P(x, )
Let P have coordinates (x, y). ,

Draw right triangle OPA as shown. < 0 FA %
\ 4
OP =1 The radius of the unit circle is 1.
PA = |y The absolute value of the y-coordinate represents
the distance from a point to the x-axis.
OA = |x| Why is this true?
(OP)? = (OA)? + (PA)? Pythagorean theorem
12 = |x]* + |v]? How would the equation for a circle with centre
1=x*+y? 0(0, 0) differ if the radius were rrather than 1?7

The equation of the unit circle is x* + y? = 1.

Example 1
Equation of a Circle Centred at the Origin
Determine the equation of the circle yA

with centre at the origin and radius 2.

Solution 2

Choose a point, P, on the circle with < i %
coordinates (x, y).

The radius of the circle is 2, and a vertical
line from the y-coordinate to the x-axis forms
a right angle with the axis. This means you
can use the Pythagorean theorem.

&
Y

|x[* + |yl* = 22
x*+y*=4
Since this is true for every point P on the circle, the equation

of the circle is x* + y* = 4.

Your Turn

Determine the equation of a circle with centre at the origin and
radius 6.
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Example 2

Determine Coordinates for Points of the Unit Circle

Determine the coordinates for all points on the unit circle that satisfy
the conditions given. Draw a diagram in each case.

a) the x-coordinate is %

b) the y-coordinate is —L and the point is in quadrant III

V2
Solution

a) Coordinates on the unit circle satisfy the equation x* + y? = 1.

2
(%) +yr=1 Since x is positive, which quadrants could the points be in?
o + yvi=1
5 yA
Y'=3
_.V5 Why are there
y= iT two answers?
Two points satisfy the given P
conditions: (g @) in
3’ 3
quadrant I and (g, —ﬂ) in
d 3 3
quadrant IV. v
1
b) y=———
VY=-Uz

y is negative in quadrants III and IV.
But the point is in quadrant III, so x
is also negative.
x+yt=1
2 1Y _4
x4 |——| =
(%)

A
XY

—_

x* + % =1 2
1
xX=Z
2
X = 1 Why is there
V2 only one answer?

_V2 _\L)

The point 15( 7 \/_) r( 7 5

Your Turn

Determine the missing coordinate(s) for all points on the unit circle
satisfying the given conditions. Draw a diagram and tell which
quadrant(s) the points lie in.

a) (—% y) b) (X, %) where the point is in quadrant II
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Relating Arc Length and Angle Measure in Radians

The formula a = 8r, where a is the arc length; 8 is the central angle, in

radians; and r is the radius, applies to any circle, as long as a and r are
measured in the same units. In the unit circle, the formula becomes

a = 8(1) or a = 0. This means that a central angle and its subtended arc
on the unit circle have the same numerical value.

You can use the function P(0) = (x, y) to link the arc length, 6, of a
central angle in the unit circle to the coordinates, (x, y), of the point
of intersection of the terminal arm and the unit circle.

If you join P(8) to the origin, you yA

create an angle 6 in standard position.

Now, 6 radians is the central angle P(6)

and the arc length is 6 units. 0

Function P takes real-number values Pir) Z{(_LO) . b (. 0);
X

for the central angle or the arc length
on the unit circle and matches them

with specific points. For example, if

0 = m, the point is (—1, 0). Thus, you
can write P(w) = (-1, 0).

i
<

Example 3

Multiples of % on the Unit Circle

a) On a diagram of the unit circle, show the integral multiples of % in
the interval 0 < 6 < 2.

b) What are the coordinates for each point P(0) in part a)?

¢) Identify any patterns you see in the coordinates of the points.

Solution
a) This is essentially a counting problem using g

Multiples of % in the interval 0 < 6 < 27 are

ofF)-0.(5) . of5) - 545) - 5) -

3 3 3°7\3 3 3 3 3’
T 5T T
| == —| = 2.
5(3) 3,and6(3) T
A Why must you show only the multiples in
27 ™ one positive rotation in the unit circle?
P(g) P(a)
Ly
_ P N3 \PO)=(1.0)
P2m)”
51
o)
\ 4




b) Recall that a 30°-60°-90° triangle has sides in the ratio P

1 \F
1:V3:2 or 5L why is the 30°-60°-90°
o ; 2 30°
Place APOA in the unit circle as shown. triangle useds 1 3
vA 2
P Why are (%, T) th
NS 0 /80,
3X/ \ 3 coordinates of P( 3) 1
N0 2

A

Y

APOA could be placed in the second quadrant with O at the origin
1 V3 )

and OA along the x-axis as shown. This gives P(ZTT() = (_E’ =5

A
y Why is the x-coordinate negative?

P
What transformation could be used
1| 2= to move APOA from quadrant | to
3 quadrant II?
%

A )O
-1
2

Nl
|/

A

L Z
Continue, placing APOA in quadrants III and IV to find the
coordinates of P(4§T) and P( 5“) Then, the coordinates of

point P corresponding to angles that are multiples of = are

P(0) =P(2w) = (1,0)  P(xw) =(-1,0) P(%)=(%@)
A(5)-(-10) A5 o0

¢) Some patterns are:

¢ The points corresponding to angles that are multiples of E that
cannot be simplified, for example, P(%), P(Z?ﬂ), P(4?T) nd P( 57()
have the same coordinates except for their signs.

e Any points where 0 reduces to a multiple of m, for example, P(0),

P(ST“—) = P(w), and P(%’T) = P(27), fall on an axis.

Your Turn

a) On a diagram of the unit circle, show all the integral multiples of % in
the interval 0 < 6 < 2.

b) Label the coordinates for each point P(8) on your diagram.

c) Describe any patterns you see in the coordinates of the points.
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Key Ideas

e The equation for the unit circle is x* + y* = 1. It can be used to
determine whether a point is on the unit circle or to determine the value
of one coordinate given the other. The equation for a circle with centre at
(0, 0) and radius ris x* + y* = r2

@ On the unit circle, the measure in radians of the central angle and the arc
subtended by that central angle are numerically equivalent.

e Some of the points on the unit circle correspond to exact values of the
special angles learned previously.

@ You can use patterns to determine coordinates of points. For example,
the numerical value of the coordinates of points on the unit circle change
to their opposite sign every % rotation.

If P(6) = (a, b) is in quadrant I, then both a and b are positive. P(6 + 7) is
in quadrant III. Its coordinates are (—a, —b), where a > 0 and b > 0.

yA
™
Pl2 2
o3F) 2 (=) (l, l) o)
4 = 2 V2 51
o)
< P PO) _ P(m)
< 0 X
7
p[ L=
5 b(Zz) &
P( 4 3 4 b 4_71)
ix 3
\4
Check Your Understanding
Practise 2. Is each point on the unit circle? How do
1. Determine the equation of a circle with you know?
centre at the origin and radius 31 V5 7
a) ) b) )
. 4’ 4 8 8
a) 4 units 5 12 . g
b) 3 units <) (_ﬁ’ 13 d) (g, —g)
c) 12 units ( V3 l) ; (\/7 3)
e T T o I
d) 2.6 units ) 2 2 ) 4’4
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3. Determine the missing coordinate(s) for

all points on the unit circle satisfying
the given conditions. Draw a diagram to
support your answer.

a) (1, y) in quadrant I
) in quadrant II

) %, y) in quadrant IIT

a

)

e)

b (x

-

(X, —%) in quadrant IV
(X %) where x < 0
(45

f) y) not in quadrant I

. If P(0) is the point at the intersection of the
terminal arm of angle 6 and the unit circle,
determine the exact coordinates of each of
the following.

a) P(w) b) P(—g)
axs) e
TR E
g) P(4w) h) P(%ﬂ)
Ry P-4

. Identify a measure for the central angle 6
in the interval 0 < 0 < 27 such that P(0) is
the given point.

a) (0, -1) b) (1, 0)
et B el
9 (37 037
o (-3 om0
) (2 Z) ) 1o

. Determine one positive and one negative

measure for 0 if P(0) = (—?, %)

Apply

7. Draw a diagram of the unit circle.

a)

b)

Mark two points, P(6) and P(6 + ), on
your diagram. Use measurements to
show that these points have the same
coordinates except for their signs.

Choose a different quadrant for the
original point, P(8). Mark it and

P(6 + 7) on your diagram. Is the result
from part a) still true?

Determine the pattern in the

coordinates of points that are 1 rotation
apart on the unit circle.

Step 1

Step 2

Step 3

Step 4

4

Start with the points P(0) = (1, 0),
T 1 V3
P(@) (2, 5 ) and
o)1 %)
3/) \22 2/
Show these points on a diagram.
1

Move +7 rotation from each point.

Determine each new point and its
coordinates. Show these points on your
diagram from step 1.

Move —% rotation from each original

point. Determine each new point and
its coordinates. Mark these points on
your diagram.

How do the values of the x-coordinates
and y-coordinates of points change
with each quarter-rotation? Make a
copy of the diagram and complete
the coordinates to summarize your
findings.

yA
P(e ¥ g) =07
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9. Use the diagram below to help answer

10.

these questions.

a) What is the equation of this circle?

2 ﬂ)

33
what are the coordinates of B?

b) If the coordinates of C are (

¢) If the measure of AB is 0, what is an
expression for the measure of AC?

Note: AB means the arc length from
A to B.

d) Let P(8) = B. In which quadrant
i _ T\e
is P(e > )

e) What are the maximum and minimum
values for either the x-coordinates
or y-coordinates of points on the
unit circle?

yA

A

Y

Mya claims that every value of x between
0 and 1 can be used to find the coordinates
of a point on the unit circle in quadrant I.

a) Do you agree with Mya? Explain.
b) Mya showed the following work to find
the y-coordinate when x = 0.807.
4= | - (0.307¢
= 0.34% 73!
The point on the onit circle is (0.807, 0.348 7SI).
How can you check Mya’s answer? Is

she correct? If not, what is the correct
answer?

¢) If y = 0.2571, determine x so the point
is on the unit circle and in the first
quadrant.
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11.

12.

13.

Wesley enjoys tricks and puzzles. One of
his favourite tricks involves remembering

the coordinates for P(g), P(%), and P(%)

He will not tell you his trick. However, you
can discover it for yourself.

a) Examine the coordinates shown on
the diagram.

YA (g) _|1 B)

/ P(%)j (M)
/
\p(g)(gz)

A
=)
<Y

A 4

b) What do you notice about the
denominators?

¢) What do you notice about the
numerators of the x-coordinates?
Compare them with the numerators
of the y-coordinates. Why do these
patterns make sense?

d) Why are square roots involved?
e) Explain this memory trick to a partner.

a) Explain, with reference to the unit
circle, what the interval —27 < 0 < 47
represents.

b) Use your explanation to determine
all values for 0 in the interval
—27 < 0 < 47 such that
(1]

¢) How do your answers relate to the word
“coterminal”?

If P(O) = (—%, —%), determine the

following.

a) What does P(0) represent? Explain using
a diagram.

b) In which quadrant does 6 terminate?

¢) Determine the coordinates of P(O + %)

d) Determine the coordinates of P(e - g)



14. In ancient times, determining the
perimeter and area of a circle were
considered major mathematical challenges.
One of Archimedes’ greatest contributions
to mathematics was his method for
approximating 7. Now, it is your turn to
be a mathematician. Using a unit circle
diagram, show the difference between

T units and T square units.

15.

l Did You Know?

Archimedes was a Greek mathematician, physicist,
inventor, and astronomer who lived from 287 BCE—
212 BCE. He died in the Roman siege of Syracuse.
He is considered one of the greatest mathematicians
of all time. He correctly determined the value of 7 as

223

being between 27—2 and 71 and proved the area of
a circle to be =r?, where ris the radius.

a)

b)

0)

In the diagram, A has coordinates (a, b).
ABCD is a rectangle with sides parallel
to the axes. What are the coordinates of

B, C, and D?
VA
B N\ Aa, b)
« o l-ae [\FOL0)
< 0 - %
% )
A 4

/FOA =0, and A, B, C, and D lie on the

unit circle. Through which point will the

terminal arm pass for each angle? Assume

all angles are in standard position.
i)o+m i) —mw

i) —0 + 7 iv) —0 —

How are the answers in part b) different

if 0 is given as the measure of arc FA?

16. Use the unit circle diagram to answer the
following questions. Points E, F, G, and D
are midway between the axes.

yA
A
F S
< S(1.0)
S B 0 x
G D
C
4
a) What angle of rotation creates arc SG?

b)

)

What is the arc length of SG?

Which letter on the diagram

corresponds to P(lSTﬁ)? Explain your

answer fully so someone not taking
this course would understand. Use a
diagram and a written explanation.

Between which two points would you
find P(5)? Explain.

Extend

17. a)

b)

18. a)

b)

)

Determine the coordinates of all points
where the line represented by y = —3x
intersects the unit circle. Give your
answers as exact values in simplest
form.

If one of the points is labelled P(6 + ),
draw a diagram and show at least two
values for 6. Explain what 6 represents.

P(0) lies at the intersection of the unit
circle and the line joining A(5, 2) to
the origin. Use your knowledge of
similar triangles and the unit circle

to determine the exact coordinates

of P(0).

Determine the radius of a larger circle
with centre at the origin and passing
through point A.

Write the equation for this larger circle.
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19.

20.

In previous grades, you used sine

and cosine as trigonometric ratios of
sides of right triangles. Show how
that use of trigonometry relates to the
unit circle. Specifically, show that the
coordinates of P(6) can be represented
by (cos 8, sin 6) for any 6 in the unit
circle.

You can locate a point in a plane using

Cartesian coordinates (x, y), where |x|

is the distance from the y-axis and |y

is the distance from the x-axis. You can

also locate a point in a plane using (r, 6),

where r, r > 0, is the distance from the

origin and 6 is the angle of rotation from

the positive x-axis. These are known as

polar coordinates. Determine the polar

coordinates for each point.

a) (Q’ ﬁ)
2 2

0 (2,2)

o[
d) (4, -3)

Create Connections

C1 The diagram represents the unit circle with

some positive arc lengths shown.

yA

Y

a) Draw a similar diagram in your
notebook. Complete the labelling for
positive measures.

b) Write the corresponding negative
value beside each positive value.
Complete this process over the interval
—2T <0 <0.

¢) Give the exact coordinates for the
vertices of the dashed rectangle.
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d) Identify several patterns from your unit
circle diagrams. Patterns can relate to
arc lengths, coordinates of points, and
symmetry.

C2 Consider the isosceles AAOB drawn in the

unit circle.

yA

4

a) If the measure of one of the equal angles
is twice the measure of the third angle,
determine the exact measure of arc AB.

b) Draw a new ACOA in which
P(C) = P(B + %) What is the exact

measure of ZCAQ, in radians?

€3 a) Draw a diagram of a circle with centre

at the origin and radius r units. What is
the equation of this circle?

b) Show that the equation of any circle
with centre (h, k) and radius r can be
expressed as (x — h)* + (y — k?* = r
Hint: Use transformations to help with
your explanation.

C4 The largest possible unit circle is cut from

a square piece of paper as shown.

a) What percent of the paper is cut off?
Give your answer to one decimal place.

b) What is the ratio of the circumference
of the circle to the perimeter of the
original piece of paper?



Trigonometric Ratios

Focus on...

e relating the trigonometric ratios to the coordinates of points on the
unit circle

¢ determining exact and approximate values for trigonometric ratios

e identifying the measures of angles that generate specific
trigonometric values

¢ solving problems using trigonometric ratios

What do a software designer, a civil engineer,
an airline pilot, and a long-distance swimmer’s
support team have in common? All of them use angles and
trigonometric ratios to help solve problems. The software
designer uses trigonometry to present a 3-D world on a 2-D
screen. The engineer uses trigonometric ratios in designs of
on-ramps and off-ramps at highway interchanges. A pilot uses
an approach angle that is determined based on the tangent
ratio. The support team for a long-distance swimmer uses
trigonometry to compensate for the effect of wind and currents
and to guide the swimmer’s direction.

Investigate Trigonometric Ratios and the Unit Circle

1. Draw a unit circle as shown, with a positive angle 6 in standard Materials
position. Work with a partner to describe the location of points P « grid paper
and Q. Be specific. « straight edge

m * compass
Q
P
P 0 B(1,0) .
N 0 A x

4

2. From your drawing, identify a single line segment whose length is
equivalent to sin 0. Hint: Use the ratio definition of sin 6 and the unit
circle to help you.

3. Identify a line segment whose length is equivalent to cos 6 and a line
segment whose length is equivalent to tan 8 in your diagram.

4. From your answers in steps 2 and 3, what could you use to represent
the coordinates of point P?
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Reflect and Respond

5. Present an argument or proof that the line segment you selected in
step 3 for cos 8 is correct.

6. What equation relates the coordinates of point P? Does this apply
to any point P that lies at the intersection of the terminal arm for an
angle 6 and the unit circle? Why?

7. What are the maximum and minimum values for cos 8 and sin 6?7
Express your answer in words and using an inequality. Confirm your
answer using a calculator.

8. The value of tan 6 changes from 0 to undefined for positive values
of 0 less than or equal to 90°. Explain how this change occurs with
reference to angle 6 in quadrant I of the unit circle. What happens on
a calculator when tan 6 is undefined?

Link the Ideas

Coordinates in Terms of Primary Trigonometric Ratios

If P(6) = (x, y) is the point on the terminal arm of angle 6 that intersects
the unit circle, notice that

e cos § = £ = x, which How do these ratios connect to

1 ) i L
. . . th ht-t le definition f
is the first coordinate of P(0) coii:egandnsai:g?e etinition for

°sin O = % =y, which

is the second coordinate of P(0)

A

P(6) = (x. ¥)

0 B(1,0)

A
o
>
<Y

Y

You can describe the coordinates of any point P(0) as (cos 0, sin 8). This
is true for any point P(8) at the intersection of the terminal arm of an
angle 6 and the unit circle.

_y Explain how this statement is
Also, you know that tan 6 = X consistent with the right-triangle

definition of the tangent ratio.
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Reciprocal Trigonometric Ratios

Three other trigonometric ratios are defined: they are the reciprocals of

sine, cosine, and tangent. These are cosecant, secant, and cotangent. cosecant ratio
By definition, csc 6 = ,1 ,sec 0 = ,and cot 6 = 1 * the reciprocal of the
sin 6 cos 0 tan 6 sine ratio
¢ abbreviated csc
Example 1 o for. P(?) = (x, y) on the
unit circle, csc 6 = v
Determine the Trigonometric Ratios for Angles in the Unit Circle V3
e ifsin® = ———, then
The point A(—g,—é) lies at the intersection of the unit circle and csc=—2 or— 2vV3
5 5 3 3

the terminal arm of an angle 6 in standard position.

a) Draw a diagram to model the situation.

b) Determine the values of the six trigonometric ratios for 6.
Express answers in lowest terms.

secant ratio

¢ the reciprocal of the
cosine ratio

¢ abbreviated sec
e for P(8) = (x, y) on the

Solution 1
unit circle, sec = X
A
a) y e ifcos 6= % then
2

XN

e abbreviated cot
e for P(8) = (x, y) on the

secH = Tor 2
/ cotangent ratio
< R (1.0) * the reciprocal of the
\X‘ tangent ratio
3 _4
A(_ 5 )

5 unit circle, cot 6 = §
Y e if tan 0 = 0, then cot 0
is undefined
b) sin 6 = _% The y-coordinate of P(0) is defined as sin 6.
cos 6 = —% Why is this true?
tan 0 = =
_4
= —g Explain the arithmetic used to simplify this double fraction.
5
= % Why does it make sense for tan 6 to be positive?
1
csc 6 = —
sin 0
= _% Explain how this answer was determined.
sec 0 = 1 Read as “sec 6 equals the reciprocal of cos 6."
cos 0
- _3
3
cotf =1
tan 6
-3
4
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Recall that the reference

angle, 6,, is the acute

angle formed between the

terminal arm and the x-axis.
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Your Turn

The point B( 1 Z\é_

and the termmal arm of an angle 0 in standard position.

a) Draw a diagram to model the situation.

b) Determine the values of the six trigonometric ratios for 6.
Express your answers in lowest terms.

) lies at the intersection of the unit circle

Exact Values of Trigonometric Ratios

Exact values for the trigonometric ratios can be determined using special
triangles (30°-60°-90° or 45°-45°-90°) and multiples of 6 = 0, %, %, g,
and g or 6 = 0°, 30°, 45°, 60°, and 90° for points P(8) on the unit circle.

4 plooeor 3]
/ P(60° or g)
A ( x

How are P(30°), C, €, and K related?

What points have the same

coordinates as P(%) except for
their signs?

For P(45°), what are the coordinates
and in which quadrant is 67

Which special triangle would you
use and where would it be placed
for6 = 1357

Example 2
Exact Values for Trigonometric Ratios

Determine the exact value for each. Draw diagrams to illustrate your
answers.

5T : 4T
a) cos —— 6 b) sin (_T)
¢) sec 315° d) cot 270°
Solution
a) The point P( ) lies in quadrant II. (5_‘[1‘) (_ﬁ l) )
o Plel="2"2
The reference angle for 5 s ( (w) (\/5 1)
0, = — ST _ T 5w
6 6 ) o P PO)=(1,0)
Its x-coordinate is negative and < 0 X
its y-coordinate is positive.
_ (V3 1)
po = (55
Ccos ‘%T = —g P(Sg) has the same coordinates as P(G) Y

except the x-coordinates have different signs.



b) —%T is a clockwise rotation yA
from the positive x-axis. p(—%”) - (—% g) P(g) _ (% g)
P(—%ﬂ) lies in quadrant II.
The reference angle for _4m O 7 P(0) = (1,0)
3 < 0 %
189R=7T—2T7T:g. _4_7T\\/
3
(-1 V8
. 4T\ _ V3
sin (~ %) =% v

What is a positive
coterminal angle for —4?7'?

¢) An angle of 315° is a counterclockwise rotation that terminates in
quadrant IV.

The reference angle for 315° A
is 0, = 360° — 315° = 45°,
1 1 .
P(0) = (—, ——) Explain how
V2§ V2 to get the

1 coordinates

cos 315° for P(6). < //0 0 : %
31 5"\\
N

sec 315° =

:@or\/f

d) An angle of 270° terminates on the negative y-axis.

P(270°) = (0, —1) yA
. 4 X
Since tan 6 = % cot 6 = v
Therefore,
cot 270° = _Ll ) b P(0) = (1,0)
- 0 X
=0 270°\\
P(270°) = (0, —1)
Y
Your Turn

Draw diagrams to help you determine the exact value of each
trigonometric ratio.

18 7T
a) tan > b) csc 5
¢) sin (—300°) d) sec 60°
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Approximate Values of Trigonometric Ratios

You can determine approximate values for sine, cosine, and tangent
using a scientific or graphing calculator. Most calculators can
determine trigonometric values for angles measured in degrees or
radians. You will need to set the mode to the correct angle measure.
Check using

cos 60° = 0.5 (degree mode)

. In which quadrant does an
cos 60 = —0.952 412 980... (radian mode)

angle of 60 terminate?
Most calculators can compute trigonometric ratios for negative
angles. However, you should use your knowledge of reference

angles and the signs of trigonometric ratios for the quadrant to

check that your calculator display is reasonable.

cos (—200°) = —0.939 692 620... i

Is the negative value appropriate?
What is the reference angle for

—200°? What other trigonometric
ratio could you compute as a check? _ZOOQ\E/

A
<Y

A 4

You can find the value of a trigonometric ratio for cosecant, secant, or
cotangent using the correct reciprocal relationship.

1
33=———
sec cos 3.3
= —1.012 678 973...
~ —1.0127
Example 3

Approximate Values for Trigonometric Ratios

Determine the approximate value for each trigonometric ratio. Give your
answers to four decimal places.
7T

a) tan 5 b) cos 260°

c) sin 4.2 d) csc (—70°)

Solution
- 7

a) 7T is measured in radians. In whlch quadrant does an angle of 5

5 terminate?
tan 7m = 3.077 683 537... Make sure your calculator is in radian mode.
~ 3.0777 Why is the answer positive?
b) cos 260° = —0.173 648 177... In which quadrant does 260° terminate?

Q

—0.1736
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¢) sin 4.2 = —0.871 575 772... Which angle mode do you need here?
—0.8716 Why is the answer negative?

Q

d) An angle of —70° terminates in quadrant IV.
The y-coordinate for points in quadrant IV is negative.

csc (—70°) = % What steps are needed to evaluate
_ ilil (56_47(;7)7 779 m on your calculator?
~ —1.0642
yA
h o\ .L70° X

<
<

Your Turn

What is the approximate value for each trigonometric ratio? Round
answers to four decimal places. Justify the sign of each answer.

a) sin 1.92

b) tan (—500°)

c) sec 85.4°

d) cot 3

Approximate Values of Angles

How can you find the measure of an angle when the value of the
trigonometric ratio is given? To reverse the process (for example, to
determine 0 if you know sin 6), use the inverse trigonometric function
keys on a calculator.

sin 30° = 0.5 = sin~! 0.5 = 30°

Note that sin~"' is an abbreviation for “the inverse of sine.” Do not

confuse this with (sin 30°)~', which means ﬁ, or the reciprocal
of sin 30°.

The calculator keys sin~?, cos™, and tan~! return one answer only, when
there are often two angles with the same trigonometric function value in
any full rotation. In general, it is best to use the reference angle applied

to the appropriate quadrants containing the terminal arm of the angle.
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l Did You Know?

By convention, if

the domain is given
in radian measure,
express answers in
radians. If the domain
is expressed using
degrees, give the
answers in degrees.
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Example 4
Find Angles Given Their Trigonometric Ratios

Determine the measures of all angles that satisfy the following. Use
diagrams in your explanation.

a) sin 0 = 0.879 in the domain 0 < 6 < 27. Give answers to the nearest
tenth of a radian.
b) cos 6 = —0.366 in the domain 0° < 6 < 360°. Give answers to the
nearest tenth of a degree.
¢) tan ® =+/3 in the domain —180° < 6 < 180°. Give exact answers.
d) sec 6 = % in the domain —27 < 6 < 27. Give exact answers.
Solution
a) sin 6 > 0 in quadrants I and II.
The domain consists of one positive rotation.
Therefore, two answers need to be identified.
sin~' 0.879 = 1.073 760 909... Use a calculator in radian mode.
~ 1.1
yA
< ) \1.1 »
< x
v
In quadrant I, ® = 1.1, to the nearest tenth. This is the reference angle.
In quadrant II, 6 = ™ — 1.1 or 2.0, to the nearest tenth.
The answers, to the nearest tenth of a radian, are 1.1 and 2.0.
b) cos 6 < 0 in quadrants II and III. Why will the answer be
measured in degrees?
yA
0, ‘\9
N X
4
Did you check that your
cos™! (—0.366) = 111.5°, to the nearest tenth. calculator is in degree
This answer is in quadrant II. mode?
The reference angle for other answers is 68.5°. How do you determine

this reference angle
from 111.5°7

The answers, to the nearest tenth of a degree, are 111.5° and 248.5°.

In quadrant IIT, 6 =~ 180° + 68.5° or 248.5°.



)

d)

tan 6 > 0 in quadrants I and III

The domain includes both quadrants. In the positive direction an
answer will be in quadrant I, and in the negative direction an answer

will be in quadrant III.

To answer with exact values, work with the special coordinates on a

unit circle.

tan 60° =3
A

S

P(60%) = (5,

)

60°
6010/ 100

XY

Y

How do you know that tan 60° = /37
Could you use a calculator here?

In quadrant I, from the domain 0° < 6 < 180°, 6 = 60°. This is the
reference angle. In quadrant III, from the domain —180° < 6 < 0°,

0 = —180° + 60° or —120°.

The exact answers are 60° and —120°.

sec 6 > 0 in quadrants I and IV since sec 6 = cols 0

quadrants I and IV.

and cos ® > 0 in

The domain includes four quadrants in both the positive and
negative directions. Thus, there are two positive answers and two

negative answers.

7N

< (]
11Q
6
A4
1 V3
cosf=——=—"+
co 2
w_V3
cos & =

6:%&nd9=%inthedomain0§(—)<27(.

6= —g and 0 = _1=w in the domain —27 < 0 < 0.

How do coterminal

6 angles help?
The exact answers in radians are %, MTW, —%, and —MT‘K.
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Your Turn

Determine the measures of all angles that satisfy each of the following.

Use diagrams to show the possible answers.

a) cos 6 = 0.843 in the domain —360° < 6 < 180°. Give approximate
answers to the nearest tenth.

b) sin 6 = 0 in the domain 0° < 6 < 180°. Give exact answers.

¢) cot ® = —2.777 in the domain —7 < 6 < . Give approximate answers
to the nearest tenth.

d) csc O = —% in the domain —27 < 6 < 7. Give exact answers.

Example 5
Calculating Trigonometric Values for Points Not on the Unit Circle

The point A(—4, 3) lies on the terminal arm of an angle 6 in standard
position. What is the exact value of each trigonometric ratio for 67

Solution
AABO is a right triangle. Iz
Identify trigonometric values for 6 using A-43) Y
the lengths of the sides of AABO. : 5]
. . (¢
. Confirm this ! 4
AABO has sides of lengths 3, 4, and 5. using the P 32_&

Recall that OA is a length and the E’ﬁ/thagorean
segments OB and BA are considered eorem. v
as directed lengths.

. y 1
smO—r CSCG—Sin6
_3 -l
~5 3
cos =% sec 6 = 1
r cos 0
_—4 —_5
5 T4
—_4
-5
y 1
tanG—X COte_tanG
_3 __4
T —4 T3
-_3
T4
Your Turn

The point D(—5, —12) lies on the terminal arm of an angle 6 in standard
position. What is the exact value of each trigonometric ratio for 67



Key Ideas

Points that are on the intersection of the terminal arm of an angle 6
in standard position and the unit circle can be defined using
trigonometric ratios.

P(0) = (cos 0, sin 0)

Each primary trigonometric ratio—sine, cosine, and tangent—has a
reciprocal trigonometric ratio. The reciprocals are cosecant, secant,
and cotangent, respectively.

csc 6 = _1 sec 0 = 1 cot 0 1 If sin 6 = 2, then csc 6 = 3, and vice versa.

sin 0 cos 0 ~ tan 0 3 2
You can determine the trigonometric ratios for any angle in standard
position using the coordinates of the point where the terminal arm
intersects the unit circle.

Exact values of trigonometric rations for special angles such as 0, %, %, %,
and g and their multiples may be determined using the coordinates of

points on the unit circle.

You can determine approximate values for trigonometric ratios using a
calculator in the appropriate mode: radians or degrees.

You can use a scientific or graphing calculator to determine an angle
measure given the value of a trigonometric ratio. Then, use your knowledge
of reference angles, coterminal angles, and signs of ratios in each quadrant
to determine other possible angle measures. Unless the domain is
restricted, there are an infinite number of answers.

Determine the trigonometric ratios for an angle 8 in standard position
from the coordinates of a point on the terminal arm of 6 and right triangle
definitions of the trigonometric ratios.

Check Your Understanding

Practise 2. Determine the approximate value for each
1. What is the exact value for each trigonometric ratio. Give answers to two

trigonometric ratio? decimal places.
a) sin 45° b) tan 30° a) cos 47° b) cot 160°
) cos %T d) cot %T c) sec 15° d) csc 4.71

e) sin 5 f) tan 0.94
e) csc 210° f) sec (—240°) 5

. 5T

g) tan 377.( h) sec ™ g) sin 2 h) tan 6.9
i) cot (—120°) j) cos 390° i) cos 302° j) sin (—111%)
k) sin %ﬁ I) csc495° k) cot 6 I) sec (—270°)
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3. If 0 is an angle in standard position

with the following conditions, in which
quadrants may 6 terminate?

a) cos6 >0
b) tan 6 < 0
€) sinf <0
d) sin® > 0and cot® <0
e) cos® <0andcscO >0
f) sec® >0andtan 6 > 0

. Express the given quantity using the
same trigonometric ratio and its reference
angle. For example, cos 110° = —cos 70°.
For angle measures in radians,

give exact answers. For example,

cos 3 = —cos (7 — 3).

a) sin 250° b) tan 290°
€) sec 135° d) cos 4

e) csc 3 f) cot 4.95

. For each point, sketch two coterminal
angles in standard position whose terminal
arm contains the point. Give one positive
and one negative angle, in radians, where
neither angle exceeds one full rotation.

a) (3, 5) b) (-2, —1)
o (-3,2) d) (5, -2)

. Indicate whether each trigonometric
ratio is positive or negative. Do not use a
calculator.

a) cos 300° b) sin 4

¢) cot 156° d) csc (—235°)
137 177

e) tan 5 f) sec 5

. Determine each value. Explain what the
answer means.

a) sin!' 0.2
€) sec 450°

b) tan='7

d) cot (—180°)

. The point P(8) = (%, y) lies on the terminal
arm of an angle 0 in standard position and
on the unit circle. P(0) is in quadrant IV.

a) Determine y.

b) What is the value of tan 67

¢) What is the value of csc 67
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Apply
9. Determine the exact value of each
expression.

a) cos 60° + sin 30°
b) (sec 45°)?

) (cos 5—“)(sec 5—“)
d) (tan 60°)? — (sec 60°)?
e) (cos %)Z + (Sin %)2
f) (cot ‘%T)Z

10. Determine the exact measure of all angles
that satisfy the following. Draw a diagram
for each.

a) sin 6 = —% in the domain
0<6<2m
b) cot ® = 1 in the domain
—T<0<27
¢) sec 0 = 2 in the domain
—180° < 6 < 90°
d) (cos 0)? = 1 in the domain
—360° < 0 < 360°
11. Determine the approximate measure
of all angles that satisfy the following.
Give answers to two decimal places. Use
diagrams to show the possible answers.
a) cos 0 = 0.42 in the domain
—T<0<T
b) tan 6 = —4.87 in the domain
—% <0<smw
¢) csc 6 = 4.87 in the domain
—360° < 0 < 180°
d) cot & = 1.5 in the domain
—180° < 0 < 360°
12. Determine the exact values of the other
five trigonometric ratios under the given

conditions.
g3 T
a) sin 0 5 g <b<m
b) cos 6 = _2\/—2_, _m<p<3T
3 2
¢) tan § = % ~360° < 0 < 180°
d) sec 6 = ﬁ, —180° < 6 < 180°

3



13. Using the point B(—2, —3), explain how to
determine the exact value of cos 6 given
that B is a point on the terminal arm of an
angle 6 in standard position.

14. The measure of angle 6 in standard
position is 4900°.

a)

b)

0

d)

15. a)

b)

16. a)

b)

17. a)

b)

0

Describe 0 in terms of revolutions.
Be specific.

In which quadrant does 4900°
terminate?

What is the measure of the
reference angle?

Give the value of each trigonometric
ratio for 4900°.

Determine the positive value of

sin (cos™ 0.6). Use your knowledge
of the unit circle to explain why the
answer is a rational number.

Without calculating, what is the
positive value of cos (sin™! 0.6)?
Explain.

Jason got an answer of 1.051 176 209
when he used a calculator to determine

the value of sec 40—“. Is he correct? If
not, where did he make his mistake?

Describe the steps you would use to

determine an approximate value for
sec 4077.( on your calculator.

Arrange the following values of sine in
increasing order.
sin 1, sin 2, sin 3, sin 4

Show what the four values represent on

a diagram of the unit circle. Use your

diagram to justify the order from part a).

Predict the correct increasing order for
cos 1, cos 2, cos 3, and cos 4. Check
with a calculator. Was your prediction
correct?

18. Examine the diagram. A piston rod, PQ, is
connected to a wheel at P and to a piston
at Q. As P moves around the wheel in a
counterclockwise direction, Q slides back
and forth.

vA
—p

0 (1,0) -
/ -
y

a) What is the maximum distance that Q
can move?

b) If the wheel starts with P at (1, 0) and
rotates at 1 radian/s, draw a sketch
to show where P will be located after
1 min.

¢) What distance will Q have moved 1 s
after start-up? Give your answer to the
nearest hundredth of a unit.

A
o

\

19. Each point lies on the terminal arm of an
angle 0 in standard position. Determine 0
in the specified domain. Round answers to
the nearest hundredth of a unit.

a) A(-3,4),0< 6 <4w
b) B(5, —1), —360° < 6 < 360°

37 7T
Extend
20. Draw AABC with ZA = 15° and ZC = 90°.
Let BC = 1. D is a point on AC such that
ZDBC = 60°. Use your diagram to help you

1
show that tan 15° = —.
V3 + 2
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21.

22.

The diagram shows a quarter-circle of
radius 5 units. Consider the point on the
curve where x = 2.5. Show that this point
is one-third the distance between (0, 5) and
(5, 0) on the arc of the circle.

7N
5.

T

Y

Alice Through the Looking Glass by
Lewis Carroll introduced strange new
worlds where time ran backwards. Your
challenge is to imagine a unit circle in
which a positive rotation is defined to be
clockwise. Assume the coordinate system
remains as we know it.

a) Draw a unit circle in which positive
angles are measured clockwise from

(0, 1). Label where R(%), R(%T) R(%T)

and R(HTW) are on your new unit circle.
b) What are the coordinates for the new
Y 5T,
R(§) and R( 6 )
¢) How do angles in this new system relate
to conventional angles in standard

position?

d) How does your new system of
angle measure relate to bearings in
navigation? Explain.
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23. In the investigation at the beginning of

this section, you identified line segments
whose lengths are equivalent to cos 6, sin
0, and tan 0 using the diagram shown.

YA 0

8 B(1,0)

A
o
>
<Y

4

a) Determine a line segment from the
diagram whose length is equivalent to
sec 0. Explain your reasoning

b) Make a copy of the diagram. Draw a
horizontal line tangent to the circle that
intersects the positive y-axis at C and
0Q at D. Now identify segments whose
lengths are equivalent to csc 6 and
cot 8. Explain your reasoning.

Create Connections

C1 a) Paula sees that sine ratios increase from

0 to 1 in quadrant 1. She concludes
that the sine relation is increasing in
quadrant I. Show whether Paula is
correct using specific values for sine.
b) Is sine increasing in quadrant II?
Explain why or why not.
¢) Does the sine ratio increase in any other
quadrant, and if so, which? Explain.
A regular hexagon is inscribed in the unit
circle as shown. If one vertex is at (1, 0),
what are the exact coordinates of the other
vertices? Explain your reasoning.
yA

. / 1.0

N
¢

A
O
X




C3 Let P be the point of intersection of the €4 Use the diagram to help find the value of

unit circle and the terminal arm of an each expression.
angle 6 in standard position. yA
YA 44----
P 2.
< \9 (1 ! 0) »
- 0 x

4

a) What is a formula for the slope of
OP? Write your formula in terms of
trigonometric ratios.

b) Does your formula apply in every
quadrant? Explain.

¢) Write an equation for any line OP. Use quadrant II

your trigonometric value for the slope.

: _ 4 ..
d) Use transformations to show that your d) sin (tan ' (_5))’ where the angle is in

equation from part c¢) applies to any line quadrant IV
where the slope is defined.

Project Corner History of Angle Measurement

e The use of the angular measurement unit “degree” is believed
to have originated with the Babylonians. One theory is that their
division of a circle into 360 parts is approximately the number of
days in a year.

e Degree measures can also be subdivided into minutes
() and seconds ("), where one degree is divided into 60
min, and one minute is divided into 60 s. For example,
30.1875° = 30° 11’ 15",

e The earliest textual evidence of w dates from about 2000 B.C.E.,

Rhind Papyrus, ancient
Egypt c1650 B.CE.

with recorded approximations by the Babylonians (%) and

the Egyptians (2 ) Roger Cotes (1682-1716) is credited with the

81
concept of radian measure of angles, although he did not name the unit.

e The radian is widely accepted as the standard unit of angular measure in

many fields of mathematics and in physics. The use of radians allows for
the simplification of formulas and provides better approximations.

e What are some alternative units for measuring angles? What are some
advantages and disadvantages of these units? What are some contexts in
which these units are used?
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Introduction to
Trigonometric
Equations

Focus on...

algebraically solving first-degree and second-degree
trigonometric equations in radians and in degrees

verifying that a specific value is a solution to a
trigonometric equation

identifying exact and approximate solutions of a
trigonometric equation in a restricted domain

determining the general solution of a trigonometric
equation

Many situations in nature involve cyclical patterns, such
as average daily temperature at a specific location. Other
applications of trigonometry relate to electricity or the way
light passes from air into water. When you look at a fish in
the water, it is not precisely where it appears to be, due to
the refraction of light. The Kwakiutl peoples from Northwest
British Columbia figured this out centuries ago. They became
expert spear fishermen.

In this section, you will explore how to use algebraic
techniques, similar to those used in solving linear and
quadratic equations, to solve trigonometric equations. Your
knowledge of coterminal angles, points on the unit circle,
and inverse trigonometric functions will be important for
understanding the solution of trigonometric equations.

This old silver-gelatin photograph of
traditional Kwakiutl spear fishing was
taken in 1914 by Edward S. Curtis. The
Kwakiutl First Nation's people have
lived on the north-eastern shores of
Vancouver Island for thousands of
vears. Today, the band council is based
in Fort Rupert and owns 295 hectares
of land in the area.

trigonometric
equation

* an equation involving
trigonometric ratios

Investigate Trigonometric Equations

Did You Know?

In equations,
mathematicians often
use the notation

cos? 0. This means

2 . .
ihe same as (cos 6)-. domain is 0 < 0 < 27?
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the equation related to 2 cos 8 + 1 = 07

1. What are the exact measures of 0 if cos 6 = —l, 0 <0 < 2w? How is

2

2. What is the answer for step 1 if the domain is given as 0° < 6 < 360°7?

3. What are the approximate measures for 6 if 3 cos 8 + 1 = 0 and the




4. Set up a T-chart like the one below. In the left column, show the
steps you would use to solve the quadratic equation x> — x = 0. In
the right column, show similar steps that will lead to the solution of
the trigonometric equation cos* 6 — cos = 0,0 < 0 < 2.

Quadratic Equation Trigonometric Equation

Reflect and Respond

5. How is solving the equations in steps 1 to 3 similar to solving a
linear equation? How is it different? Use examples.

6. When solving a trigonometric equation, how do you know whether
to give your answers in degrees or radians?

7. Identify similarities and differences between solving a quadratic
equation and solving a trigonometric equation that is quadratic.

Link the Ideas

In the investigation, you explored solving trigonometric equations.
Did you realize that in Section 4.3 you were already solving simple
trigonometric equations? The same processes will be used each time
you solve a trigonometric equation, and these processes are the same
as those used in solving linear and quadratic equations.

The notation [0, 7] represents the interval from 0 to 7 inclusive and is
another way of writing 0 < 6 < .
® 0 € (0, ) means the same as 0 < 6 < . How would you show

—T < 6 < 21 using

® 0 € [0, ) means the same as 0 < 0 < T. interval notation?

Example 1 )
Solve Trigonometric Equations

Solve each trigonometric equation in the specified domain.
a) 5sin6+2=1+3sinH,0<06 <27
b) 3cscx—6=0,0°<x < 360°

Solution

a) 5sin®+2=1+3sin0
58in6+2—3sin®=1+3sin6 —3sin6
2sing+2=1
2sin+2—-2=1-2

2sin 6 =-1
= _1
sin 6 = 5
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A
Nrm

N|—
—_

o)

A
o
<Y

Y

The reference angle is eR _ % In which quadrants must 6 terminate

ifsing = _17
_ - if sin6 = >
= = =1 uadrant I
0=m+ 6 6 (q )
T 117
= - = === uadrant IV
0 =27 5 6 (q )
The solutions are 6 = %ﬂ and 0 = “TW in the domain 0 < 6 < 2Tr.
b) 3cscx—6=0
3cscx=6
cscx =2 What operations were performed to arrive at this equation?
If csc x = 2, then sin x = %

x = 30° and 150° Explain how to arrive at these answers.

The solutions are x = 30° and x = 150° in the domain 0° < x < 360°.

Your Turn

Solve each trigonometric equation in the specified domain.
a) 3cos —1=cosO+1,-2w<6<27
b) 4secx + 8 =0, 0° < x < 360°

Example 2

Factor to Solve a Trigonometric Equation
Solve for 6.

tan’6 —5tan 0 +4=0,0<60 < 27

Give solutions as exact values where possible. Otherwise, give
approximate angle measures, to the nearest thousandth of a radian.

Solution
tan?0 —5tan® +4 =0 How is this similar to solving
(tan® — 1)(tan 6 — 4) =0 X —5x+4=0?
tan® —1=0 or tan® —4=0
tan 6 =1 tan ® = 4 In which quadrants is tan 6 > 0?
_ T 5T B . What angle mode must your
0= 4’ 4 tan™ 4 =0 iyiator be in to find tan-' 47
6 = 1.3258...

How do you know that

0 =~ 1.326 is a measure in quadrant I. 1.326is in quadrant I?



In quadrant III,

0=m+ 6, Why is tan—' 4 used as the
=T+ tan 14 reference angle here?
=T + 1.3258...
= 4.467 410 317...
~ 4.467

The solutions are 6 = %, 0= %T (exact), 8 = 1.326, and

0 ~ 4.467 (to the nearest thousandth).

Your Turn
Solve for 0.

cos?0 —cosH —2=0,0°<0 < 360°

Give solutions as exact values where possible. Otherwise, give
approximate measures to the nearest thousandth of a degree.

Example 3
General Solution of a Trigonometric Equation

a) Solve for x in the interval 0 < x < 2w if sin? x — 1 = 0.
Give answers as exact values.

b) Determine the general solution for sin*> x — 1 = 0 over the real
numbers if x is measured in radians.

Solution

a) Method 1: Use Square Root Principles
sinx—-1=0

sinx=1
sin x = +1 Why are there two values for sin x?
sinx=1orsinx= -1
If sin x = 1, then x = %
If sin x = —1, then x = 37“- Where did % and 3% come from?
. 5m
VA Why is > not an acceptable
answer?
0, 1)
(1.0 (1.0)
a A
- 0 X
0, -1)
4
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l Did You Know?

Method 2: Use Factoring
sinx—1=0
(sinx—1)(sinx+ 1) =0
sinx—1=0 or sinx+1=0

Continue as in Method 1.

2n, wheren e 1,
represents all even
integers.

2n+ 1, wherenel,
is an expression for all
odd integers.
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= T _ 3T
Check: x = 7 X==
Left Side Right Side Left Side Right Side
sinx — 1 0 sin? x — 1 0
— (sin TV — (gin 3TY _
= (sm 2) 1 = (sm 5 ) 1
=12—-1 =(-1)2-1
Both answers are verified.
. . ™ 3T
The solution is x = —, =—.
2° 2
b) If the domain is real numbers, you can make an infinite number of
rotations on the unit circle in both a positive and a negative direction.
i - _7® _3® m™ 5T 9T
Values corresponding to x = 5 A . =5, =T, o T o
What patterns do you see in these values for 6?7
i _ 3 _5m _m 3m 7w 11w
Values corresponding to x = 5 ATe . = =T o o T
Do you see that the terminal arm is at the point
(0, 1) or (0, —1) with any of the angles above?
An expression for the values corresponding to x = g is
X = g + 27n, where n € 1.
An expression for the values corresponding to x = 37“- i
X = %T + 27n, where n € L.
The two expressions above can be combined to form the general
solution x = g + 7mn, where n € L.
The solution can also be described as “odd integral multiples of %.”
In symbols, this is written
as (2n + 1)(g)’ nel How can yﬁou show alget;;alcally that
(2n + 1)(5), n el and >+ T ne I,
are equivalent?
Your Turn

a) If cos? x — 1 = 0, solve for x in the domain 0° < x < 360°.
Give solutions as exact values.

b) Determine the general solution for cos* x — 1 = 0, where
the domain is real numbers measured in degrees.



Key Ideas

e To solve a trigonometric equation algebraically, you can use the same
techniques as used in solving linear and quadratic equations.

@ When you arrive at sin 6 = a or cos 6 = a or tan 6 = a, where a € R, then use
the unit circle for exact values of 6 and inverse trigonometric function keys on
a calculator for approximate measures. Use reference angles to find solutions in
other quadrants.

e To solve a trigonometric equation involving csc 6, sec 8, or cot 6, you may need
to work with the related reciprocal value(s).

e To determine a general solution or if the domain is real numbers, find the
solutions in one positive rotation (27 or 360°). Then, use the concept of
coterminal angles to write an expression that identifies all possible measures.

Check Your Understanding

Practise 4. Solve each equation for 0 < 6§ < 2m.
1. Without solving, determine the number of Give solutions to the nearest hundredth
solutions for each trigonometric equation of a radian.
in the specified domain. Explain your a) tan 6 = 4.36
reasoning. b) cos 6 = —0.19
a) sin9=?,059<2ﬁ ¢) sin 6 = 0.91
b) cosO:L, 27T <0 <27 d) cot§ =123
V2 e) sec 6 = 2.77
¢) tan 6 = —1, —360° < 6 < 180° f) csc® = —1.57
d) sec O = % —180° < 6 < 180° 5. Solve each equation in the specified
2. The equation cos 6 = %, 0 <0 < 2T, has domain.

a) 3cosB—1=4c0s0,0<6<27
b) V3tan8+1=0,-7<90<2w
€) V2 sinx —1=0,-360° < x < 360°

solutions g and %K Suppose the domain
is not restricted.

a) What is the general solution

corresponding to 6 = 7 d) 3sinx—5=5sinx—4,
) 3 —360° < x < 180°
b) What is the general solution
57 e) 3cotx+1 =2+ 4 cot x,
corresponding to 6 = 7? —180° < x < 360°
3. Determine the exact roots for f) V3secH+2=0—t<0<3Tw

each trigonometric equation or
statement in the specified domain.

a) 2cos®—vV3=0,0<60<27
b) csc 0 is undefined, 0° < 6 < 360°
) 5 —tan? 6 = 4, —180° < 6 < 360°
d) secG+\/§=0,—7‘tS@§37ﬁ
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6. Copy and complete the table to express

each domain or interval using the other
notation.

Domain Interval Notation
a) —2rm<6<27
b) —g <0< %ﬂ
) 0°<6<270°
d) 6 € [0, m)
e) 6 € (0°, 450°)
f) 0 € (—2m, 47]

. Solve for 8 in the specified domain. Give
solutions as exact values where possible.
Otherwise, give approximate measures to
the nearest thousandth.

a) 2cos?0—3cosb+1=0,0<6<2T
b) tan?6 —tan 6 — 2 = 0, 0° < 6 < 360°
¢) sin’0 —sin® =0,0 € [0, 27)
d) sec?6 — 2sec6 —3 =0,
0 € [—180°, 180°)
. Todd believes that 180° and 270°
are solutions to the equation
5 cos? 6 = —4 cos 0. Show how you

would check to determine whether Todd’s
solutions are correct.

Apply
9. Aslan and Shelley are finding the

solution for 2 sin?0 =sin 9,0 < 0 < 7.
Here is their work.

2sin? O = sin O
Asin*® _ sin B
snB®  sinb Step 1
2sin 6 = | Step 2
sin 6 = % Step 3
T Om
6= A Step 4

a) Identify the error that Aslan and Shelley
made and explain why their solution is
incorrect.

b) Show a correct method to determine the
solution for 2 sin?® =sin 9,0 < 6 < 7.
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10.

11.

12.

13.

14.

Explain why the equation sin 6 = 0 has
no solution in the interval (w, 27).

What is the solution for sin 6 = 27 Show
how you know. Does the interval matter?

Jaycee says that the trigonometric equation
cos § = % has an infinite number of
solutions. Do you agree? Explain.

a) Helene is asked to solve the equation
3sin?0 —2sin®=0,0<806 <. She
finds that 6 = . Show how she could
check whether this is a correct root for
the equation.

b) Find all the roots of the equation
3sin*’0 —2sin0=0,0 € [0, «.
Refer to the Did You Know? below. Use
Snell’s law of refraction to determine
the angle of refraction of a ray of light
passing from air into water if the angle of
incidence is 35°. The refractive index is
1.000 29 for air and 1.33 for water.

l Did You Know?

Willebrord Snell, a Dutch physicist, discovered
that light is bent (refracted) as it passes from
one medium into another. Snell's law is shown in
the diagram.

n, sin®, = n,sin 6,

where 6, is the angle of incidence,

0, is the angle of refraction, and

n, and n, are the refractive indices of the mediums.




15.

16.

17.

18.

The average number of air conditioners
sold in western Canada varies seasonally
and depends on the month of the year.

The formula y = 5.9 + 2.4 sin (%(t - 3))

gives the expected sales, y, in thousands,
according to the month, ¢, where t = 1
represents January, t = 2 is February, and
SO on.

a) In what month are sales of 8300 air
conditioners expected?

b) In what month are sales expected to
be least?

¢) Does this formula seem reasonable?
Explain.

Nora is required to solve the following
trigonometric equation.

9sin?0 + 12sin 6 + 4 = 0, 6 € [0°, 360°)

Nora did the work shown below. Examine
her work carefully. Identify any errors.
Rewrite the solution, making any changes
necessary for it to be correct.
9sn*0+12sinO+4=0
Bsnb+27=0
3sn0+2=0

sinB=--

Therefore, 3

Use a calculator.

sin (-2) - 1200 314 4
So, the reference ansle is UI.T, to the nearest fenth of
a o\%ree.
Sine is n%a‘rive in }uao\ran‘rs ITand IIT
The solotion in guadrant IT is 180" - 4.8 = 133.2".
The solution in quadrant TIT is 180" + 4I.¥" = 231.F".
Therefore, 6 = 138.2 and 6 = 221.F", 1o the nearest
tenth of a desree.

Identify two different cases when a
trigonometric equation would have no
solution. Give an example to support
each case.

Find the value of sec 0 if cot 6 =

180° < 0 < 270°.

’

N[V}

Extend

19.

20.

A beach ball is riding the waves near
Tofino, British Columbia. The ball goes up
and down with the waves according to the

formula h = 1.4 sin (%t), where h is the

height, in metres, above sea level, and t is
the time, in seconds.

a) In the first 10 s, when is the ball at
sea level?

b) When does the ball reach its greatest
height above sea level? Give the
first time this occurs and then write
an expression for every time the
maximum occurs.

¢) According to the formula, what is the
most the ball goes below sea level?

The current, I, in amperes, for an
electric circuit is given by the formula
I = 4.3 sin 1207t, where t is time,

in seconds.

a) The alternating current used in western
Canada cycles 60 times per second.
Demonstrate this using the given
formula.

b) At what times is the current at its
maximum value? How does your
understanding of coterminal angles
help in your solution?

¢) At what times is the current at its
minimum value?

d) What is the maximum current?

Oscilloscopes can measure wave
functions of varying voltages.
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21.

22.

23.

Solve the trigonometric equation

cos (X—%):?, —T<X<T.

Consider the trigonometric equation

sin*0 4+ sin® — 1 = 0.

a) Can you solve the equation by
factoring?

b) Use the quadratic formula to solve
for sin 6.

¢) Determine all solutions for 0 in the
interval 0 < 0 < 27. Give answers to
the nearest hundredth of a radian,
if necessary.

Jaime plans to build a new deck behind
her house. It is to be an isosceles trapezoid
shape, as shown. She would like each
outer edge of the deck to measure 4 m.

4 m

4m 4m
0 0

a) Show that the area, A, of the deck
is given by A = 16 sin 6(1 + cos 6).

b) Determine the exact value of 6 in
radians if the area of the deck is
12V/3 m?.

¢) The angle in part b) gives the maximum
area for the deck. How can you prove
this? Compare your method with that of
another student.

Create Connections

C1 Compare and contrast solving linear and

quadratic equations with solving linear
and quadratic trigonometric equations.
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C2 A computer determines that a point on

the unit circle has coordinates
A(0.384 615 384 6, 0.923 076 923 1).

a) How can you check whether a point is
on the unit circle? Use your method to
see if A is on the unit circle.

b) If A is the point where the terminal arm
of an angle 0 intersects the unit circle,
determine the values of cos 0, tan 0,
and csc 0. Give your answers to three
decimal places.

¢) Determine the measure of angle 0, to
the nearest tenth of a degree. Does
this approximate measure for 6 seem
reasonable for point A? Explain using
a diagram.

€3 Use your knowledge of non-permissible

values for rational expressions to answer
the following.

a) What is meant by the expression
“non-permissible values”? Give an
example.

b) Use the fact that any point on
the unit circle has coordinates
P(8) = (cos 8, sin 0) to identify a
trigonometric relation that could have
non-permissible values.

¢) For the trigonometric relation that you
identified in part b), list all the values
of 6 in the interval 0 < 6 < 4 that are
non-permissible.

d) Create a general statement for all the
non-permissible values of 6 for your
trigonometric relation over the real
numbers.

C4 a) Determine all solutions for the equation

2 sin? § = 1 — sin 6 in the domain
0° < 6 < 360°.

b) Are your solutions exact or
approximate? Why?

¢) Show how you can check one of your
solutions to verify its correctness.



Chapter 4

4.1 Angles and Angle Measure, 5. Write an expression for all of the angles
pages 166-179 coterminal with each angle. Indicate what

o e iabl ts.
1. If each angle is in standard position, in YOUr Varabie represents

which quadrant does it terminate? a) 250°
a) 100° 5T
b) 5
b) 500°
c) —300°
c) 10
d) 297 d) 6
6 6. A jet engine motor cycle is tested
2. Draw each angle in standard position. at 80 000 rpm. What is this angular
Convert each degree measure to radian velocity in

measure and each radian measure to degree

measure. Give answers as exact values.
57 b) degrees per second?

2
b) 240°
c¢) —405°
d) —3.5
3. Convert each degree measure to radian
measure and each radian measure
to degree measure. Give answers as

approximate values to the nearest
hundredth, where necessary.

a) radians per minute?

a)

a) 20°
b) —185°
¢ —1.75 4.2 The Unit Circle, pages 180-190
d) 5T 7. P(6) = (x, y) is the point where the
12 terminal arm of an angle 0 intersects the
4. Determine the measure of an angle unit circle. What are the coordinates for
coterminal with each angle in the domain each point?
0° <0 < 360°0r0 <0 < 27 Draw a 57
diagram showing the quadrant in which a) P(T)
each angle terminates. b) P(—150°)
a) 6.75 1
0y
b) 400° <) P(— 2 )
0 -3 d) P(45°)
d) —105° e) P(120°)
o {22
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10.

a) If the coordinates for P(%) are (1 ﬁ),

2’ 2
explain how you can determine the
coordinates for P(z—ﬂ), P(4—ﬂ), and

P(5—7‘). 3 3

3
b) If the coordinates for P(0) are
(—g, %), what are the coordinates

for P((—) + %)?

¢) In which quadrant does P(S?Tr + ’7T) lie?

Explain how you know. If P(S?Tr + 7T)

represents P(0), what is the measure
of 6 and what are the coordinates
of P(0)?

. Identify all measures for 6 in the interval

—27 < 0 < 27 such that P(8) is the given
point.

a) (0,1)
V3 1)

b) (7’ )
o (L )

V2 V2

1 V3
o (-5
Identify all measures for 6 in the domain

—180° < 0 < 360° such that P(0) is the
given point.
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11.

12.

13.

14.

IfPO) = (?, —g), answer the following

\ 3
questions.

a) What is the measure of 87 Explain using
a diagram.

b) In which quadrant does 6 terminate?

¢) What are the coordinates of P(6 + m)?

d) What are the coordinates of P(G + g)?

e) What are the coordinates of P(e — g)?

4.3 Trigonometric Ratios, pages 191-205

If cos © = %, 0° < 0 < 270°, what is the

value of each of the other trigonometric
ratios of 8? When radicals occur, leave
your answer in exact form.

Without using a calculator, determine the
exact value of each trigonometric ratio.

. 3T
a) sin ( 5 )

3T
b) cos 2

7T
c) cot 6

d) sec (—210°)
e) tan 720°
f) csc 300°

Determine the approximate measure of

all angles that satisfy the following. Give
answers to the nearest hundredth of a unit.
Draw a sketch to show the quadrant(s)
involved.

a) sin® =0.54, 27w < 0 <27

b) tan 6 = 9.3, —180° < 0 < 360°

€) cosh=-0.77, - T<O0<T

d) csc 6 = 9.5, —270° < 6 < 90°



15. Determine each trigonometric ratio, to
three decimal places.

a) sin 285°

b) cot 130°
€) cos 4.5
d) sec 7.38

16. The terminal arm of an angle 6 in standard
position passes through the point A(-3, 4).

a) Draw the angle and use a protractor to
determine its measure, to the nearest
degree.

b) Show how to determine the exact value
of cos 0.

¢) What is the exact value of csc 6 + tan 07

d) From the value of cos 0, determine the
measure of 0 in degrees and in radians,
to the nearest tenth.

4.4 Introduction to Trigonometric Equations,
pages 206-214
17. Factor each trigonometric expression.

a) cos? 0 + cos 0

b) sin?6 — 3sin® — 4

c) cot?6 — 9

d) 2tan?6 — 9tan 6 + 10

18. Explain why it is impossible to find each
of the following values.

a) sin™'2
b) tan 90°

19. Without solving, determine the number of
solutions for each trigonometric equation
or statement in the specified domain.

a) 4cos6—3=0,0°<0<360°

b) sin6+09=0,—Tw<06<T7

¢) 0.5tan® — 1.5 =0, —-180°< 0 < 0°
d) csc 0 is undefined, 8 € [—2T, 47)

20. Determine the exact roots for each

21.

22.

23.

trigonometric equation.

a) csc 6 =V2, 0 € [0°, 360°]

b) 2cos6+1=0,0<6<27

€) 3tan® —V3 =0, —180° < 0 < 360°
d)cot6+1=0,—T<0<T

Solve for 0. Give solutions as exact
values where possible. Otherwise, give

approximate measures, to the nearest
thousandth.

a) sin?6 +sin®—-2=0,0<6< 27
b) tan?6 + 3tan 6 = 0, 0° < 6 < 360°
c) 6cos*0 +cosH=1,6 € (0° 360°)
d) sec20 —4=0,0 € [—m, 7

Determine a domain for which the

equation sin 6 = @ would have the

following solution.

_ T 2T
a)9_3,

3
b) = _5T _4T ™

37 3’3
¢) 6 = —660°, —600°, —300°, —240°
d) 6 = —240°, 60°, 120°, 420°

Determine each general solution using the
angle measure specified.

a) sin x = —%, in radians

b) sin x = sin?® x, in degrees

€) sec x + 2 = 0, in degrees

d) (tan x — 1)(tan x —V/3) = 0, in radians
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. Chapter 4 Practice Test <

Multiple Choice 5. Determine the number of solutions
For # 45 oh he b for the trigonometric equation
or #1 to #5, choose the best answer. sin 0 (sin 6 + 1) = 0, —180° < © < 360°.

V3

1. If cos 6 = Y=, which could be the measure 3
of 67 B 4
3 6 3 6 D 6
2. Which exact measures of 0 satisfy
sin 6 = —\7@, 0° < 6 < 360°7 Short Answer
R 60°, 120° 6. A vehicle has tires that are 75 cm in
B —60°, —120° diameter. A point is marked on the edge
C 240°, 300° of the tire.
D —240° —300° a) Determine the measure of the angle

through which the point turns every
second if the vehicle is travelling
at 110 km/h. Give your answer

3. If cot 6 = 1.4, what is one approximate
measure in radians for 07

A 0.620 in degrees and in radians, to the

B 0.951 nearest tenth.

C 1.052 b) What is the answer in radians if the
D 0.018 diameter of the tire is 66 cm? Do you

4. The coordinates of point P on the think that tire diameter affects tire

life? Explain.
unit circle are (_Q ﬂ) What are . . .

4’ 4 ) 7. a) What is the equation for any circle
the coordinates of Q if Q is a 90° with centre at the origin and radius
counterclockwise rotation from P? 1 unit?

V7 3 b) Determine the value(s) for the missin
A 8
4 4 coordinate for all points on the unit
B (_ﬁ _E) circle satisfying the given conditions.
4 4 Draw diagrams.
c (i, ﬁ) o (23
4’ 4 )\
3 V7
0 (3.7 i (xY7).x <0
A ¢) Explain how to use the equation for the
unit circle to find the value of cos 6 if
P you know the y-coordinate of the point
where the terminal arm of an angle 6
P - in standard position intersects the
X unit circle.
Q
A4
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10.

11.

12.

. Suppose that the cosine of an angle is

negative and that you found one solution
in quadrant IIT.

a) Explain how to find the other solution
between 0 and 2.

b) Describe how to write the general
solution.

. Solve the equation 2 cos 6 +V2 = 0,

where 6 € R.

Explain the difference between an angle

measuring 3° and one measuring 3 radians.

An angle in standard position
measures —500°.

a) In which quadrant does —500°
terminate?

b) What is the measure of the reference
angle?

¢) What is the approximate value, to one
decimal place, of each trigonometric
ratio for —500°7

Identify one positive and one negative
angle measure that is coterminal with each
angle. Then, write a general expression for
all the coterminal angles in each case.

131
a) 5
b) —575°

Extended Response

13.

The diagram shows a stretch of road
from A to E. The curves are arcs of
circles. Determine the length of the road
from A to E. Give your answer to the
nearest tenth of a kilometre.

14. Draw any AABC with A at the origin,
side AB along the positive x-axis, and
C in quadrant I. Show that the area of

your triangle can be expressed as

%bc sin A or %ac sin B.

15. Solve for 6. Give solutions as exact
values where possible. Otherwise, give
approximate measures to the nearest
hundredth.

a) 3tan?06 —tan 6 —4 =0, - <0 <27
b) sin?6 +sin® —-1=0,0<6< 27
c) tan’0 = 4 tan 0, 6 € [0, 27]

16. Jack chooses a horse to ride on the West
Edmonton Mall carousel. The horse is

located 8 m from the centre of the carousel.

If the carousel turns through an angle of
210° before stopping to let a crying child
get off, how far did Jack travel? Give
your answer as both an exact value and
an approximate measure to the nearest
hundredth of a metre.

.

~ .2 e - —
g R Yo
et . :" \k'\
¢ - -
3 i
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CHAPTER

5 Trigonometric
Functions and
Graphs

You have seen different types of functions and
how these functions can mathematically model the
real world. Many sinusoidal and periodic patterns
occur within nature. Movement on the surface of
Earth, such as earthquakes, and stresses within
Earth can cause rocks to fold into a sinusoidal
pattern. Geologists and structural engineers study
models of trigonometric functions to help them
understand these formations. In this chapter, you
will study trigonometric functions for which the
function values repeat at regular intervals.
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Career Link

A geologist studies the composition,
structure, and history of Earth’s surface

to determine the processes affecting the
development of Earth. Geologists apply
their knowledge of physics, chemistry,
biology, and mathematics to explain these
phenomena. Geological engineers apply
geological knowledge to projects such as
dam, tunnel, and building construction.

To learn more about a career as a geologist, go to
www.mcgrawhill.ca/school/learningcentres and
follow the links.

N L AN



Graphing Sine and
Cosine Functions

Focus on...

¢ sketching the graphs of y = sin xand y = cos x

e determining the characteristics of the graphs
of y=sin xand y = cos x

demonstrating an understanding of the effects
of vertical and horizontal stretches on the
graphs of sinusoidal functions

solving a problem by analysing the graph of a
trigonometric function

Many natural phenomena are cyclic, such as the tides of the
ocean, the orbit of Earth around the Sun, and the growth and
decline in animal populations. What other examples of cyclic
natural phenomena can you describe?

The Hopewell Rocks on the
Bay of Fundy coastline are
sculpted by the cyclic tides.

You can model these types of natural behaviour with periodic
functions such as sine and cosine functions.

Did You Know?

The Bay of Fundy, between New Brunswick and Nova Scotia, has the highest tides in
the world. The highest recorded tidal range is 17 m at Burntcoat Head, Nova Scotia.

Investigate the Sine and Cosine Functions

Materials 1. a) Copy and complete the table. Use your knowledge of special

S ord e angles to determine exact values for each trigonometric ratio.
Then, determine the approximate values, to two decimal places.
One row has been completed for you.

e grid paper
e ruler

Angle, 6 y=sin® y=cos O
0
™ 1_ V3
6 > = 0.50 o= 0.87
Y
4
Y
3
Y
2

b) Extend the table to include multiples of the special angles in the
other three quadrants.
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2. a) Graph y = sin 0 on the interval 6 € [0, 2]

e the maximum value and the minimum value
e the interval over which the pattern of the function repeats
e the zeros of the function in the interval 6 € [0, 2]
e the y-intercept
e the domain and range
3. Graph y = cos 6 on the interval 8 € [0, 27] and create a summary
similar to the one you developed in step 2b).

Reflect and Respond

4. a) Suppose that you extended the graph of y = sin 0 to the right of
2m. Predict the shape of the graph. Use a calculator to investigate
a few points to the right of 2w. At what value of 6 will the next
cycle end?

b) Suppose that you extended the graph of y = sin 0 to the left of
0. Predict the shape of the graph. Use a calculator to investigate
a few points to the left of 0. At what value of 6 will the next
cycle end?

5. Repeat step 4 for y = cos 6.

Link the Ideas

Sine and cosine functions are periodic functions. The values of these
functions repeat over a specified period.

A sine graph is a graph of the function y = sin 6. You can also
describe a sine graph as a sinusoidal curve.

A per

y=sinb .
0.5
/ \ / \ JARIE
\'|_5n x| 3w/ — T T 3n | x| 5 9
\"121/ 2 \[2 ./ 2 \ 2/ 2

1
< = ' One Cycle
eriod v

Trigonometric functions are sometimes called circular because they
are based on the unit circle.

b) Summarize the following characteristics of the function y = sin 6.

l Did You Know?

The sine function is
based upon one of the
trigonometric ratios
originally calculated
by the astronomer
Hipparchus of Nicaea
in the second century
B.C.e. He was trying

to make sense of the
movement of the stars
and the moon in the
night sky.

periodic function

a function that repeats
itself over regular
intervals (cycles) of its
domain

period

the length of the
interval of the domain
over which a graph
repeats itself

the horizontal length of
one cycle on a periodic
graph

sinusoidal curve

the name given to a
curve that fluctuates
back and forth like a
sine graph

a curve that oscillates
repeatedly up and
down from a centre line
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The sine function, y = sin 0, relates the measure of angle 6 in standard
position to the y-coordinate of the point P where the terminal arm of the
angle intersects the unit circle.

OSIER
= 4

The cosine function, y = cos 6, relates the measure of angle 6 in standard
position to the x-coordinate of the point P where the terminal arm of the
angle intersects the unit circle.

YA _VA
14
(3,COS3)
< » < y >
X 0 2t X
-1 I Im
6,C056
A 4 v

The coordinates of point P repeat after point P travels completely
around the unit circle. The unit circle has a circumference of 2.
Therefore, the smallest distance before the cycle of values for the
functions y = sin 6 or y = cos 0 begins to repeat is 2. This distance
is the period of sin 6 and cos 6.

Example 1

Graph a Periodic Function

Sketch the graph of y = sin 6 for 0° < 6 < 360°0or 0 < 6 < 2.
Describe its characteristics.

Solution

To sketch the graph of the sine function for 0° < 6 < 360° or 0 < 6 < 2,
select values of 6 and determine the corresponding values of sin 6. Plot
the points and join them with a smooth curve.



Degrees = 0° 30° 45° 60° 90° 120° 135° 150° 180°
d———

210° 225° 240°  270°

: s ™ ™ s 2t 3w 5w YAl 51 4 3
Radians o ¢ 3 3 2 5 % % ™ % a4 3 2
i 1 V2 V3 VERR'FREE 1 ve V3
Sl 0 - T T vV T =z z 0 5 5 5 A
VA Y =sin 6
1
- ~
< >
0 30° | 60° | 90° |120°/150°/18 0°/240°/270° 300°/330°r360°| 6
v
VA Y =sin6
1
- ~
< >
O] | m m =m | 2rn Sn| ™ NLw| 4n | 3m 5m | 1l=x72mw | 6
1 6 3 l 3 ) 6 " 2 — 6
v

From the graph of the sine function, you can make general observations

about the characteristics of the sine curve:
e The curve is periodic.

e The curve is continuous.

Which points would

you determine to be

e The domain is {6 | 6 € R}. the key points for
. sketching a graph of
* The range s {y | “l=y=Llye R}. the sine%‘un%tiopn?

e The maximum value is +1.

e The minimum value is —1.

e The amplitude of the curve is 1.
e The period is 360° or 2.

e The y-intercept is 0.

e In degrees, the 6-intercepts are
..., —b40°, —360°, —180°, 0°, 180°, 360°, ..., or 180°
where n € L.
The 60-intercepts, in radians, are
oo, =37, —27, —7TX, 0, X, 27, ..., OT NIT,
where n € 1.

Your Turn

Look for a
pattern in

the values.
n)

Sketch the graph of y = cos 6 for 0° < 6 < 360°. Describe

its characteristics.

300° 315° 330° 360°

5w Ix m o,
3 4 6

VIiovE o1,
2 2 2

l Did You Know?

The Indo-Asian
mathematician
Aryabhata (476-550)
made tables of
half-chords that are
now known as sine
and cosine tables.

amplitude (of

a sinusoidal

function)

e the maximum vertical
distance the graph of
a sinusoidal function
varies above and below
the horizontal central
axis of the curve
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Example 2
Determine the Amplitude of a Sine Function

Any function of the form y = af(x) is related to y = f(x) by a

vertical stretch of a factor |a| about the x-axis, including the sine

and cosine functions. If @ < 0, the function is also reflected in

the x-axis.

a) On the same set of axes, graph y = 3 sin x, y = 0.5 sin x, and
y=—-2sinxfor 0 < x < 2m.

b) State the amplitude for each function.

¢) Compare each graph to the graph of y = sin x. Consider the period,
amplitude, domain, and range.

Solution

a) Method 1: Graph Using Transformations
Sketch the graph of y = sin x.

For the graph of y = 3 sin x, apply a vertical stretch by a factor of 3.
For the graph of y = 0.5 sin x, apply a vertical stretch by a factor of 0.5.

For the graph of y = —2 sin x, reflect in the x-axis and apply a vertical
stretch by a factor of 2.

VA
v =3sin x

v = 0.55in[x

Y

Method 2: Use a Graphing Calculator
Select radian mode.

'3 5y f2|:x:|=3 i sin(x)

Use the following

ﬁxhi& /\ window settings:
-} T . Tr
o 5/—”—5(::)% X: [0, 2T, Z]

0.79 = v [-3.5,3.5,0.5]

e

f4|:x:|=—2 : sinl[x]l




b) Determine the amplitude of a sine function using the formula

maximum value — minimum value

Amplitude = 7
. . .1 —(-1) How is the
The amplitude of y = sin x is — > orl amplitude
3 - (=3) related to the
The amplitude of y = 3 sin x is , or 3. range of the
2 function?
. . . 0.5 —(-0.5
The amplitude of y = 0.5 sin x is 2( ) ,or 0.5.
. . . 2 —(-2)
The amplitude of y = —2 sin x is —p s orZ.
€)  Function Period Amplitude Specified Domain Range
y=sinx 2T 1 {x|0=sx<2mxeR} {y|-1<sy<lyeR}
y=3sinx 2T 3 {x|0=x<2mxeR} {y|-3<y=<3veR}
y=0.5sinx 2T 0.5 {x|0=x=<2mxeR} {y|-05=<y=<05yeR}
y=-2sinx 2T 2 {x|0=x<2mxeR} {y|-2<y=<2 yeR}

Changing the value of a affects the amplitude of a sinusoidal function.
For the function y = a sin x, the amplitude is |q|.

Your Turn

a) On the same set of axes, graph y = 6 cos x and y = —4 cos x for
0=<x<2m

b) State the amplitude for each graph.

¢) Compare your graphs to the graph of y = cos x. Consider the period,
amplitude, domain, and range.

d) What is the amplitude of the function y = 1.5 cos x?

Period of y = sin bx or y = cos bx

The graph of a function of the form y = sin bx or y = cos bx for b # 0
has a period different from 27 when |b| # 1. To show this, remember that
sin bx or cos bx will take on all possible values as bx ranges from 0 to
27. Therefore, to determine the period of either of these functions, solve
the compound inequality as follows.

0<x<2T Begin with the interval of one cycle of y = sin x or y = cos x.
0 < |b|x < 27 Replace x with |b|x for the interval of one cycle of y = sin bx or y = cos bx.

0<x<2T  Divideby bl

||
Solving this inequality determines the length of a cycle for the sinusoidal
curve, where the start of a cycle of y = sin bx is 0 and the end is |213T
Determine the period, or length of the cycle, by finding the distance
from 0 to 2% |b| . Thus, the period for y = sin bx or y = cos bx is m
in radians, or 3|6b(|) , in degrees. Why do you use |b| to determine the period?
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Example 3
Determine the Period of a Sine Function

Any function of the form y = f(bx) is related to y = f(x) by a

1

||

the sine and cosine functions. If b < 0, then the function is

also reflected in the y-axis.

a) Sketch the graph of the function y = sin 4x for 0 < x < 360°. State
the period of the function and compare the graph to the graph of
y = sin x.

b) Sketch the graph of the function y = sin %X for 0 < x < 4. State

horizontal stretch by a factor of —— about the y-axis, including

the period of the function and compare the graph to the graph of
y = sin x.
Solution
a) Sketch the graph of y = sin x.
For the graph of y = sin 4x, apply a horizontal stretch by a factor of %

To find the period of a function, start from
any point on the graph (for example, the
v-intercept) and determine the length of
the interval until one cycle is complete.

From the graph of y = sin 4x, the period is 90°.

You can also determine this using the formula Period = 33)?0'
Period = 380°
||
Period = 3&? Substitute 4 for b.
. 1 _ 360°
Period = n
Period = 90°

Compared to the graph of y = sin x, the graph of y = sin 4x has the
same amplitude, domain, and range, but a different period.



b) Sketch the graph of y = sin x.
For the graph of y = sin %X, apply a horizontal stretch by a factor of 2.

<Y

A=
I
l

From the graph, the period for y = sin %X is 4.
Using the formula,

Period = 2
|Dl
Period = ZTﬂ Substitute % for b.
B
Period = 2r
1
2
Period = 47

Compared to the graph of y = sin x, the graph of y = sin %X has the

same amplitude, domain, and range, but a different period.

Changing the value of b affects the period of a sinusoidal function.

Your Turn

a) Sketch the graph of the function y = cos 3x for 0 < x < 360°.
State the period of the function and compare the graph to the
graph of y = cos x.

b) Sketch the graph of the function y = cos %X for0 < x < 6.
State the period of the function and compare the graph to the
graph of y = cos x.

c) What is the period of the graph of y = cos (—3x)?

Example 4
Sketch the Graph of y = a cos bx
a) Sketch the graph of y = —3 cos 2x for at least one cycle.

b) Determine
e the amplitude
e the period
e the maximum and minimum values
e the x-intercepts and the y-intercept
¢ the domain and range
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Solution

a) Method 1: Graph Using Transformations
Compared to the graph of y = cos x, the graph of y = —3 cos 2x is
stretched horizontally by a factor of % about the y-axis, stretched

vertically by a factor of 3 about the x-axis, and reflected in the x-axis.

Begin with the graph of y = cos x. Apply Why is the horizontal stretch

1
a horizontal stretch of % about the y-axis. by a factor of 57

A
: V= cosi2x
N AN I AN
g \ VAR
0 TN ™ A 2m 57 3w Ziis 4mx
. 2/ > > AN\2
' v =[cos x
R
Then, apply a vertical stretch by a factor of 3.
VA
5 v +=3c0s2ax
AR [\ [ 1\ [\ [N
4 V= cos 2x
I/ I/ [/ N\ I/ T\ /
0 1 T Bl 2m 5m 3w Wi 47&
r L] N2/ N/ N2/ N2/
TN \[/ \ 1/ \ 1/
3N
Finally, reflect the graph of y = 3 cos 2x in the x-axis
VA
: ¥y =|3¢os2 =—Bcos@x
I NN NN PN PN TN Y
B L L A
Y V y V Y V Y VI
ol A T Ao (A 3n NES 5m A3 Wi N 4rx
e\ 2 A 2 L e T 2 )
C N N N NN N N
B 2
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b)

Method 2: Graph Using Key Points

This method is based on the fact that one cycle of a cosine function
2T
||

and a minimum. These five points divide the period into quarters.

y = cos bx, from 0 to , includes two x-intercepts, two maximums,

Compare y = —3 cos 2x to y = a cos bx.

Since a = —3, the amplitude is |—3|, or 3. Thus, the maximum value
is 3 and the minimum value is —3.

21
2]
end at x = w. Divide this cycle into four equal segments using the

Since b = 2, the period is , or . One cycle will start at x = 0 and

™ 7T™ 3T How do you know where the
values 0, 4’92 4 and T for x. maximums or minimums will occur?
. T Why are there two
The key points are (0, —3), (Z’ 0)’ minimums instead of
1s 37t two maximums?
(?’ 3), (T’ 0), and (m, —3).
Connect the points in a smooth curve and sketch the graph through one
cycle. The graph of y = —3 cos 2x repeats every T units in either direction.
7
5 y=—3Bcos2x
ol 1 [\ [\ [\
i N [ [\ [
) / \ / \ / \ / \L
1o [/ 0y \ = 3w \ 2x |/ 5w \! 3n [f Wi \| 4rwx
| Y2 VY 2 I 20 B R A 2
\|/ \/ \/ \/ \ 4
2

The amplitude of y = —3 cos 2x is 3.

The period is .

The maximum value is 3.

The minimum value is —3

The y-intercept is —3.

The x-intercepts are %, %Tﬂ’ %, %T or % + %n, n el
The domain of the function is {x | x € R}.

The range of the function is {y | -3 <y < 3, y € R}.
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Your Turn

a) Graph y = 3 sin 4x, showing at least two cycles.
b) Determine

e the amplitude

e the period

e the maximum and minimum values

e the x-intercepts and the y-intercept

e the domain and range

Key Ideas

e To sketch the graphs of y = sin 6 and y = cos 8 for 0° < 6 < 360° or 0 < 6 < 2,
determine the coordinates of the key points representing the 6-intercepts,
maximum(s), and minimum(s).

_V“ yl\

1 y=5in6 . y=cos 0

v A

/ \\ /" Ré \ / \‘
< 4 N é ;‘
A [¢] T ™| 3r | fr |6 0 T ™ | 2w | 6
e 2 N2/ , 2 \ />

I 1

A4 \ 4
The maximum value is +1. How are the characteristics

The minimum value is —1. different for y = cos 67

The amplitude is 1.

The period is 2.

The y-intercept is O.

The 6-intercepts for the cycle shown are 0, 7, and 2.
The domainof y =sin0is{6 | 6 € R}.

Therangeof y=sinfis{y|-1<y<1,yeR}

@ Determine the amplitude and period of a sinusoidal function of
the form y = a sin bx or y = a cos bx by inspecting graphs or
directly from the sinusoidal function.

= You can determine the amplitude using the formula How can you determine
. : lue — mini 1 the amplitude from
Amplitude = maximum value - minimum value the graph of the
. S sine function? cosine
The amplitude is given b}.f lal. . ' function?
You can change the amplitude of a function by varying
the value of a.
= The period is the horizontal length of one cycle on the graph How can you identify the
. . . 2T 360° period on the graph of
of a function. It is given by Bl or b 3 sine function? cosine
function?

You can change the period of a function by varying the value of b.
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Check Your Understanding

Practise 5. State the period for each periodic
1. a) State the five key points for y = sin x function, in degrees and in radians.
that occur in one complete cycle from Sketch the graph of each function.
0to 2m. a) y = sin 40 b) y = cos %9
b) Use the key points to sketch the graph of .
y = sin x for —27 < x < 2. Indicate the €) y=sin 3X d) y = cos 6x

key points on your graph.
¢) What are the x-intercepts of the graph? Apply

d) What is the y-intercept of the graph? 6. Match each function with its graph.
e) What is the maximum value of the a) y=3cosx
graph? the minimum value? b) v = cos 3x
2. a) State the five key points for y = cos x ) y=—sinx
that occur in one complete cycle from d) v =
) v= —cos x
0 to 2.
b) Use the key points to sketch a graph of A A
y = cos x for -2 < x < 27. Indicate 2 \ \
the key points on your graph. / \
¢) What are the x-intercepts of the graph? 0 Z,\ T EZ‘ 2Zm | X

d) What is the y-intercept of the graph?

e) What is the maximum value of the

graph? the minimum value? B 7
3. Copy and complete the table of 1
properties for y = sin x and y = cos x P G X
for all real numbers. LRV AR RE NV,
N\ /2 2\ /

Property y=sin x . y=cosx !

maximum Y
minimum C yA
amplitude 1
. N\ RN
period P -
< >
domain 0 T T | 3m | 2| X
) 2/ 2 N\
range |
y-intercept A4
Xx-intercepts D A
4. State the amplitude of each periodic ]
function. Sketch the graph of each function. P R
< L
a) y=2sin6 b)y:%cose 0 1; 237( A
. E
) y:—%sinx d) y=—-6cosx v
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7. Determine the amplitude of each function.

10.

11.

Then, use the language of transformations
to describe how each graph is related to
the graph of y = sin x.

a) y=3sinx b) y=—-5sinx

¢) y=0.15sin x d) y:—% sin x

. Determine the period (in degrees) of

each function. Then, use the language
of transformations to describe how
each graph is related to the graph of
Yy = Cos X.

a) y = cos 2x b) v = cos (—3x)

d) y = cos 2

= cos L
€) y=cos X 3

4

. Without graphing, determine the amplitude

and period of each function. State the
period in degrees and in radians.
a) y=2sinx

) y= % sin (—%X) d) y =3 cos %X

b) y = —4 cos 2x

a) Determine the period and the amplitude
of each function in the graph.

b) Write an equation in the form
y = a sin bx or y = a cos bx for
each function.

¢) Explain your choice of either sine or
cosine for each function.

Sketch the graph of each function over the
interval [—360°, 360°]. For each function,
clearly label the maximum and minimum
values, the x-intercepts, the y-intercept, the
period, and the range.

a) y=2cosx b) y=—-3sinx

d) y:—icosx

c)y:lsinx 4

2
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12.

13.

14.

The points indicated on the graph
shown represent the x-intercepts and
the maximum and minimum values.

a) Determine the coordinates of points B,
C,D, and E if y = 3 sin 2x and A has
coordinates (0, 0).

b) Determine the coordinates of points
C,D, E, and F if y = 2 cos x and B has
coordinates (0, 2).

¢) Determine the coordinates of points
B, C, D, and E if y = sin %X and A has

coordinates (—4m, 0).

The second harmonic in sound is given by
f(x) = sin 2x, while the third harmonic is
given by f(x) = sin 3x. Sketch the curves
and compare the graphs of the second and
third harmonics for —27 < x < 27.

Did You Know?

A harmonic is a wave whose frequency is an
integral multiple of the fundamental frequency. The
fundamental frequency of a periodic wave is the
inverse of the period length.

Sounds heard by the human ear are
vibrations created by different air
pressures. Musical sounds are regular
or periodic vibrations. Pure tones

will produce single sine waves on an
oscilloscope. Determine the amplitude
and period of each single sine wave
shown.

a) YA
44




b) ¢) Draw a line radiating from the

centre of the circle to each mark.

Y
4
5 /\ /\ /\ d) Draw a vertical line to complete a
right triangle for each of the angles
> that you measured.
0 juy m | 5 T X

A

Did You Know?

Pure tone audiometry is a hearing test used to
measure the hearing threshold levels of a patient.
This test determines if there is hearing loss. Pure Step 2 Recall that the sine ratio is the length
tone audiometry relies on a patient’s response to of the opposite side divided by
RRRe=timuli the length of the hypotenuse. The

hypotenuse of each triangle is the

15. Systolic and diastolic pressures mark the radius of the circle. Measure the length
upper and lower limits in the changes in of the opposite side for each triangle
blood pressure that produce a pulse. The and complete a table similar to the
length of time between the peaks relates one shown.
to the period of the pulse. Angle, i TSI

= 4 Blood Pressure Variation X ___ Opposite  Hypotenuse ~ hypotenuse
S/ 1901 systoiic 0
P o
Eg 120k ressure | 15
ﬁ g 80—~ 45°
& Diastplig
g soPressure
E
£ . . . —> Step 3 Draw a coordinate grid on a sheet of
0 0.8 16 24 3.2 id paper
Time (in seconds) grid paper.
a) Label the x-axis from 0° to 360° in
a) Determine the period and amplitude of increments of 15°.
the graph. b) Label the y-axis from —1 to +1.
b) Determine the pulse rate (number of ¢) Create a scatter plot of points from
beats per minute) for this person. your table. Join the dots with a

16. MINI LAE Follow these steps  Materials smooth curve.
to draw a sine curve. + paper Step 4 Use one of the following methods to

Step 1 Draw a large circle. . protractor complete one cycle of the sine graph:

a) Mark the centre of « compass » complete the diagram from 180°
the circle. * ruler to 360°

b) Use a protractor and * grid paper e extend the table by measuring the
mark every 15° from lengths of the sides of the triangle
0° to 180° along the e use the symmetry of the sine curve
circumference of the circle. to complete the cycle
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17. Sketch one cycle of a sinusoidal curve
with the given amplitude and period and
passing through the given point.

a) amplitude 2, period 180°, point (0, 0)
b) amplitude 1.5, period 540°, point (0, 0)

18. The graphs of y = sin 6 and y = cos 6 show
the coordinates of one point. Determine
the coordinates of four other points on the
graph with the same y-coordinate as the
point shown. Explain how you determined
the 6-coordinates.

17
a) s
8
412 /
T 3n Zr b
2 2
b) 7
=5
‘_3 —x ® |0 T B 2113 2r |0
2 2 |2 2
A 4

19. Graph y = sin 6 and y = cos 6 on the same
set of axes for —2w < 0 < 2m.

a) How are the two graphs similar?
b) How are they different?

¢) What transformation could you apply
to make them the same graph?

Extend

20. If y = f(x) has a period of 6, determine
the period of y = f(%x)

21. Determine the period, in radians, of each
function using two different methods.
a) y = —2sin 3x

b) y= —% cos %X

22. If sin 6 = 0.3, determine the value
of sin O + sin (0 + 27) + sin (0 + 47).
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23.

24.

Consider the function y = Vsin x.

a) Use the graph of y = sin x to sketch a
prediction for the shape of the graph of
vV =Vsin x.

b) Use graphing technology or grid paper
and a table of values to check your
prediction. Resolve any differences.

¢) How do you think the graph of
y =Vsin x + 1 will differ from the
graph of y = Vsin x7

d) Graph y =+V/sin x + 1 and compare it to
your prediction.

Is the function f(x) = 5 cos x + 3 sin x
sinusoidal? If it is sinusoidal, state the
period of the function.

l Did You Know?

In 1822, French mathematician Joseph Fourier
discovered that any wave could be modelled as a
combination of different types of sine waves. This
model applies even to unusual waves such as square
waves and highly irregular waves such as human
speech. The discipline of reducing a complex wave to
a combination of sine waves is called Fourier analysis
and is fundamental to many of the sciences.

Create Connections

77777777 Explore the relationship between
the unit circle and the sine and cosine
graphs with a graphing calculator.

Step 1 In the first list, enter the angle values

from 0 to 27 by increments of % In
the second and third lists, calculate

the cosine and sine of the angles in
the first list, respectively.

Ag B E D E

cosine sine
=seqix.0=cos(E) |=sin(8)

*

1| 0. 12 0.
2 0.261798| 0.965926| 0.258819
3 1523599 0.866025 0.5
4
5
5

0.785398| 0.707107| 0. 707107
1.0472 0.5 0866025
1.308| 0.258819| 0 965926

< I

A1 |=0. [¢]>




Step 2
Step 3

Step 4

Graph the second and third lists for
the unit circle.

Graph the first and third lists for the
sine curve.

Graph the first and second lists for
the cosine curve.

C4 Identify the regions that each of the
following characteristics fall into.

Cosine

il

ot

¥

#a 000,
o o

oe

o

o
o

157

rltm'ne,sin.e:l

=)
Yo0pg®

(#.5ine)

a) domain {x | x € R}
b) range {y| -1 <y <1,y€R}
¢) periodis 2w

d) amplitude is 1

e)

x-intercepts are n(180°), n € I

Step 5 a) Use the trace feature on the

c2

c3

graphing calculator and trace
around the unit circle. What do you
notice about the points that you
trace? What do they represent?

b) Move the cursor to trace the sine or
cosine curve. How do the points on
the graph of the sine or cosine curve
relate to the points on the unit
circle? Explain.

The value of (cos 6)? + (sin 0)? appears
to be constant no matter the value of 6.
What is the value of the constant? Why
is the value constant? (Hint: Use the unit
circle and the Pythagorean theorem in
your explanation.)

The graph of v = f(x) is sinusoidal with
a period of 40° passing through the
point (4, 0). Decide whether each of the
following can be determined from this
information, and justify your answer.

a) f(0)
b) f(4)
) f(84)

f) x-intercepts are 90° + n(180°), n € I
g) v-intercept is 1

h) y-intercept is 0

i) passes through point (0, 1)

j) passes through point (0, 0)

k) a maximum value occurs at (360°, 1)
I) a maximum value occurs at (90°, 1)

m) Vv

n)

4™

A 4

C5 a) Sketch the graph of y = |cos x| for

—27 < x < 2. How does the graph
compare to the graph of y = cos x?
b) Sketch the graph of y = |sin x| for
—27 < x < 2. How does the graph
compare to the graph of y = sin x?
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Y,

Transformations of
Sinusoidal Functions

Focus on...

graphing and transforming sinusoidal functions

identifying the domain, range, phase shift, period,
amplitude, and vertical displacement of sinusoidal
functions

developing equations of sinusoidal functions,
expressed in radian and degree measure, from graphs
and descriptions

solving problems graphically that can be modelled using
sinusoidal functions

recognizing that more than one equation can be used to
represent the graph of a sinusoidal function

The motion of a body attached to a
suspended spring, the motion of the plucked
string of a musical instrument, and the
pendulum of a clock produce oscillatory
motion that you can model with sinusoidal
functions. To use the functions y = sin x and
y = cos x in applied situations, such as these
and the ones in the images shown, you need
to be able to transform the functions.

The piStons and connecting™
Electric power and the | r0ds of disteam train drive
light waves it generates the wheels with a motion
are sinusoidal waveforms. that is-\iinusoidal.

Ocean waves created by the winds
may be modelled by sinusoidal curves.

Investigate Transformations of Sinusoidal Functions

Materials A: Graphy=sin©0+dory=cos 06 + d
* grid paper 1. On the same set of axes, sketch the graphs of the following functions
e graphing technology for 0° < 0 < 360°.

y=sin0

y=sin6+1

y=sin0—2

2. Using the language of transformations, compare the graphs of
y=sin0 + 1 and y = sin 6 — 2 to the graph of y = sin 6.

3. Predict what the graphs of y = sin 6 + 3 and y = sin 6 — 4 will look
like. Justify your predictions.
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Reflect and Respond
4. a) What effect does the parameter d in the function y = sin 6 + d
have on the graph of y = sin 6 when d > 07

b) What effect does the parameter d in the function y = sin 6 + d
have on the graph of y = sin 6 when d < 07

5. a) Predict the effect varying the parameter d in the function
y = cos 0 + d has on the graph of y = cos 6.

b) Use a graph to verify your prediction.

B: Graph y = cos (0 — ¢) or y = sin (0 — c) Using Technology

6. On the same set of axes, sketch the graphs of the following functions
for - < 6 < 2.

y = cos 0

= s
y = cos (9+ 2)
y = cos (6 — )

7. Using the language of transformations, compare the graphs of

y = cos (9 + g) and y = cos (0 — ) to the graph of y = cos 6.

8. Predict what the graphs of y = cos (6 — g) and y = cos (9 + 377()

will look like. Justify your predictions.

Reflect and Respond
9. a) What effect does the parameter ¢ in the function y = cos (6 — ¢)
have on the graph of y = cos 6 when ¢ > 07?

b) What effect does the parameter ¢ in the function y = cos (6 — ¢)
have on the graph of y = cos 6 when ¢ < 07
10. a) Predict the effect varying the parameter c in the function
y = sin (6 — ¢) has on the graph of y = sin 6.
b) Use a graph to verify your prediction.

Link the Ideas

You can translate graphs of functions up or down or left or right and
stretch them vertically and/or horizontally. The rules that you have
applied to the transformations of functions also apply to transformations
of sinusoidal curves.
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vertical
displacement

e the vertical translation
of the graph of a
periodic function

phase shift

e the horizontal
translation of the graph
of a periodic function
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Example 1
Graphy=sin(x—-¢ +d

a) Sketch the graph of the function y = sin (x — 30°) + 3.

b) What are the domain and range of the function?

¢) Use the language of transformations to compare your graph to the
graph of y = sin x.

Solution

a) | v
4.
3.

5

< »
< Lot

0] | 60°/120°180°240°/300°/360° X

Y

b) Domain: {x | x € R}
Range: {y|2<y<4,y€R}

¢) The graph has been translated 3 units up. This is the vertical
displacement. The graph has also been translated 30° to
the right. This is called the phase shift.

Your Turn

a) Sketch the graph of the function y = cos (x + 45°) — 2.

b) What are the domain and range of the function?

¢) Use the language of transformations to compare your graph
to the graph of y = cos x.

Example 2
Graphy=acos(06—-¢c)+d

a) Sketch the graph of the function y = —2 cos (6 + w) — 1 over
two cycles.

b) Use the language of transformations to compare your graph to the
graph of y = cos 6. Indicate which parameter is related to each
transformation.



Solution

N/NSHEARERNAN

‘/o T 2n 3 4
L1

Y

Y

b) Since a is —2, the graph has been reflected about the 6-axis and then l Did You Know?
stretched vertically by a factor of two. The d-value is —1, so the graph is
translated 1 unit down. The sinusoidal axis is defined as y = —1. Finally,

In this chapter,
the parameters for

the c-value is —m. Therefore, the graph is translated 7 units to the left. horizontal and vertical
translations are
Your Turn represented by ¢ and

d, respectively.

a) Sketch the graph of the function y = 2 sin (6 - g) + 2 over
two cycles.
b) Compare your graph to the graph of y = sin 6.

Example 3
Graphy=asinb(x—-¢c) +d
Sketch the graph of the function y = 3 sin (ZX - ZT’R) + 2 over two

cycles. What are the vertical displacement, amplitude, period, phase
shift, domain, and range for the function?

Solution
First, rewrite the function in the standard form y = a sin b(x — c) + d.

y=351n2(x—g)+2

Method 1: Graph Using Transformations
Step 1: Sketch the graph of y = sin x for one cycle. Apply the horizontal
and vertical stretches to obtain the graph of y = 3 sin 2x.

Compared to the graph of y = sin x, the graph of y = 3 sin 2x is a

horizontal stretch by a factor of % and a vertical stretch by a factor of 3.
For the function y = 3 sin 2x, b = 2.

Period = 2m
|b|
2w
2
=T

So, the period is .

5.2 Transformations of Sinusoidal Functions e MHR 241



242 MHR e Chapter 5

For the function y = 3 sin 2x, |a| = 3.
So, the amplitude is 3.

YA
| Ay = 3sin2x
HE
N
LI\\

I NAVZ 3
AW,

VANV

Y Y = sin X

A
<Y

0

2
C

Step 2: Apply the horizontal translation to obtain the graph of

y = 3 sin Z(X— %)

The phase shift is determined by the value of parameter ¢ for a function
in the standard form y = a sin b(x — ¢) + d.

Compared to the graph of y = 3 sin 2x, the graph of y = 3 sin Z(X - %) is

translated horizontally % units to the right.

The phase shift is I~ units to the right.

3
VA
.| Av=3sin2x , \
10 = sinc(x—%l]
RFAYAMNAYA
LA
< VAN y
"o \L Ve 3 x
NEAN A
VAVARRVAV/
\ 4

Step 3: Apply the vertical translation to obtain the graph of
y =3 sin z(x— g) + 2.

The vertical displacement is determined by the value of parameter d for a
function in the standard form y = a sin b(x — ¢) + d.

Compared to the graph of y = 3 sin Z(X — %), the graph of
y = 3 sin Z(X — %) + 2 is translated up 2 units.

The vertical displacement is 2 units up.

VA ) )
| ly=3singx[-C]+2
o ] , \ Would it matter if the order
4 A [\ _vE=3sina(x-5) of the transformations were
I \ / )( changed? Try a different order
> \\ /\\ for the transformations.
/AL
< W W >
-0 \x/ W[ | 3x | | 4m X
N I A
JI [/
\ 4




Compared to the graph of y = sin x, the graph of y = 3 sin Z(X — %) + 21is

e horizontally stretched by a factor of %
e vertically stretched by a factor of 3
e horizontally translated g units to the right

e vertically translated 2 units up

The vertical displacement is 2 units up.
The amplitude is 3.

The phase shift is % units to the right.

The domain is {x | x € R}.
The range is {y| -1 <y <5,y € R}.

Method 2: Graph Using Key Points

You can identify five key points to graph one cycle of the sine function.
The first, third, and fifth points indicate the start, the middle, and the
end of the cycle. The second and fourth points indicate the maximum
and minimum points.

Comparing y = 3 sin Z(X - %) + 2toy=asin b(x — c) + d gives a = 3,

b=2,c=g,andd=2.

The amplitude is |a|, or 3.

The period is 2T or .

b’
The vertical displacement is d, or 2. Therefore, the equation of the
sinusoidal axis or mid-line is y = 2.

You can use the amplitude and vertical displacement to determine the
maximum and minimum values.

The maximum value is
d+|a=2+3
=5

The minimum value is
d—la=2-3
=—-1

Determine the values of x for the start and end of one cycle from the
function y = a sin b(x — ¢) + d by solving the compound inequality

0<blx—rc) <2
How does this inequality relate
to the period of the function?
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Divide the interval % <x< %T into four equal segments. By doing this,

you can locate five key values of x along the sinusoidal axis.

T 7T 5T 13T 4T 7N
3’127 6° 127 3 | v=3sin2[x 1T 42
O \ =il
Use the above information to sketch A A
one cycle of the graph, and then a 4 ANEA
second cycle. 5 \ \
. . AL
Note the five key points and how | \l'/ \'/ R
you can use them to sketch one ~o %/ " In | x
cycle of the graph of the function. v N
For the graph of the function y = 3 sin Z(X - %) + 2,

e the vertical displacement is 2 units up
e the amplitude is 3

e the phase shift is %

e the domain is {x | x € R}
e therangeis {y| -1 <y <5,y € R}

units to the right

Your Turn

Sketch the graph of the function y = 2 cos 4(x + ©) — 1 over two cycles.
What are the vertical displacement, amplitude, period, phase shift,
domain, and range for the function?

Example 4
Determine an Equation From a Graph

The graph shows the function IZN

y=f(x).

~

a) Write the equation of the

n

function in the form

y=asinb(x—c) +d,a>0. é \/

<Y

b) Write the equation of the T 0l L x 2.;‘ T | 4n | om | 2

function in the form
y=acos b(x —c)+d,a>0.
¢) Use technology to verify your solutions.

Solution

a) Determine the values of the iZ

parameters a, b, ¢, and d.

S

Locate the sinusoidal axis d=2

or mid-line. Its position ‘ / \/ \/ \/
2

determines the value of d.

<Y

)

Thus, d = 2. 3 |y | 3 3 3
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Use the sinusoidal axis from

the graph or use the formula How can you use the maximum and minimum
to determine the amplitude. values of the graph to find the value of d?
Amplitude = maximum value — minimum value
- 2
4 —0
a=
2
a=2

The amplitude is 2.

Determine the period and the value of b.

Method 1: Count the Number of Method 2: Determine the

Cycles in 2% Period First

Determine the number of cycles in Locate the start and end of one

a distance of 2. cycle of the sine curve.

In this function, there are three Recall that one cycle of y = sin x starts at

Cycles. Therefore, the value of b is (0, 0). How is that point transformed? How
2T could this information help you determine

3 and the period is the start for one cycle of this sine curve?

YA Period The start of the first cycle of
the sine curve that is closest to

the y-axis is at x = % and the

end is at x = %T

2 | 7 | 4n | 5m | 2
3 3 3 . . 5T ™ 2T

The period is =~ — —, or &-.
First Second Third p 6 6 3
v Cycle Cycle Cycle

Solve the equation for b.

Period = 2m

1b]
2% _ 2w
ST

b =3 Choose b to be positive.

Determine the phase shift, c.

Locate the start of the first cycle of the sine curve to the right of the
y-axis. Thus, ¢ = %

Substitute the values of the parameters a = 2, b =3, ¢ = %
and d = 2 into the equation y = a sin b(x — ¢) + d.

The equation of the function in the form y = a sin b(x — ¢) + d

isy:251n3(x—%)+2.
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b) To write an equation in the form y = a cos b(x — ¢) + d, determine

the values of the parameters a, b, ¢, and d using steps similar to
what you did for the sine function in part a).

a =
b=3
s ; ™ .
c = 3 Why is c = §? Are there other possible values for ¢?
d=2
VA
n Period
RPN €~ X B A SRBEEY NN W SIS
“ ! ! !
_x |0 T 2r | w | 4m | 5w | 2mX
3 3 3 3 3
L2
Y

The equation of the function in the

form y = a cos b(x — ¢) + d is
_ _T
y_ZCOSS(X 3)+2.

How do the two equations compare?

Could other equations define the
function y = f(x)?

¢) Enter the functions on a graphing calculator. Compare the graphs to

the original and to each other.

alw

f1|:x:|=2-sin(3-(x—§))+2

b

X

o

f1|:x:|=2-cos(3-(x—§))+2

X

507 1.05

.28

i

105

@28

The graphs confirm that the equations for the function are correct.

Your Turn

The graph shows the function y = f(x).

a) Write the equation of the function in the form y = a sin b(x — ¢) + d, a > 0.
b) Write the equation of the function in the form y = a cos b(x — ¢) + d, a > 0.

c) Use technology to verify your solutions.




Example 5
Interpret Graphs of Sinusoidal Functions

Prince Rupert, British Columbia, has the deepest natural harbour in
North America. The depth, d, in metres, of the berths for the ships can

be approximated by the equation d(t) = 8 cos %t + 12, where t is the

time, in hours, after the first high tide.

a) Graph the function for two cycles.

b) What is the period of the tide?

¢) An ocean liner requires a minimum of 13 m of water to dock safely.
From the graph, determine the number of hours per cycle the ocean
liner can safely dock.

d) If the minimum depth of the berth occurs at 6 h, determine the depth
of the water. At what other times is the water level at a minimum?

Explain your solution.

Solution

a) d4 Depth of Berths for Prince Rupert Harbour
201
16+

Depth (m)
N

8.
4
O, 3 6 | 9 12|15/ 18|21 24|t
Time (h)
30y
f1|:x;|=8-cos(§-x)+l2
/ Why should you set the calculator to radian

mode when graphing sinusoidal functions
that represent real-world situations?

[ ;}.

b) Use b = X to determine the period.

6

Period = 2%

Dl
Period = 2m

uy

B
Period = 12
The period for the tides is 12 h. What does the period of 12 h represent?
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¢) To determine the number of hours an ocean liner can dock safely,
draw the line y = 13 to represent the minimum depth of the berth.
Determine the points of intersection of the graphs of y = 13 and

d() = 8 cos %t + 12.

507y

f1(x]'-8'cos(§x)+12 (12,20)

/\ More precise answers can be
f2(x)=13 \/ﬂ 9.24,13) obtained using technology.
5
X

2 15

{0,20)

/\(\2?6, 13)

$-5

The points of intersection for the first cycle are approximately
(2.76, 13) and (9.26, 13).

The depth is greater than 13 m from 0 h to approximately 2.76 h
and from approximately 9.24 h to 12 h. The total time when the
depth is greater than 13 m is 2.76 + 2.76, or 5.52 h, or about

5 h 30 min per cycle.

d) To determine the berth depth at 6 h, substitute the value of t = 6 into
the equation.

d(t) = 8 cos %t + 12 39y
- f1|:x;|=8-cos(§-x)+l2
d(6) = 8 cos E(G) + 12 /
d(6) = 8 cos ™ + 12
d(6) = 8(—-1) + 12
d6) =4 You can use the 5
graph to verify {6,4] I
the solution. Y E 24

The berth depth at 6 h is 4 m. Add 12 h (the period) to 6 h to
determine the next time the berth depth is 4 m. Therefore, the
berth depth of 4 m occurs again at 18 h.

Your Turn
The depth, d, in metres, of the water in the harbour at New Westminster,

British Columbia, is approximated by the equation d(f) = 0.6 cos %t + 3.7,

where ¢ is the time, in hours, after the first high tide.

a) Graph the function for two cycles starting at t = 0.

b) What is the period of the tide?

¢) If a boat requires a minimum of 3.5 m of water to launch safely, for
how many hours per cycle can the boat safely launch?

d) What is the depth of the water at 7 h? At what other times is the water
level at this depth? Explain your solution.



Key Ideas

@ You can determine the amplitude, period, phase shift, and vertical
displacement of sinusoidal functions when the equation of the function
is given in the form y = a sin b(x — ¢) + d or y = a cos b(x — ¢) + d.

For: y = asin b(x — ¢) + d How does changing each

y=acosb(x—c)+d parameter affect the graph of
73 a function?
3 s - >
[l
% a
/ \ / \ / \
1 >
d
N 1
T |0 t /n | 3n| w\5r/3n | 7w | x
D 1/ 2 4 4/ 2 4
2

Vertical stretch by a factor of |q|

e changes the amplitude to |q|

e reflected in the x-axis if a < 0
1
|b]

(in degrees) or 2n (in radians)

||

Horizontal stretch by a factor of

360°

¢ changes the period to

e reflected in the y-axis if b < 0

Horizontal phase shift represented by ¢
e torightifc > 0
e toleftifc< 0

Vertical displacement represented by d
eupifd>o0
e downifd <0
d= maximum value + minimum value
- 2
e You can determine the equation of a sinusoidal function given its
properties or its graph.
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Check Your Understanding

Practise 4. Match each function with its description in
1. Determine the phase shift and the vertical the table.
displacement with respect to y = sin x a) y=—2cos 2(x + 4) -1
for each function. Sketch a graph of b) y = 2 sin 2(x — 4

each function.

) —
a) y = sin (x — 50°) + 3 vy s%n(x ) —
b) y = sin (x + ) d) y =3 sin (3x — 9) —
o e) y=351n(3x+7()_

2T
€) y=sin (X + T) +5 Phase Vertical
d) y = 2 sin (x + 50°) — 10 Amplitude Period  Shift = Displacement
e) y=—3sin (6x + 30°) — 3 A 3 %‘T 3 right 1 down
f) y =3 sin %(x - %) —~10 B 2 x  2rght 1 down
2. Determine the phase shift and the vertical C e ™ 4right 1 down
displacement with respect to y = cos x D 2 7‘ 4 left 1 down
for each fu.nctlon. Sketch a graph of 3 Z?w % left 1 down
each function. 3
a) y = cos (x — 30°) + 12 5. Match each function with its graph.
. T
b)y:cos(x—%) a)Y:SID(X_Z)
€¢) v = cos X+5—7T + 16 b)y:sin(x—kﬂ)
d) y=4cos (x + 15°) + 3 ) y=sinx—1
e) y=4cos(x— 7 + 4 d) y=sinx+1
f) y=SCos(X——)+7 A "
6 >
3. a) Determine the range of each function. =
i) y=3COS(X—£)+5 T 0 7 | 3m| 2m | %
2 2 v 2 2
ii) y=—-2sin(x+m — 3 B 73
iii)y=15sinx+ 4 <
H 2 3 & Z N
Iv)yzgcos(x+50°)+z % 0| | ® N 3% 2n X
2 P
b) Describe how to determine the range 1 & T i
when given a function of the form C K
y=acos b(x—c)+dor
y=asinb(x —c) + d. |0 T NG | 3m | 257X
2 A 2 2
\ 4
D 7N
[4
_‘r T T @ | 2nC X
2 | 2 2
B 2
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Apply

6. Write the equation of the sine function in

the form y = a sin b(x — ¢) + d given its
characteristics.

a) amplitude 4, period 7, phase shift g to

the right, vertical displacement 6 units
down

b) amplitude 0.5, period 4, phase shift
s
6
1 unit up

to the left, vertical displacement

¢) amplitude %, period 720°, no phase

shift, vertical displacement 5 units
down

. The graph of y = cos x is transformed

as described. Determine the values of
the parameters a, b, ¢, and d for the
transformed function. Write the equation
for the transformed function in the form
y=acos b(x —c) + d.

a) vertical stretch by a factor of 3 about the
x-axis, horizontal stretch by a factor of
2 about the y-axis, translated 2 units to
the left and 3 units up

b) vertical stretch by a factor of % about
the x-axis, horizontal stretch by a factor
of % about the y-axis, translated 3 units
to the right and 5 units down

) vertical stretch by a factor of % about

the x-axis, horizontal stretch by a factor
of 3 about the y-axis, reflected in the
T

x-axis, translated 2

units to the right

and 1 unit down

8. When white light shines through a prism,

the white light is broken into the colours
of the visible light spectrum. Each colour
corresponds to a different wavelength of
the electromagnetic spectrum. Arrange
the colours, in order from greatest to
smallest period.

Green /\/\/\/\/\

Violet /\/\/\/\/\/\/‘

Orange

Yellow

. The piston engine is the most commonly

used engine in the world. The height of
the piston over time can be modelled by
a sine curve. Given the equation for a
sine curve, y = a sin b(x — ¢) + d, which
parameter(s) would be affected as the
piston moves faster?

,\VT/_\
EZ
—
s N
%0 T | T | 3| m\G5¢« 3_717(
ol 42 4 2
Time (s)
&I
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10. Victor and Stewart determined 14. For each graph of a sinusoidal function, state
the phase shift for the function i) the amplitude
f(x) = 4 sin (2x — 6) + 12. Victor
said that the phase shift was 6 units
to the right, while Stewart claimed it

ii) the period
ili) the phase shift

was 3 units to the right. iv) the vertical displacement
a) Which student was correct? Explain v) the domain and range
your reasoning. vi) the maximum value of y and the
b) Graph the function to verify your values of x for which it occurs
answer from part a). over the interval 0 < x < 27
11. A family of sinusoidal graphs vii) the minimum value of y and the
with equations of the form values of x for which it occurs
y = a sin b(x — ¢) + d is created by over the interval 0 < x < 27
changing only the vertical displacement a) a sine function
of the function. If the range of the original VA
functionis {y| -3 <y <3,y € R}, o
determine the range of the function with 5]
each given value of d.
a) d=2 H
b) d=-3
¢) d=-10
d d=28

12. Sketch the graph of the curve that results
after applying each transformation to the
graph of the function f(x) = sin x.

-3

b) f(X + %)
o f(x)+3
d) f(x) -4

13. The range of a trigonometric function
in the form y = a sin b(x — ¢) + d is
{y| =13 < y <5, y € R}. State the
values of a and d. ¢) a sine function

YA
3.
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15. Determine an equation in the form 17. a) Graph the function f(x) = cos (X — E).

. 2
y = asin b(x — c) + d for each graph. b) Consider the graph. Write an

a) m equation of the function in the
2 form y = a sin b(x — ¢) + d.
». \ y \ - ¢) What conclusions can you make
T oy \ X about the relationship between the
\ N\ / two equations of the function?
Y 18. Given the graph of the function
b) A f(x) = sin x, what transformation is

required so that the function g(x) = cos x
describes the graph of the image function?

N

}/ \ ARYAR [ 19. For each start and end of one cycle
< i of a cosine function in the form
\ fx \Id \ | /x \ y = 3 cos b(x — ¢),
© i) state the phase shift, period, and
Y x-intercepts
) iz ii) state the coordinates of the minimum
4 and maximum values
5 a) 30° < x < 390°
 VARE\VARE \VEE\VAER b) F<x<f
_ES O,, :T X 20. The Wave is a spectacular sandstone

formation on the slopes of the Coyote
Buttes of the Paria Canyon in Northern
Arizona. The Wave is made from

16. For each graph, write an equation in
the form y = a cos b(x — ¢) + d.

a) A 190 million-year-old sand dunes that
2 have turned to red rock. Assume that a
Y 4 cycle of the Wave may be approximated
Or | & IANVZ2IERV A using a cosine curve. The maximum
2 5 2 2 height above sea level is 5100 ft and the

minimum height is 5000 ft. The beginning
of the cycle is at the 1.75 mile mark of the

b) " canyon and the end of this cycle is at the
2.75 mile mark. Write an equation that
approximates the pattern of the Wave.

nJ

< / N / Ny,
A O T | | 3w
2 |5 2 2
<1\ /
1/
A4
) wm
2
< »
0 7 | 2w | 3w | 4w | 5w | X
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21.

22.

23.

Compare the graphs of the functions
0y

y=3sin§(x—2)—1and
- T(x—7)—
y = 3 cos S(X 2) 1. Are the

graphs equivalent? Support your
answer graphically.

Noise-cancelling headphones are designed
to give you maximum listening pleasure
by cancelling ambient noise and actively
creating their own sound waves. These
waves mimic the incoming noise in every
way, except that they are out of sync with
the intruding noise by 180°.

sound waves
/\\-/-\\7- - - created by ))
headphones

SN, -
| Y v

source

combining the
- - - - two sound waves
results in silence

Suppose that the amplitude and period
for the sine waves created by the outside

noise are 4 and g, respectively. Determine

the equation of the sound waves the
headphones produce to effectively cancel
the ambient noise.

The overhang of the roof of a house is
designed to shade the windows for cooling
in the summer and allow the Sun’s rays

to enter the house for heating in the
winter. The Sun’s angle of elevation,

A, in degrees, at noon in Estevan,

Saskatchewan, can be modelled by the

formula A = —23.5 sin %(x +102) + 41,

where x is the number of days elapsed

beginning with January 1.

a) Use technology to sketch the graph
showing the changes in the Sun’s angle
of elevation throughout the year.

b) Determine the Sun’s angle of elevation
at noon on February 12.

¢) On what date is the angle of elevation
the greatest in Estevan?

254 MHR e Chapter 5

24.

After exercising for 5 min, a person has a
respiratory cycle for which the rate of air
flow, r, in litres per second, in the lungs is
approximated by r = 1.75 sin gt,

where t is the time, in seconds.

a) Determine the time for one full
respiratory cycle.

b) Determine the number of cycles per
minute.

c) Sketch the graph of the rate of air flow
function.

d) Determine the rate of air flow at a time
of 30 s. Interpret this answer in the
context of the respiratory cycle.

e) Determine the rate of air flow at a time
of 7.5 s. Interpret this answer in the
context of the respiratory cycle.

Extend

25.

26.

The frequency of a wave is the number
of cycles that occur in 1 s. Adding two
sinusoidal functions with similar, but
unequal, frequencies results in a function
that pulsates, or exhibits beats. Piano
tuners often use this phenomenon to help
them tune a piano.

a) Graph the function y = cos x + cos 0.9x.

b) Determine the amplitude and the period
of the resulting wave.

a) Copy each equation. Fill in the missing
values to make the equation true.

i) 4sin(x—30°)=4cos(x— M)

iii) Zsin(x—%):ZCos(x—.)

ili) —3 cos (X - g) =3sin (x + W)

iv) cos (—2x + 67) = sin 2(x + )

b) Choose one of the equations in part a)
and explain how you got your answer.



27. Determine the equation of the sine

28.

function with

a) amplitude 3, maximum (—%, 5), and

nearest maximum to the right at (3771. 5)

b) amplitude 3, minimum (%, —2), and
nearest maximum to the right at (%’T, 4)

¢) minimum (—m, 3) and nearest maximum
to the right at (0, 7)

d) minimum (90°, —6) and nearest
maximum to the right at (150°, 4)

The angle, P, in radians, between a
pendulum and the vertical may be
modelled by the equation P = a cos bt,
where a represents the maximum angle
that the pendulum swings from the
vertical; b is the horizontal stretch factor;
and t is time, in seconds. The period

of a pendulum may be approximated

by the formula Period = Zﬂ\/g , where
L is the pendulum length and g is the
acceleration due to gravity (9.8 m/s?).

a) Sketch the graph that models the
position of the pendulum in the
diagram from 0 < t < 5.

s
b) Determine the position of the pendulum

after 6 s. Express your answer to the
nearest tenth of a centimetre.

Create Connections

c1

Consider a sinusoidal function of the
form y = a sin b(x — ¢) + d. Describe the
effect that each of the parameters a, b, c,
and d has on the graph of the function.
Compare this to what you learned in
Chapter 1 Function Transformations.

€2 Sketch the graphs of y = —sin x and

y = sin (—x).

a) Compare the two graphs. How are they
alike? different?

b) Explain why this happens.

¢) How would you expect the graphs of
y = —cos x and y = cos (—x) to compare?

d) Check your hypothesis from part c). If
it is incorrect, write a correct statement
about the cosine function.

Did You Know?

An even function satisfies the property f(—x) = f(x)
for all x in the domain of f(x).

An odd function satisfies the property f(—x) = —f(x)
for all xin the domain of f(x).

C3 Triangle ABC is inscribed between the

graphs of f(x) = 5 sin x and g(x) = 5 cos x.
Determine the area of AABC.

YA C fix)=5sinx

v g(x)=5cos x

C4 The equation of a sine function can

be expressed in the form

y = a sin b(x — ¢) + d. Determine
the values of the parameters a, b, c,
and/or d, where a > 0 and b > 0, for
each of the following to be true.

a) The period is greater than 2.

b) The amplitude is greater than 1 unit.
¢) The graph passes through the origin.
d) The graph has no x-intercepts.

e) The graph has a y-intercept of a.

f) The length of one cycle is 120°.
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The Tangent Function

Focus on...

¢ sketching the graph of y = tan x

e determining the amplitude, domain, range, and period of y = tan x

e determining the asymptotes and x-intercepts for the graph of y = tan x
* solving a problem by analysing the graph of the tangent function

You can derive the tangent of an angle from the
coordinates of a point on a line tangent to the unit circle
at point (1, 0). These values have been tabulated and
programmed into scientific calculators and computers.
This allows you to apply trigonometry to surveying,
engineering, and navigation problems.

l Did You Know?

this function.

Tangent comes from the Latin word tangere, “to touch.”

Tangent was first mentioned in 1583 by T. Fincke, who introduced
the word tangens in Latin. E. Gunter (1624) used the notation tan,
and J.H. Lambert (1770) discovered the fractional representation of

Investigate the Tangent Function

Materials

* grid paper

e ruler

* protractor

* compass

e graphing technology

256 MHR e Chapter 5

" A: Graph the Tangent Function

A tangent line to a curve is a line that touches a curve, or a graph of a
function, at a single point.

1. On a piece of grid paper, draw and label the x-axis and y-axis. Draw
a circle of radius 1 so that its centre is at the origin. Draw a tangent
to the circle at the point where the x-axis intersects the circle on the
right side.

2. To sketch the graph of the tangent function over the interval
0° < 6 < 360°, you can draw angles in standard position on the unit
circle and extend the terminal arm to the right so that it intersects
the tangent line, as shown in the diagram. The y-coordinate of the
point of intersection represents the value of the tangent function. Plot
points represented by the coordinates (angle measure, y-coordinate of
point of intersection).



A

A -
ol |90° 180°/270°/360°

A

Y

a) Begin with an angle of 0°. Where does the extension of the
terminal arm intersect the tangent line?

b) Draw the terminal arm for an angle of 45°. Where does the

extension of the terminal arm intersect the tangent line?
What can you conclude

c) If the angle is 90°, where does the extension of the terminal arm about the value of

intersect the tangent line? tan 90°? How do you

. . show this on a graph?
d) Use a protractor to measure various angles for the terminal arm.

Determine the y-coordinate of the point where the terminal arm
intersects the tangent line. Plot the ordered pair (angle measure,
y-coordinate on tangent line) on a graph like the one shown above
on the right.

Angle Measure 0° 45° 90° 135° 180° 225° 270° 315° 360°

y-coordinate on
Tangent Line

3. Use graphing technology to verify the shape of your graph.

Reflect and Respond
4. When 6 = 90° and 6 = 270°, the tangent function is undefined. How
does this relate to the graph of the tangent function?
5. What is the period of the tangent function?
6. What is the amplitude of the tangent function? What does this mean?

7. Explain how a point P(x, y) on the unit circle relates to the sine,
cosine, and tangent ratios.

B: Connect the Tangent Function to the Slope of the Terminal Arm

8. The diagram shows an angle 0 in standard position whose terminal
arm intersects the tangent AB at point B. Express the ratio of tan 6 in
terms of the sides of AAOB.

A
B

i
<

N 4

y

y

7
/ o A(1,0)
v

N
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9. Using your knowledge of special triangles, state the exact value
of tan 60°. If 8 = 60° in the diagram, what is the length of line
segment AB?

10. Using the measurement of the length of line segment AB from step 9,
determine the slope of line segment OB.

11. How does the slope of line segment OB relate to the tangent of an
angle in standard position?

Reflect and Respond

12. How could you use the concept of slope to determine the tangent
ratio when 6 = 0°7 when 6 = 90°?

13. Using a calculator, determine the values of tan 6 as 6 approaches 90°.
What is tan 90°7

14. Explain the relationship between the terminal arm of an angle 6 and
the tangent of the line passing through the point (1, 0) when 6 = 90°.
(Hint: Can the terminal arm intersect the tangent line?)

Link the Ideas

The value of the tangent of an angle 6 is the slope of the line passing
through the origin and the point on the unit circle (cos 6, sin 6).

You can think of it as the slope of the terminal arm of angle 6 in
standard position.

sin O When sin 6 = 0, what is tan 6? Explain.

tan 6 = cos 0 When cos 6 = 0, what is tan 67 Explain.

The tangent ratio is the length of the line segment tangent to the unit
circle at the point A(1, 0) from the x-axis to the terminal arm of angle
0 at point Q.

From the diagram, the distance AQ is equal to the y-coordinate of
point Q. Therefore, point QQ has coordinates (1, tan 6).

yA P(cos 6, sin 6)

6(1,tan 0)

How could you show
that the coordinates

) A(1,0) of Q are (1, tan 0)?

LI
N,

N 4
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Example 1

Graph the Tangent Function

Graph the function y = tan 6 for —27 < 6 < 27. Describe its
characteristics.

Solution

The function y = tan 6 is known as the tangent function. Using the unit
circle, you can plot values of y against the corresponding values of 6.

Between asymptotes, the graph of y = tan 6 passes through a point with
y-coordinate —1, a 6-intercept, and a point with y-coordinate 1.

A YA Period 4

Q
O

6
O

Y
4

Y N R |

)
n

H

[e)]

[e0]

y Y

You can observe the properties of the tangent function
from the graph.

e The curve is not continuous. It breaks at 6 = —3771-,
0= —ﬂ ,0 = ande = 2 , where the function is undefined.
-tane_OWhenO_—271,6_—71,(9:0,6:11,
and 6 = 2.

_ __IT g _ 3T 4_ T _ o™
e tan 0 = 1 when 0 = 4,9— 4,(9—4,and6— a

_ _ 9T yg_ _T 3 m
etan O = —1 when 6 = 2 0= 4,9 2 ,and 6 = 3

e The graph of y = tan 6 has no amplitude because it has no maximum or
minimum values.

e The range of y = tan 0 is {y | y € R}.
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e As point P moves around the unit circle in For tangent graphs, the
either a clockwise or a counterclockwise distance between any
. . two consecutive vertical
direction, the tangent curve repeats for
i . asymptotes represents one
every interval of w. The period for complete period.

y =tan 0 is .

The tangent is undefined whenever cos 6 = 0. Why is tan 6 undefined for

. 6 =07
This occurs when 6 = g + nw, n € 1. At these cos
points, the value of the tangent approaches

infinity and is undefined. When graphing the
tangent, use dashed lines to show where the
value of the tangent is undefined. These
vertical lines are called asymptotes.

'Thedomainofy:taneis{ﬁ|9¢g+nﬂ,6ER,HEI}.

Your Turn

Graph the function y = tan 0, 0° < 6 < 360°. Describe how the
characteristics are different from those in Example 1.

Example 2

Model a Problem Using the Tangent Function

A small plane is flying at a constant altitude of 6000 m Why is this

directly toward an observer. Assume that the ground is ass(;m;phon
made!

flat in the region close to the observer.

a) Determine the relation between the horizontal distance,
in metres, from the observer to the plane and the angle, in
degrees, formed from the vertical to the plane.

b) Sketch the graph of the function.

¢) Where are the asymptotes located in this graph? What do
they represent?

d) Explain what happens when the angle is equal to 0°.

Solution
a) Draw a diagram to model the situation.

Let d represent the horizontal distance from the observer to the plane.
Let 0 represent the angle formed by the vertical and the line of sight to

the plane.
plane
d -t

T
observer

_d
6000
d = 6000 tan 0

tan 6 =



b) The graph represents the horizontal distance between the plane and
the observer. As the plane flies toward the observer, that distance
decreases. As the plane moves from directly overhead to the observer’s
left, the distance values become negative. The domain of the function
is {6 | —90° < 6 < 90°, 6 € R}.

dA I

16000
12000

8000+

4= 6000 tan 6
! .

-40°|-45° 45° | 9p° 135%
=46001

4000+

<&
<
80001

1

1

1

!
112000
I |-160001
1

1

Y

¢) The asymptotes are located at 6 = 90° and 6 = —90°. They represent
when the plane is on the ground to the right or left of the observer,
which is impossible, because the plane is flying in a straight line at
a constant altitude of 6000 m.

d) When the angle is equal to 0°, the plane is directly over the head of
the observer. The horizontal distance is 0 m.

Your Turn

A small plane is flying at a constant altitude of 5000 m directly

toward an observer. Assume the ground is flat in the region close

to the observer.

a) Sketch the graph of the function that represents the relation between
the horizontal distance, in metres, from the observer to the plane and
the angle, in degrees, formed by the vertical and the line of sight to
the plane.

b) Use the characteristics of the tangent function to describe what
happens to the graph as the plane flies from the right of the observer
to the left of the observer.
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Key Ideas

@ You can use asymptotes and three How can you VA y = tan x /
points to sketch one cycle of a tangent ~ determine the 8
. location of the
function. To graph y = tan x, draw one
. asymptotes for 6
asymptote; draw the points where the function
y=—1,y=0,and y = 1; and then y=tan x? 4
draw another asymptote. | |
2
e The tangent function y = tan x has the following
characteristics: < ¥ /% | 3 o | 5 | X
= The period is . 2 { EI 2
= The graph has no maximum or minimum values. .
= The range is {y | y € R}.
6
= Vertical asymptotes occur at x = g +nw, nel
Q
-Thedomainis{x|x#g+n’n‘,X€R,n€I}. N& :
= The x-intercepts occur at x = nm, n € L.
= The y-intercept is 0.
Check Your Understanding
Practise
1. For each diagram, determine tan 6 and the
value of 0, in degrees. Express your answer
to the nearest tenth, when necessary.
y X
a) YA
/ Q1. 1)
< 0 > 1,-17
< Q _1/ > Q( )
Q1. 1)
4
b) 1Y >
X
4
< W X N
Q(1,-1.7)
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2. Use the graph of the function y = tan 6 to
determine each value.

) P N RS R DR DR Ny PV R N O P e

™
a) tan 2

3T
b) tan T

¢) tan (—74—7‘-)

d) tan O

e) tan

ST
f) tan T

3. Does y = tan x have an amplitude?
Explain.

4. Use graphing technology to graph
y = tan x using the following window
settings: x: [-360°, 360°, 30°] and
y: [—=3, 3, 1]. Trace along the graph to
locate the value of tan x when x = 60°.
Predict the other values of x that will
produce the same value for tan x within

DY

the given domain. Verify your predictions.

Apply

5. In the diagram, APON and AQOA are
similar triangles. Use the diagram to

sin 6

cos 0

justify the statement tan 6 =

Q(1, tan 6)

Y4
P
1
P (i A1, 0)
) KO
A

y
6. Point P(x, y) is plotted where the terminal
arm of angle 0 intersects the unit circle.

a) Use P(x, y) to determine the slope of
the terminal arm.

b) Explain how your result from part a)
is related to tan 6.

c) Write your results for the slope from
part a) in terms of sine and cosine.

d) From your answer in part c), explain
how you could determine tan 8 when
the coordinates of point P are known.

7. Consider the unit circle shown.

VA
B(0,1)
P(x, y) = (cos 6, sin 6)
! Yy
_[A(=1,0) |/o A(1,0)
~ ol x ™M 6%
B'(0, —1)
) 4

a) From APOM, write the ratio for tan 0.

b) Use cos 6 and sin 0 to write the ratio
for tan 0.

¢) Explain how your answers from parts a)
and b) are related.
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8. The graph of y = tan 0 appears to be 10. A rotating light on top of a lighthouse

vertical as 0 approaches 90°. sends out rays of light in opposite
a) Copy and complete the table. Use directions. As the beacon rotates, the ray
a calculator to record the tangent at angle 6 makes a spot of light that moves
values as ® approaches 90°. along the shore. The lighthouse is located
500 m from the shoreline and makes one

o tan © complete rotation every 2 min.
89.5°
89.9° l
89.999°
89.999 999° lighthouse

beacon
b) What happens to the value of s []
tan 0 as 8 approaches 90°7 / 500m
¢) Predict what will happen as shore
0 approaches 90° from the
other direction.

0 tan 0 a) Determine the equation that expresses
90.5° the distance, d, in metres, as a function
90.01° of time, ¢, in minutes.
90.001° b) Graph the function in part a).

90.000 001° ¢) Explain the significance of the

asymptote in the graph at 6 = 90°.
9. A security camera

Teel security ; "
SC&I:[S;I lfong . ~<__camera lDld You Know?
Strallg t fence that TTEm ™ The Fisgard Lighthouse was the first lighthouse built
enc OSF’S_ a section on Canada's west coast. It was built in 1860 before
of a military base. midpoint Vancouver Island became part of Canada and is
The camera is fence of fence located at the entrance to Esquimalt harbour.

mounted on a post

that is located 5 m from the midpoint of
the fence. The camera makes one complete
rotation in 60 s.

a) Determine the tangent function that
represents the distance, d, in metres,
along the fence from its midpoint as a
function of time, ¢, in seconds, if the
camera is aimed at the midpoint of the
fence at t = 0.

b) Graph the function in the interval
—15 <t < 15.

¢) What is the distance from the midpoint
of the fence at t = 10 s, to the nearest
tenth of a metre?

d) Describe what happens when t = 15 s.
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11. A plane flying at an altitude of 10 km
over level ground will pass directly
over a radar station. Let d be the ground
distance from the antenna to a point
directly under the plane. Let x represent
the angle formed from the vertical at
the radar station to the plane. Write d as

a function of x and graph the function

over the interval 0 < x < g

12. Andrea uses a pole of known height, a
piece of string, a measuring tape, and a
calculator for an assignment. She places
the pole in a vertical position in the
school field and runs the string from the
top of the pole to the tip of the shadow
formed by the pole. Every 15 min,
Andrea measures the length of the
shadow and then calculates the slope of
the string and the measure of the angle.

She records the data and graphs the slope

as a function of the angle.

string
pole

) shadow

a) What type of graph would you
expect Andrea to graph to represent
her data?

b) When the Sun is directly overhead
and no shadow results, state the slope
of the string. How does Andrea’s
graph represent this situation?

Extend

13.

14.

a) Graph the line y = %X, where x > 0.

Mark an angle 6 that represents the
angle formed by the line and the
positive x-axis. Plot a point with

integral coordinates on the line
y = %X.

b) Use these coordinates to determine
tan 0.

¢) Compare the equation of the line
with your results in part b). Make a
conjecture based on your findings.

Have you ever wondered how a calculator
or computer program evaluates the sine,
cosine, or tangent of a given angle?
The calculator or computer program
approximates these values using a power
series. The terms of a power series contain
ascending positive integral powers of a
variable. The more terms in the series,
the more accurate the approximation.
With a calculator in radian mode, verify
the following for small values of x, for
example, x = 0.5.
x| 2x° | 17X

a) tanx=x+?+ﬁ+ 315

x5 x’

b) sinx =X —“=+ 975 ~ 5040
X x  x
Q) cosx=1-5+ 0~ 730

Create Connections

C1 How does the domain of y = tan x

differ from that of y = sin x and
y = cos x? Explain why.

C2 a) On the same set of axes, graph the

functions f(x) = cos x and g(x) = tan x.
Describe how the two functions
are related.

b) On the same set of axes, graph the
functions f(x) = sin x and g(x) = tan x.
Describe how the two functions
are related.

€3 Explain how the equation

tan (x + ) = tan x relates to
circular functions.
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Equations and Graphs of
Trigonometric Functions

Focus on...

¢ using the graphs of trigonometric functions to solve equations
e analysing a trigonometric function to solve a problem
e determining a trigonometric function that models a problem

* using a model of a trigonometric function for a real-world
situation

One of the most useful characteristics of
trigonometric functions is their periodicity. For
example, the times of sunsets, sunrises, and comet
appearances; seasonal temperature changes; the
movement of waves in the ocean; and even the
quality of a musical sound can be described using
trigonometric functions. Mathematicians and
scientists use the periodic nature of trigonometric
functions to develop mathematical models to
predict many natural phenomena.

Investigate Trigonometric Equations

Materials | Work with a partner.
* marker 1. On a sheet of centimetre grid paper, draw a circle of radius 8 cm.
® ruler Draw a line tangent to the bottom of the circle.
* compass
e stop watch
. . — ~
* centimetre grid paper
S N\
)4 N\
[ \
‘_tal t
\ /
Distance
\\‘ '/I
~ _— y
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2. Place a marker at the three o’clock position on the circle. Move the
marker around the circle in a counterclockwise direction, measuring
the time it takes to make one complete trip around the circle.

3. Move the marker around the circle a second time stopping at time
intervals of 2 s. Measure the vertical distance from the marker to the
tangent line. Complete a table of times and distances.

Time (s) 0 2 4 6 8 10 12 14 16 18 20
Distance (cm) 8

4. Create a scatterplot of distance versus time. Draw a smooth curve
connecting the points.

5. Write a function for the resulting curve.

6. a) From your initial starting position, move the marker around the
circle in a counterclockwise direction for 3 s. Measure the vertical
distance of the marker from the tangent line. Label this point on
your graph.

b) Continue to move the marker around the circle to a point that is
the same distance as the distance you recorded in part a). Label
this point on your graph.

¢) How do these two points relate to your function in step 57

d) How do the measured and calculated distances compare?

7. Repeat step 6 for other positions on the circle.

Reflect and Respond

8. What is the connection between the circular pattern followed by your
marker and the graph of distance versus time?

9. Describe how the circle, the graph, and the function are related.

Aim to complete one
revolution in 20 s. You
may have to practice this
several times to maintain
a consistent speed.

l Did You Know?

A scatter plot is the
result of plotting
data that can be
represented as
ordered pairs on

a graph.

Link the Ideas

You can represent phenomena with periodic behaviour or wave
characteristics by trigonometric functions or model them approximately
with sinusoidal functions. You can identify a trend or pattern, determine
an appropriate mathematical model to describe the process, and use it to
make predictions (interpolate or extrapolate).

You can use graphs of trigonometric functions to solve trigonometric
equations that model periodic phenomena, such as the swing of a
pendulum, the motion of a piston in an engine, the motion of a Ferris
wheel, variations in blood pressure, the hours of daylight throughout a
year, and vibrations that create sounds.
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Example 1

Solve a Trigonometric Equation in Degrees

Determine the solutions for the trigonometric equation 2 cos? x — 1 =0
for the interval 0° < x < 360°.

Solution

Method 1: Solve Graphically

Graph the related function f(x) = 2 cos?x —1.

Use the graphing window [0, 360, 30] by [-2, 2, 1].

f1|:x:|=2-(cos|:x:|)2—1

(45,0) (225,0) .

2

The solutions to the equation 2 cos? x — 1 = 0 for the interval
0° < x < 360° are the x-intercepts of the graph of the related function.

The solutions for the interval 0° < x < 360° are x = 45°, 135°, 225°,
and 315°.

Method 2: Solve Algebraically

2cos’x—1=0
2cos’x=1

1
25— L
cos’ x = 5
COS X = i\/% Why is the + symbol used?
_ 1 V2 . . . .
For cos x = 7 or ==, the angles in the interval 0° < x < 360° that

satisfy the equation are 45° and 315°.

For cos x = —\/%, the angles in the interval 0° < x < 360° that satisfy the
equation are 135° and 225°.
The solutions for the interval 0° < x < 360° are x = 45°, 135°, 225°,

and 315°.

Your Turn

Determine the solutions for the trigonometric equation 4 sin? x — 3 =0
for the interval 0° < x < 360°.
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Example 2

Solve a Trigonometric Equation in Radians

Determine the general solutions for the trigonometric equation

16 = 6 cos %X + 14. Express your answers to the nearest hundredth.
Solution

Method 1: Determine the Zeros of the Function

Rearrange the equation 16 = 6 cos %X + 14 so that one side is equal to 0.
6 cos %X —-2=0

Graph the related function y = 6 cos ~x — 2. Use the window [—1, 12, 1]

6
by [—10, 10, 1].
oty
f1|:x:|=6-cos(£-x)—2
L] <]

Why should you set
! (2.35,0) (9-65,0)/ the calculator to

- ; 12 ;
radian mode?

g

T
6
The x-intercepts are approximately x = 2.35 and x = 9.65. The period of
the function is 12 radians. So, the x-intercepts repeat in multiples of 12
radians from each of the original intercepts.

The solutions to the equation 6 cos -—-x — 2 = 0 are the x-intercepts.

The general solutions to the equation 16 = 6 cos %X + 14 are
X = 2.35 + 12n radians and x =~ 9.65 + 12n radians, where n is
an integer.

Method 2: Determine the Points of Intersection

T

Graph the functions y = 6 cos 6

[—1, 12, 1] by [-2, 22, 2].

X + 14 and y = 16 using a window

2271w
e
(2.35,16) (9.65,16)
f2(x)=16
f1|:x:|=6-cos(§-x)+l4

2

X

2 ! 12
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The solution to the equation 16 = 6 cos %X + 14 is given by the points

of intersection of the curve y = 6 cos %X + 14 and the line y = 16. In
the interval 0 < x < 12, the points of intersection occur at x =~ 2.35 and

X =~ 9.65.

The period of the function is 12 radians. The points of intersection repeat
in multiples of 12 radians from each of the original intercepts.

The general solutions to the equation 16 = 6 cos %X + 14 are

X =~ 2.35 + 12n radians and x = 9.65 + 12n radians, where n is
an integer.

Method 3: Solve Algebraically

16=6COS%X+ 14
= s
2 =6 cos 6%
2 _ s
g = CO8 £X
1 _ s
3 = €08 £X
1 1) -7
cos (3 =X
1.2309... = £x
x = 2.3509...

l Did You Know? Since the cosine function is positive in quadrants I and IV, a second
O ihiich possible value of x can be determined. In quadrant IV, the angle is
quadrant @ falls, 2T — %X,

—6 has the same 1
reference angle and 3 = cos (27" - *X)
both 6 and —6 are 1 ™

1 —oqx— N
located on the same cos (§) =27 6~
side of the y-axis. Ty — 27t — cos-! (l)
Since cos 6 is positive 6
on the right side x=12 — % cos-1 (1)
of the y-axis and 3
negative on the left x = 9.6490...

side of the y-axis,

Two solutions to the equation 16 = 6 cos ~x + 14 are x ~ 2.35 and
oS 0 = cos (—0). 6

YA X = 9.65.
I I The period of the function is 12 radians, then the solutions repeat in
0 multiples of 12 radians from each original solution.
0 -0 X
Xy The general solutions to the equation 16 = 6 cos %X + 14 are
Il IV X =~ 2.35 4+ 12n radians and x = 9.65 + 12n radians, where n is
M an integer.
Your Turn

Determine the general solutions for the trigonometric equation

10:631n%x+8.

270 MHR e Chapter 5



Example 3
Model Electric Power

The electricity coming from power plants into
your house is alternating current (AC). This
means that the direction of current flowing in a
circuit is constantly switching back and forth.

In Canada, the current makes 60 complete cycles
each second.

The voltage can be modelled as a function of time using the sine

function V = 170 sin 1207t.

a) What is the period of the current in Canada?

b) Graph the voltage function over two cycles. Explain what the
scales on the axes represent.

¢) Suppose you want to switch on a heat lamp for an outdoor patio. If
the heat lamp requires 110 V to start up, determine the time required
for the voltage to first reach 110 V.

Solution

a) Since there are 60 complete cycles in each second, each cycle

l Did You Know?

Tidal power is a form
of hydroelectric power
that converts the
energy of tides into
electricity. Estimates
of Canada's tidal
energy potential off
the Canadian Pacific
coast are equivalent
to approximately
half of the country’s
current electricity
demands.

1 . .1
takes w0 S So, the period is 50
b) To graph the voltage function 200 y flx)=170-sin(120 7wx)
over two cycles on a graphing s

calculator, use the following

{l0.002 110) f20x)=110
window settings: 50 \ .

x: [—0.001, 0.035, 0.01] 001 001 0055
v [—200, 200, 50]

The y-axis represents the number

of volts. Each tick mark on the i

l Did You Know?

y-axis represents 50 V.

The x-axis represents the time passed. Each tick mark on the x-axis
represents 0.01 s.

¢) Graph the line y = 110 and determine the first point of intersection
with the voltage function. It will take approximately 0.002 s for the
voltage to first reach 110 V.

Your Turn

In some Caribbean countries, the current makes 50 complete cycles each

second and the voltage is modelled by V = 170 sin 1007t

a) Graph the voltage function over two cycles. Explain what the scales
on the axes represent.

b) What is the period of the current in these countries?

¢) How many times does the voltage reach 110 V in the first second?

The number of cycles
per second of a
periodic phenomenon
is called the frequency.
The hertz (Hz) is the

Sl unit of frequency. In
Canada, the frequency
standard for ACis

60 Hz.

Voltages are expressed
as root mean square
(RMS) voltage. RMS is
the square root of the
mean of the squares
of the values. The
RMS voltage is given
peak voltage

V2
is the RMS voltage
for Canada?
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Example 4
Model Hours of Daylight

Igaluit is the territorial capital and the largest community of Nunavut.
Igaluit is located at latitude 63° N. The table shows the number of hours
of daylight on the 21st day of each month as the day of the year on which
it occurs for the capital (based on a 365-day year).

Why is the 21st day of Hours of Daylight by Day of the Year for Iqaluit, Nunavut

h h ch f
fﬁg d;gr;:] t; eotsaebTef ' Jan Feb Mar Apr May June July Aug Sept Oct Nov Dec
' 21 21 21 21 21 21 21 21 21 21 21 21

21 52 80 111 141 172 202 233 264 294 325 355
6.12 936 1236 1569 1888 2083 1885 1569 1241 9S24 6.05 434

a) Draw a scatter plot for the number of hours of daylight, h, in
Igaluit on the day of the year, t.
b) Which sinusoidal function will best fit the data without
requiring a phase shift: h(t) = sin t, h(tf) = —sin t, h(t) = cos t,
or h(t) = —cos t? Explain.
¢) Write the sinusoidal function that models the number of hours
of daylight.
d) Graph the function from part c).
e) Estimate the number of hours of daylight on each date.
i) March 15 (day 74) ii) July 10 (day 191) iii) December 5 (day 339)

Solution

a) Graph the data as a scatter plot.

22y .

" (day,hoyrs:l

X
=10 3804

b) Note that the data starts at a minimum value, climb to a
maximum value, and then decrease to the minimum value.
The function h(t) = —cos t exhibits this same behaviour.

¢) The maximum value is 20.83, and the minimum value is 4.34. Use these
values to find the amplitude and the equation of the sinusoidal axis.

maximum value — minimum value

Amplitude = 5
20.83 — 4.34
jof = 20:89 - 434
la| = 8.245
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The sinusoidal axis lies halfway between the maximum and minimum
values. Its position will determine the value of d.

d= maximum value + minimum value

2
4 2083 +4.34
2
d =12.585
Determine the value of b. You know that the period is 365 days.
Period = 2™ Why is the period
| b 365 days?
2T
365 = —
|b|
h=2T Choose b to be positive.
365

Determine the phase shift, the value of c. For h(f) = —cos t the
minimum value occurs at t = 0. For the daylight hours curve, the
actual minimum occurs at day 355, which represents a 10-day shift to
the left. Therefore, ¢ = —10.

The number of hours of daylight, h, on the day of the year, t,

is given by the function h(f) = —8.245 cos (%(t + 10)) + 12.585.

d) Graph the function in the same window as your scatter plot.

_’/.lza‘ay,hoyrs:l
f1(x)=—8.245-cos(%-(x+10))+12.585

x
—fo S50

e) Use the value feature of the calculator or substitute the values into
the equation of the function.

22y (191,20.42) .
- 3 Define ilf)=-8.245 cos| == [#+10]|+12.585
365
; S Dane
F1(x)=-5 245 cos| == (x+10)|+12.585
§ 365 al74) 11.5587
/( 74,11.56) al191) 20,4154
Hl339) 465076
/. (day,hoyrs:l *,
§ (339,465 ||
o 5804 SIS

i) The number of hours of daylight on March 15 (day 74) is
approximately 11.56 h.
ii) The number of hours of daylight on July 10 (day 191) is
approximately 20.42 h.
ili) The number of hours of daylight on December 5 (day 339) is
approximately 4.65 h.
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Your Turn

Windsor, Ontario, is located at latitude 42° N. The table shows the
number of hours of daylight on the 21st day of each month as the day
of the year on which it occurs for this city.

Hours of Daylight by Day of the Year for Windsor, Ontario
21 52 80 1M1 141 172 202 233 264 294 325 355
962 1087 1220 1364 1479 1528 1481 1364 1222 1082 959 9.08

a) Draw a scatter plot for the number of hours of daylight, h, in Windsor,
Ontario on the day of the year, t.

b) Write the sinusoidal function that models the number of hours
of daylight.

¢) Graph the function from part b).

d) Estimate the number of hours of daylight on each date.
i) March 10
if) July 24
iii) December 3

e) Compare the graphs for Iqaluit and Windsor. What conclusions can
you draw about the number of hours of daylight for the two locations?

Key Ideas

@ You can use sinusoidal functions to model periodic phenomena that do
not involve angles as the independent variable.

@ You can adjust the amplitude, phase shift, period, and vertical
displacement of the basic trigonometric functions to fit the
characteristics of the real-world application being modelled.

@ You can use technology to create the graph modelling the application.

Use this graph to interpolate or extrapolate information required to solve
the problem.

You can solve trigonometric equations graphically. Use the graph of a
function to determine the x-intercepts or the points of intersection with a
given line. You can express your solutions over a specified interval or as
a general solution.
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Check Your Understanding

Practise
1. a) Use the graph of y = sin x to determine

the solutions to the equation sin x = 0
for the interval 0 < x < 2.

VA
. y=sin x
‘ 1

A
<Y

N / N /

1
I

Y

b) Determine the general solution for
sin x = 0.

¢) Determine the solutions for sin 3x = 0
in the interval 0 < x < 2.

. The partial sinusoidal graphs shown
below are intersected by the line y = 6.
Each point of intersection corresponds to

a value of x where y = 6. For each graph
shown determine the approximate value of
x where y = 6.

a) VA
i / N
A /, \\
N
< 2/0 2 14 6 \5
) X
\ 4
b) YA
A aln N N
[\ ] [ |
c |
- \ |
S I A A A
| | | |
4 L | |
T T2 4l B 7%
IRV RN IR NI
I ANAN. ZRWINRVINR

3. The partial graph of a sinusoidal function

y = 4 cos (2(x — 60°)) + 6 and the line

y = 3 are shown below. From the graph
determine the approximate solutions to the
equation 4 cos (2(x — 60°)) + 6 = 3.

VA
A v|I=4cos (2(x = 60°) +/6
8
NN

/ \ / \ /

4

~ y::3

~ o] | 60°120°180° 240°/300°/360°| X
\ 4

. Solve each of the following equations

graphically.

a) —2.8 sin (%(x - 12)) + 16 = 16,
0<x<2m

b) 12 cos (2(x — 45°)) + 8 = 10,
0° < x < 360°

c) 7 cos (3x — 18) = 4,
0<x<2w

d) 6.2 sin (4(x + 8°)) — 1 = 4,
0° < x < 360°

. Solve each of the following equations.

a) sin (%(x - 6]) =05,0<x<2m

b) 4 cos (x — 45°) + 7 = 10, 0° < x < 360°

¢) 8 cos (2x — 5) = 3, general solution in
radians

d) 5.2 sin (45(x + 8°)) — 1 = —3, general
solution in degrees
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6. State a possible domain and range for Apply

the given functions, which represent 9. A point on an industrial flywheel
real-world applications. experiences a motion described by the
a) The population of a lakeside town function h(t) = 13 cos (S_ﬂ't) +15

.7 ’

with large numbers of seasonal
residents is modelled by the function
P(t) = 6000 sin (t — 8) + 8000.

b) The height of the tide on a given day

can be modelled using the function
h() =6sin (t—5) + 7. b) After how many minutes is the

maximum height reached?

where h is the height, in metres, and t
is the time, in minutes.

a) What is the maximum height of
the point?

¢) The height above the ground of a rider
on a Ferris wheel can be modelled by ) What is the minimum height of
h(D) = 6 sin 3(t — 30) + 12. the point?

d) After how many minutes is the

d) The average daily temperature may
minimum height reached?

be modelled by the function
h(t) = 9 cos 2T (t — 200) + 14. e) For how long, within one cycle, is
the point less than 6 m above the
ground?

f) Determine the height of the point if
the wheel is allowed to turn for 1 h
12 min.

7. A trick from Victorian times was to listen
to the pitch of a fly’s buzz, reproduce the
musical note on the piano, and say how
many times the fly’s wings had flapped
in 1 s. If the fly’s wings flap 200 times in
one second, determine the period of the
musical note.

10. Michelle is balancing the wheel on her
bicycle. She has marked a point on the
tire that when rotated can be modelled
by the function h(f) = 59 + 24 sin 125,
where h is the height, in centimetres, and
t is the time, in seconds. Determine the
height of the mark, to the nearest tenth of a
centimetre, when t = 17.5 s.

8. Determine the period, the sinusoidal
axis, and the amplitude for each of
the following.

a) The first maximum of a sine
function occurs at the point
(30°, 24), and the first minimum
to the right of the maximum
occurs at the point (80°, 6).

11. The typical voltage, V, in volts (V),
supplied by an electrical outlet in Cuba
is a sinusoidal function that oscillates

b) The first maximum of a cosine between —155 V and +155 V and makes
function occurs at (0, 4), and the 60 complete cycles each second. Determine
first minimum to the right of the an equation for the voltage as a function of

maximum occurs at (2711’ —16). time, t.

¢) An electron oscillates back and
forth 50 times per second, and the
maximum and minimum values
occur at +10 and —10, respectively.
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12. The University of Calgary’s Institute

for Space Research is leading a project

to launch Cassiope, a hybrid space
satellite. Cassiope will follow a path

that may be modelled by the function

h(t) = 350 sin 287(t — 25) + 400, where h
is the height, in kilometres, of the satellite
above Earth and ¢ is the time, in days.

a) Determine the period of the satellite.

b) How many minutes will it take the
satellite to orbit Earth?

¢) How many orbits per day will the
satellite make?

13. The Arctic fox is common throughout the

Arctic tundra. Suppose the population, F,
of foxes in a region of northern Manitoba
is modelled by the function

F(t) = 500 sin %t + 1000, where t is the
time, in months.

a) How many months would it take for the
fox population to drop to 6507 Round
your answer to the nearest month.

14.

b) One of the main food sources for the
Arctic fox is the lemming. Suppose
the population, L, of lemmings in the
region is modelled by the function

L(t) = 5000 sin %(t —12) + 10 000.

Graph the function L(#) using the same
set of axes as for F(t).

¢) From the graph, determine the
maximum and minimum numbers of
foxes and lemmings and the months in
which these occur.

d) Describe the relationships between
the maximum, minimum, and mean
points of the two curves in terms of the
lifestyles of the foxes and lemmings.
List possible causes for the fluctuation
in populations.

Office towers are designed to sway with

the wind blowing from a particular

direction. In one situation, the horizontal
sway, h, in centimetres, from vertical

can be approximated by the function

h = 40 sin 0.526¢, where t is the time,

in seconds.

a) Graph the function using graphing
technology. Use the following window
settings: x: [0, 12, 1], y: [—40, 40, 5].

b) If a guest arrives on the top floor at
t = 0, how far will the guest have
swayed from the vertical after 2.034 s?

c) If a guest arrives on the top floor at
t = 0, how many seconds will have
elapsed before the guest has swayed
20 cm from the vertical?
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15. In Inuvik, Northwest Territories (latitude 16. The table shows the average monthly

68.3° N), the Sun does not set for 56 temperature in Winnipeg, Manitoba, in
days during the summer. The midnight degrees Celsius.

Sun sequence below illustrates the rise Average Monthly Temperatures for
and fall of the polar Sun during a day in Winnipeg, Manitoba (°C)

the summer.

Jan Feb Mar Apr May Jun
-16.5 —-127 -56 3 113 173

Average Monthly Temperatures for
Winnipeg, Manitoba (°C)

Jul Aug Sep Oct Nov Dec
19.7 18 125 4.5 -43 =117

a) Plot the data on a scatter plot.

b) Determine the temperature that is
halfway between the maximum
average monthly temperature and
the minimum average monthly

7Y temperature for Winnipeg.
a
£7 g ¢) Determine a sinusoidal function to
(3= X XY . :
3 -g - LA LEE model the temperature for Winnipeg.
o °
<c 6 R ? d) Graph your model. How well does
5% 4l s it your model fit the data?
o o
2187, 1. s e) For how long in a 12-month period
O @
'::EJAI Tego? does Winnipeg have a temperature
o z s AL greater than or equal to 16 °C?
Elapsed Time|(h) 17. An electric heater turns on and off on a

cyclic basis as it heats the water in a hot
tub. The water temperature, T, in degrees
Celsius, varies sinusoidally with time, t,
in minutes. The heater turns on when the

a) Determine the maximum and minimum
heights of the Sun above the horizon in

terms of Sun widths. . . th . hos 34 °C.
. . emperature of the water reaches

b) What is the period? and turns off when the water temperature
¢) Determine the sinusoidal equation that is 43 °C. Suppose the water temperature

models the midnight Sun. drops to 34 °C and the heater turns on.
After another 30 min the heater turns off,
and then after another 30 min the heater
In 2010, a study showed that the Sun’s width, or starts again.
diameter, is a steady 1 500 000 km. The researchers
discovered over a 12-year period that the diameter
changed by less than 1 km.

Did You Know?

a) Write the equation that expresses
temperature as a function of time.

b) Determine the temperature 10 min
after the heater first turns on.
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18.

19.

A mass attached to the end of a long

spring is bouncing up and down. As it
bounces, its distance from the floor varies
sinusoidally with time. When the mass is
released, it takes 0.3 s to reach a high point
of 60 cm above the floor. It takes 1.8 s for
the mass to reach the first low point of

40 cm above the floor.

60 cm 40 cm

a) Sketch the graph of this sinusoidal
function.

b) Determine the equation for the
distance from the floor as a function
of time.

¢) What is the distance from the floor
when the stopwatch reads 17.2 s?

d) What is the first positive value of
time when the mass is 59 cm above
the floor?

A Ferris wheel with a radius of 10 m
rotates once every 60 s. Passengers get on
board at a point 2 m above the ground at
the bottom of the Ferris wheel. A sketch
for the first 150 s is shown.

Height

Time
a) Write an equation to model the path of

a passenger on the Ferris wheel, where
the height is a function of time.

b) If Emily is at the bottom of the Ferris
wheel when it begins to move,
determine her height above the ground,
to the nearest tenth of a metre, when the
wheel has been in motion for 2.3 min.

20.

¢) Determine the amount of time that
passes before a rider reaches a height
of 18 m for the first time. Determine
one other time the rider will be at that
height within the first cycle.

The Canadian National Historic
Windpower Centre, at Etzikom, Alberta,
has various styles of windmills on display.
The tip of the blade of one windmill
reaches its minimum height of 8 m above
the ground at a time of 2 s. Its maximum
height is 22 m above the ground. The tip
of the blade rotates 12 times per minute.

a) Write a sine or a cosine function to
model the rotation of the tip of the blade.

b) What is the height of the tip of the
blade after 4 s?

¢) For how long is the tip of the blade
above a height of 17 m in the first 10 s?
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21. In a 366-day year, the average daily

maximum temperature in Vancouver,
British Columbia, follows a sinusoidal
pattern with the highest value of 23.6 °C
on day 208, July 26, and the lowest value
of 4.2 °C on day 26, January 26.

a) Use a sine or a cosine function to model
the temperatures as a function of time,
in days.

b) From your model, determine the
temperature for day 147, May 26.

¢) How many days will have an expected
maximum temperature of 21.0 °C or
higher?

Extend

22. An investment company invests the money

it receives from investors on a collective
basis, and each investor shares in the
profits and losses. One company has an
annual cash flow that has fluctuated in
cycles of approximately 40 years since
1920, when it was at a high point. The
highs were approximately +20% of

the total assets, while the lows were
approximately —10% of the total assets.

a) Model this cash flow as a cosine
function of the time, in years,
with ¢ = 0 representing 1920.

b) Graph the function from part a).

¢) Determine the cash flow for the
company in 2008.

d) Based on your model, do you feel that
this is a company you would invest
with? Explain.
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23. Golden, British Columbia, is one of the

many locations for heliskiing in Western
Canada. When skiing the open powder,
the skier leaves behind a trail, with two
turns creating one cycle of the sinusoidal
curve. On one section of the slope, a
skier makes a total of 10 turns over a
20-s interval.

s
(SRS

a) If the distance for a turn, to the left or
to the right, from the midline is 1.2 m,
determine the function that models the
path of the skier.

b) How would the function change if the
skier made only eight turns in the same
20-s interval?

Create Connections

C1 a) When is it best to use a sine function

as a model?

b) When is it best to use a cosine
function as a model?

€2 a) Which of the parameters in

y = a sin b(x — ¢) + d has the
greatest influence on the graph of the
function? Explain your reasoning.

b) Which of the parameters in
y = a cos b(x — ¢) + d has the
greatest influence on the graph of the
function? Explain your reasoning.



C3 The sinusoidal door by the architectural
firm Matharoo Associates is in the home of
a diamond merchant in Surat, India. The
door measures 5.2 m high and 1.7 m wide.
It is constructed from 40 sections of
254-mm-thick Burma teak. Each section
is carved so that the door integrates
160 pulleys, 80 ball bearings, a wire rope,
and a counterweight hidden within the
single pivot. When the door is in an open
position, the shape of it may be modelled
by a sinusoidal function.

a) Assuming the amplitude is half the
width of the door and there is one cycle
created within the height of the door,
determine a sinusoidal function that
could model the shape of the open door.

b) Sketch the graph of your model over
one period.

e Radio broadcasts, television productions,
and cell phone calls are examples of
electronic communication.

e A carrier waveform is used in broadcasting
the music and voices we hear on the
radio. The wave form, which is typically
sinusoidal, carries another electrical
waveform or message. In the case of AM
radio, the sounds (messages) are broadcast
through amplitude modulation.

e An NTSC (National Television System Committee) television
transmission is comprised of video and sound signals broadcast using carrier
waveforms. The video signal is amplitude modulated, while the sound signal is
frequency modulated.

e Explain the difference between amplitude modulation and frequency modulation
with respect to transformations of functions.

e How are periodic functions involved in satellite radio broadcasting, satellite
television broadcasting, or cell phone transmissions?
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Chapter 5 Review

5.1 Graphing Sine and Cosine Functions, C v
pages 222-237 05
1. Sketch the graph of y = sin x for /:

—360° < x < 360°.

A
[0l
<=]
XN

a) What are the x-intercepts?
b) What is the y-intercept?

¢) State the domain, range, and period D ¥
of the function. \ 1
d) What is the greatest value of y = sin x? < >

2. Sketch the graph of y = cos x for
—360° < x < 360°.
a) What are the x-intercepts?

b) What is the y-intercept? 4. Without graphing, determine the amplitude

¢) State the domain, range, and period of
the function.

d) What is the greatest value of y = cos x7
. Match each function with its correct graph.

and period, in radians and degrees, of
each function.

a) v = —3sin 2x
b) y = 4 cos 0.5x

=1gn3
) y =3 sinex

d) y= -5 cos %X

5. a) Describe how you could distinguish
between the graphs of y = sin x,
y = sin 2x, and y = 2 sin x. Graph each
function to check your predictions.

a) y=sinx

b) y = sin 2x

) y=—sinx
1

d) y= 5 sinx

A 73

11

b) Describe how you could distinguish

0:51 between the graphs of y = sin x,

y = —sin x, and y = sin (—x). Graph

each function to check your predictions.

<Y

¢) Describe how you could distinguish
between the graphs of y = cos x,
y = —cos x, and y = cos (—x). Graph
each function to check your predictions.

6. Write the equation of the cosine function
in the form y = a cos bx with the given
characteristics.

a) amplitude 3, period ™
b) amplitude 4, period 150°

o
nJ
XY

¢) amplitude %, period 720°

. 3 . ™
d) amplitude e period 5
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7. Write the equation of the sine function 10. Write the equation for each graph in the
in the form y = a sin bx with the given form y = a sin b(x — ¢) + d and in the
characteristics. form y = a cos b(x — ¢) + d.

a) amplitude 8, period 180° a) 7

b) amplitude 0.4, period 60°
¢) amplitude %, period 4w

d) amplitude 2, period %T

90° ‘W 270° \x

5.2 Transformations of Sinusoidal Functions, Y
pages 238-255

8. Determine the amplitude, period, phase
shift, and vertical displacement with
respect to y = sin x or y = cos x for
each function. Sketch the graph of each
function for two cycles.

N

45° | 80° 1135°/186° X

a) y=20033(x—g)—8
b) y:sin%(x—%)+3

€) y=—4cos2(x—30°)+7

-1 ginlix— 60°) —
d)y—351n4(x 60°) — 1

9. Sketch graphs of the functions

f(x) = cos Z(X - g) and

4.
g(x) = cos (ZX - g) on the same )
set of axes for 0 < x < 2m.
a) State the period of each function. N S{_,O[ T | 2n w Sm | 6m | X

b) State the phase shift for each

d) VA

function. ) 4

¢) State the phase shift of the function 11. a) Write the equation of the sine function
y = cos b(x — ). with amplitude 4, period m, phase

d) State the phase shift of the function shift % units to the right, and vertical

y = cos (bx — ). displacement 5 units down.

b) Write the equation of the cosine
function with amplitude 0.5, period

4m, phase shift % units to the left, and
vertical displacement 1 unit up.

c) Write the equation of the sine function
with amplitude %, period 540°, no

phase shift, and vertical displacement
5 units down.
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12. Graph each function. State the domain, the
range, the maximum and minimum values,
and the x-intercepts and y-intercept.

a) v=2cos (x —45°) + 3
_ : _ T
b)y_4smz(x 3)+1

13. Using the language of transformations,
describe how to obtain the graph of each
function from the graph of y = sin x or

V = COS X.
a) y:3sin2(x—%)+6
b) y:—2005%(x+%)—3

o v= % cos 2(x — 30°) + 10

d) y = —sin 2(x + 45°) — 8

14. The sound that the horn of a cruise
ship makes as it approaches the dock is
different from the sound it makes when it
departs. The equation of the sound wave
as the ship approaches is y = 2 sin 26,
while the equation of the sound wave as it

departs is y = 2 sin %9.
a) Compare the two sounds by sketching
the graphs of the sound waves as the

ship approaches and departs for the
interval 0 < 6 < 2.

b) How do the two graphs compare to the
graph of y = sin 67

5.3 The Tangent Function, pages 256-265

15. a) Graph y = tan 6 for —27 < 6 < 27 and
for —360° < 6 < 360°.

b) Determine the following characteristics.
i) domain
if) range
ili) y-intercept
iv) x-intercepts

v) equations of the asymptotes
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16. A point on the unit circle has coordinates

V3 1)

P2 3)

a) Determine the exact coordinates of
point Q.

b) Describe the relationship between sin 9,
cos 0, and tan 0.

¢) Using the diagram, explain what
happens to tan 6 as 6 approaches 90°.

vA

A
o
<Y

A 4

d) What happens to tan 6 when 6 = 90°7?
17. a) Explain how cos 6 relates to the
asymptotes of the graph of y = tan 6.
b) Explain how sin 6 relates to the
x-intercepts of the graph of y = tan 6.

18. Tan 6 is sometimes used to measure the
lengths of shadows given the angle of
elevation of the Sun and the height of a
tree. Explain what happens to the shadow
of the tree when the Sun is directly
overhead. How does this relate to the
graph of y = tan 67

19. What is a vertical asymptote? How can
you tell when a trigonometric function
will have a vertical asymptote?

5.4 Equations and Graphs of Trigonometric
Functions, pages 266-281

20. Solve each of the following equations
graphically.
a) 2sinx—-—1=0,0<x<2T
b) 0 = 2 cos (x — 30°) + 5, 0° < x < 360°
c) sin (%(x - 6)) = 0.5, general solution
in radians

d) 4 cos (x — 45°) + 7 = 10, general
solution in degrees



21. The Royal British Columbia Museum,

home to the First Peoples Exhibit,
located in Victoria, British Columbia,
was founded in 1886. To preserve the
many artifacts, the air-conditioning
system in the building operates when
the temperature in the building is greater
than 22 °C. In the summer, the building’s
temperature varies with the time of

day and is modelled by the function

T =12 cos t + 19, where T represents
the temperature in degrees Celsius and ¢
represents the time, in hours.

a) Graph the function.

b) Determine, to the nearest tenth of an
hour, the amount of time in one day
that the air conditioning will operate.

¢) Why is a model for temperature
variance important in this situation?

22. The height, h, in metres, above the ground

of a rider on a Ferris wheel after ¢t seconds
can be modelled by the sine function

h(t) = 12 sin J=(t — 30) + 15.

a) Graph the function using graphing
technology.

b) Determine the maximum and minimum
heights of the rider above the ground.

¢) Determine the time required for
the Ferris wheel to complete one
revolution.

d) Determine the height of the rider above
the ground after 45 s.

. The number of hours of daylight, L, in

Lethbridge, Alberta, may be modelled

by a sinusoidal function of time, t. The
longest day of the year is June 21, with
15.7 h of daylight, and the shortest day
is December 21, with 8.3 h of daylight.

a) Determine a sinusoidal function to
model this situation.

b) How many hours of daylight are there
on April 37

. For several hundred years, astronomers

have kept track of the number of solar
flares, or sunspots, that occur on the
surface of the Sun. The number of
sunspots counted in a given year varies
periodically from a minimum of 10 per
year to a maximum of 110 per year.
There have been 18 complete cycles
between the years 1750 and 1948.
Assume that a maximum number of
sunspots occurred in the year 1750.
a) How many sunspots would you expect
there were in the year 20007

b) What is the first year after 2000 in
which the number of sunspots will
be about 357

¢) What is the first year after 2000
in which the number of sunspots
will be a maximum?
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B Chapter 5 Practice Test <

Multiple Choice 6. Monique makes the following statements
about a sine function of the form
y=asin b(x —c) + d:

1. The range of the function y = 2 sin x + 1 is |

For #1 to #7, choose the best answer.

The values of a and d affect the range

A {y|]-1<y<3,yeR} of the function.

B {y|-1<y<1,yeR} Il The values of ¢ and d determine the
C {y|1<y<3,yeR} horizontal and vertical translations,
D {y|0<y<2 yeR respectively.

2. What are the phase shift, period, and Il The value qf b determ.ines the number
amplitude, respectively, for the function of cycles within the distance of 2.
f(x) = 3 sin Z(X _ E) +1? IV The values of a and b are vertical and

- 3 - horizontal stretches.
A 3’ 3™ B 3’ 3 Monique’s correct statements are
C 33 D 3.3 A IIL III, and IV

3. Two functions are given as B lonly
f(x) = sin (X — %) and g(x) = cos (x — a). C L II, and IIT only
Determine the smallest positive value for a D I, II, and IV only
so that the graphs are identical. 7. The graph shows how the height of a
A % B % C %T“' D %" bicycle pedal changes as the bike is

pedalled at a constant speed. How would
the graph change if the bicycle were
pedalled at a greater constant speed?

4. A cosine curve has a maximum point at
(3, 14). The nearest minimum point to
the right of this maximum point is (8, 2).

Which of the following is a possible A
equation for this curve? .50
2T 5
A y=6cos —=—(x+3)+8 < ol
: N
B y=6cos “(x—3)+8 a 30
RS SR IRHIRIE
_ u £ 20
C y—60055(x+3)+8 & \ |
I
D y=6cos %(X —3)+8 BRI EEEEE
5. The graph of a sinusoidal function is o 10 20 30 >
shown. A possible equation for the Time (s)
function is
A A The height of the function would
2 increase.
P R B The height of the function would
NI S IF 230 decrease.
AV/ERA\VIiRRAViER . .
v C The period of the function would
A y=2cos %6 B y=2sin 20 decrease.
D The period of the function would
C y=2cos 20 D y=2sin %9 increase.
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Short Answer

9.

10.

1

12.

13.

What is the horizontal distance between
two consecutive zeros of the function

f(x) = sin 2x?

For the function y = tan 6, state the
asymptotes, domain, range, and period.
What do the functions f(x) = —4 sin x and

g(x) = —4 cos %X have in common?

. An airplane’s electrical generator produces a

time-varying output voltage described by the
equation V(t) = 120 sin 2513t, where f is the
time, in seconds, and V is in volts. What are
the amplitude and period of this function?

Suppose the depth, d, in metres, of the tide
in a certain harbour can be modelled by

d(t) = —3 cos %t + 5, where t is the time,

in hours. Consider a day in which t = 0
represents the time 00:00. Determine the
time for the high and low tides and the
depths of each.

Solve each of the following equations
graphically.

3
radians

b) 4 cos (15(x + 30°)) + 1 = —2, general
solution in degrees

a) sin (E(X — 1)) = 0.5, general solution in

Extended Response

14.

Compare and contrast the two graphs of
sinusoidal functions.

AN AA
VAV RVARVES

Y

15.

16.

17.

Suppose a mass suspended on a spring

is bouncing up and down. The mass’s

distance from the floor when it is at rest is

1 m. The maximum displacement is 10 cm

as it bounces. It takes 2 s to complete one

bounce or cycle. Suppose the mass is at

rest at £ = 0 and that the spring bounces

up first.

a) Write a function to model the
displacement as a function of time.

b) Graph the function to determine the
approximate times when the mass is
1.05 m above the floor in the first cycle.

¢) Verify your solutions to part b)
algebraically.

The graph of a sinusoidal function
is shown.

ST

\ 4

a) Determine a function for the graph in
the form y = a sin b(x — ¢) + d.

b) Determine a function for the graph in
the form y = a cos b(x — ¢) + d.

A student is investigating the effects of
changing the values of the parameters
a, b, ¢, and d in the function

y = a sin b(x — ¢) + d. The student
graphs the following functions:

A f(x) =sin x

B g(x) =2sinx

C h(x) = sin 2x

D k(x) = sin (2x + 2)

€ m(x) =sin 2x + 2

a) Which graphs have the same
x-intercepts?

b) Which graphs have the same period?

¢) Which graph has a different amplitude
than the others?
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CHAPTER

Trigonometric
Identities

Trigonometric functions are used to model
behaviour in the physical world. You can
model projectile motion, such as the path of

a thrown javelin or a lobbed tennis ball with
trigonometry. Sometimes equivalent expressions
for trigonometric functions can be substituted to

allow scientists to analyse data or solve a problem
more efficiently. In this chapter, you will explore
equivalent trigonometric expressions.

l Did You Know?

Elizabeth Gleadle, of
Vancouver, British Columbia,
holds the Canadian women's
javelin record, with a distance
of 58.21 m thrown in

July 2009.

Key Terms
trigonometric identity
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Career Link

An athletic therapist works with athletes to
prevent, assess, and rehabilitate sports-related
injuries, and facilitate a return to competitive
sport after injury. Athletic therapists can
begin their careers by obtaining a Bachelor of
Kinesiology from an institution such as the
University of Calgary. This degree can provide
entrance to medical schools and eventually
sports medicine as a specialty.

To learn more about kinesiology and a career as an
athletic therapist, go to www.mcgrawhill.ca/school/
learningcentres and follow the links.
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Reciprocal, Quotient,
and Pythagorean
Identities

Focus on...

e verifying a trigonometric identity numerically and
graphically using technology

e exploring reciprocal, quotient, and Pythagorean
identities

¢ determining non-permissible values of trigonometric
identities

¢ explaining the difference between a trigonometric
identity and a trigonometric equation

Digital music players store large sound
files by using trigonometry to compress
(store) and then decompress (play) the file
when needed. A large sound file can be stored
in a much smaller space using this technique.
Electronics engineers have learned how to use
the periodic nature of music to compress the
audio file into a smaller space.

Engineer using

an electronic
spin resonance
spectroscope

Investigate Comparing Two Trigonometric Expressions

Materials 1. Graph the curves y = sin x and y = cos x tan x over the domain
—360° < x < 360°. Graph the curves on separate grids using the

e graphing technology
same range and scale. What do you notice?

A

4
f1lix)=sin(x) i
]
—560 St OJ
» -4
A
Q(x]ncos(x] -tan(x] r
X
[~36¢ F60
» -4

2. Make and analyse a table of values for these functions in multiples of
30° over the domain —360° < x < 360°. Describe your findings.

3. Use your knowledge of tan x to simplify the expression cos x tan x.
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Reflect and Respond
4. a) Are the curves y = sin x and y = cos x tan x identical? Explain
your reasoning.
b) Why was it important to look at the graphs and at the table of values?

5. What are the non-permissible values of x in the equation
sin x = cos x tan x? Explain.

6. Are there any permissible values for x outside the domain in step 2
for which the expressions sin x and cos x tan x are not equal? Share
your response with a classmate.

Link the Ideas

The equation sin x = cos x tan x that you explored in the investigation

is an example of a trigonometric identity. Both sides of the equation trigonometric
have the same value for all permissible values of x. In other words, when identity

the expressions on either side of the equal sign are evaluated for any * a trigonometric
permissible value, the resulting values are equal. Trigonometric identities equation that s true

for all permissible
values of the variable

You are familiar with two groups of identities from your earlier work in the expressions

. . . . fps . . . on both sides of the
with trigonometry: the reciprocal identities and the quotient identity. equation

can be verified both numerically and graphically.

Reciprocal Identities

1 1

CSC X = — Sec X = cot x =

sin x COS X tan x
Quotient Identities

sin x CcoS X
tan x = cot x = —

COS X sin x

Example 1

Verify a Potential Identity Numerically and Graphically

a) Determine the non-permissible values, in degrees, for the equation

tan 0

sin

b) Numerically verify that 6 = 60° and 6 = % are solutions of the
equation.

c) Use technology to graphically decide whether the equation could be
an identity over the domain —360° < 6 < 360°.

sec 6 =

Solution

a) To determine the non-permissible values, assess each trigonometric
function in the equation individually and examine expressions that may
have non-permissible values. Visualize the graphs of y = sin x, y = cos x
and y = tan x to help you determine the non-permissible values.
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First consider the left side, sec 0:

sec O = L, and cos = 0 when 6 = 90°, 270°,....
cos 0

So, the non-permissible values for sec 6 are 6 # 90° + 180°n, where n € L.

Now consider the right side, tan 0,
sin 0
tan 0 is not defined w